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Preface 


There has been a strong resurgence of interest in the fractional calculus over the last two or 
three decades. This expansion of the classical calculus to derivatives and integrals of fractional 
order has given rise to the hope of a new understanding of the behavior of the physical world. 
The hope is that problems that have resisted solution by the integer-order calculus will yield 
to this greatly expanded capability. As a result of our work in the fractional calculus, and more 
particularly, in functions for the solutions of fractional differential equations, an interest was 
fostered in the behavior of generalized exponential functions for this application. Our work 
with the fundamental fractional differential equation had developed a function we named the 
F-function. This function, which had previously been mentioned in a footnote by Oldham and 
Spanier, acts as the fractional exponential function. It was a natural step from there to an inter- 
est in a fractional trigonometry. At that time, only a few pages of work were available in the 
literature and were based on the Mittag-Leffler function. These are shown in Appendix A. 

This book brings together our research in this area over the past 15 years and adds much new 
unpublished material. 

The classical trigonometry plays a very important role relative to the integer-order calcu- 
lus; that is, it, together with the common exponential function, provides solutions for linear 
differential equations. We will find that the fractional trigonometry plays an analogous role rel- 
ative to the fractional calculus by providing solutions to linear fractional differential equations. 
The importance of the classical trigonometry goes far beyond the solutions of triangles. Its use 
in Fourier integrals, Fourier series, signal processing, harmonic analysis, and more provided 
great motivation for the development of a fractional trigonometry to expand application to the 
fractional calculus domain. 

Because we are engineers, this book has been written in the style of the engineering math- 
ematical books rather than the more rigorous and compact style of definition, theorem, and 
proof, found in most mathematical texts. We, of course, have made every effort to assure the 
derivations to be correct and are hopeful that the style has made the material accessible to a 
larger audience. We are also hopeful that this will not detract the interest of the mathemati- 
cal community in the area since their skills will be needed to develop this important new area. 
Most of the materials of this book should be accessible to an undergraduate student with a 
background in Laplace transforms. 

After an introductory chapter, which offers a brief insight into the fractional calculus, the 
book is organized in two major parts. In Chapters 2-11, the definitions and theory of the 
fractional exponential and the fractional trigonometry are developed. Chapters 12-19 provide 
insight into various areas of potential application. 

Chapter 2 develops the F-function from consideration of the fundamental fractional differen- 
tial equation. It generalizes the common exponential function for application in the fractional 
calculus. The F-function, the fractional eigenfunction, together with its generalization, the 


XV 
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Preface 


R-function (Chapter 3), will later form the theoretical basis of the fractional trigonometry. 
Properties of these functions are developed in these two chapters. Their relationship to other 
functions for the fractional calculus is presented. An important characteristic of the R-function 
is that it contains the F-function as a special case and also contains its derivatives and integrals. 
In later chapters, it is shown that many of the newly defined fractional trigonometric functions 
inherit this important property. Chapter 4 further develops properties of the R-function that 
expose the character of this fractional exponential function. 

In Chapter 5, the R-function, R,,(a,¢), with real arguments for a and f, is used to define 
the fractional hyperbolic functions. These functions generalize the classical hyperbolic func- 
tions. Fractional exponential forms of the hyperbolic functions are derived as well as their 
Laplace transforms. Furthermore, fractional differintegrals of the functions are determined. An 
example demonstrates the use of the Laplace transform in the solution of fractional hyperbolic 
differential equations. The fractional hyperbolic functions are found to be closely related to the 
R,-trigonometric functions defined in Chapter 6. 

Chapters 6-8 present three fractional trigonometries. We have tried to make each of 
these chapters as stand-alone developments, at the expense of minor repetition. Chapter 6 
develops the R,-trigonometry. It is based on the R-function with imaginary parameter a, 
namely R, ,(ia, t). Multiplication of the parameter by i toggles the R,-hyperbolic functions to 
the R,-trigonometric functions, and so on. 

A fractional trigonometry, the R,-trigonometry based on an imaginary time variable, 
R,,(q, it), is developed in Chapter 7. It is found that these functions are characterized by their 
attraction to circles when plotted in phase plane format. 

The obvious extension of these two trigonometries, the R,-trigonometry of Chapter 8, sets 
both the a parameter and the ¢ variable to be imaginary, R,,, (ia, it). It was thought at the time 
that this trigonometry would behave as an hyperbolic analog to the R,-trigonometry. However, 
such simple relationships between the two were not found. 

Chapter 9 presents the heart of the fractional trigonometry, namely the fractional 
meta-trigonometry. Here, both a and ¢ are allowed to be fully complex, by choosing as 
the basis R, ,(i%a, it). This chapter generalizes the results of the previous four chapters. 
Laplace transforms for the generalized functions are determined along with their fractional 
differintegrals. Fractional exponential forms for the functions are also determined. 

In Chapter 10, the ratio and reciprocal functions associated with the generalized fractional 
sines and cosines of Chapter 9, that is, Sin, (a, a, B,k,t) and Cos, (4, a, B,k, t), as well as the 
generalized parity functions are considered. The parity functions represent a new set of frac- 
tional trigonometric functions with no counterpart in the classical trigonometry. Because of 
the large number of possible ratio and reciprocal functions, the treatment in this chapter is 
cursory. 

Because of the newness of this material, we have tried to be generous with the graphic forms 
of the functions. In spite of this attitude, we have found that because of different behavior over 
various domains of the functions and the number of parameters in the functions that complete 
coverage in this regard to be impossible and the reader is encouraged to program some of the 
functions and to experiment for themselves. 

In Chapter 3, two new functions, the G- and H-functions, are introduced. These functions 
are generalizations of the R-function with multiple real and complex roots in the denominators 
of their Laplace transforms. Because of the great generality of these functions, consideration of 
these functions as the basis for further generalization of the fractional trigonometry is discussed 
in Chapter 11. In Chapter 12, these functions are needed for the solution of linear fractional 
differential equations with repeated roots. 


Preface 


Part II of the book is largely dedicated to applications and potential application of the frac- 
tional trigonometry. 

The most important application is the use of the fractional trigonometry for the solution of 
linear constant-coefficient commensurate-order fractional differential equations. In Chapter 
12, specialized Laplace transforms for the meta-trigonometric functions are developed and 
applied to the solution of these linear fractional differential equations. Examples showing the 
solution of fractional differential equations with unrepeated roots and with repeated real and 
complex roots are given. 

Chapter 13 studies the time- and frequency-domain responses for linear fractional systems 
based on the R-function and the meta-trigonometric functions. The stability of the basic frac- 
tional elements is also considered. 

Unlike the classical trigonometric functions, the fractional counterparts do not generally 
share the periodicity property. As a practical result, we are limited to evaluation of the defining 
infinite series for function evaluation. This presents numerical difficulties as the time and/or 
order variables increase. Chapter 14 discusses this problem and establishes series convergence. 

Phase plane plots of pairs of the fractional trigonometric functions define a new and unique 
family of spirals, the fractional spirals. Chapter 15 studies these spirals and their relationship 
to some of the classical spirals. 

Linear oscillators are often used in the study of ordinary differential equations and in the mod- 
eling of physical systems. Chapter 16 identifies those linear fractional trigonometric oscillators 
that are neutrally stable. This chapter also explores possible application of coupled fractional 
trigonometric oscillators. 

Chapters 17-19 study the possible application of the fractional spirals and thus the fractional 
trigonometry and fractional differential equations. The potential applications include sea shell 
growth and morphology, mathematical classification of spiral galaxy morphology, and various 
weather phenomena such as hurricanes and tornados. 

Finally, Chapter 20 looks at some of the many remaining challenges and opportunities relative 
to the fractional exponential function and the fractional trigonometry, in particular, the need 
for a fractional field equation as it relates to spatial fractional spiral morphology. 

For the professional with a background in the fractional calculus, a quick coverage of the 
essence of the book may be had from Chapters 2, 3, 9, and 12, with selected attention to the 
applications of interest contained in Chapters 15-19. 


Cart F. LorENzO 
Tom T. HarTLey 
Cleveland OH, 
July 2016 
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Introduction 


The ongoing development of the fractional calculus and the related development of fractional 
differential equations have created new opportunities and new challenges. The need for a gener- 
alized exponential function applicable to fractional-order differential equations has given rise 
to new functions. In the traditional integer-order calculus, the role of the exponential func- 
tion and the trigonometric functions is central to the solution of linear ordinary differential 
equations. Such a supporting structure is also needed for the fractional calculus and fractional 
differential equations. 

The purpose of this book is the development of the fractional trigonometries and hyper- 
boletries that generalize the traditional trigonometric and hyperbolic functions based on 
generalizations of the common exponential function. The fundamental idea is that through 
the development of the fractional calculus, which generalizes the integer-order calculus, 
generalizations of the exponential function have been developed. The exponential function in 
the integer-order calculus provides the basis for the solution of linear fractional differential 
equations. Also, it may be thought of as the basis of the trigonometry. 

A high-level summary of the flow of the development of the book is given in Figure 1.1. The 
generalized exponential functions that we use, the F-function and the R-function, are fractional 
eigenfunctions; that is, they return themselves on fractional differintegration. The F-function 
is the solution to the fundamental fractional differential equation 


od ix(t) + ax(t) = 5(t) 


when driven by a unit impulse. The R-function, R,,(a,t), generalizes the F-function by 
including its integrals and derivatives as well. First, we show that these functions provide 
solutions to the fundamental fractional-order differential equation. Then, we explore the 
properties of the generalized exponential functions and develop some properties of the 
functions that will aid in the development and understanding of the fractional trigonometries 
and hyperboletries. This development follows a few mathematical preliminaries. 

The R,, R,, and R, trigonometries along with the R, hyperboletry are developed by replacing a 
and ¢ in the R-function with various combinations of real and purely imaginary variables. Based 
on the newly defined functions, a variety of basic properties and identities are determined. Fur- 
thermore, the Laplace transforms of the functions are determined and the fractional derivatives 
and fractional integrals of the functions elucidated. 

The following chapters develop an overarching fractional trigonometry called the fractional 
meta-trigonometry that contains all of the fractional trigonometries shown in Figure 1.1 and 
infinitely many more. This is accomplished by replacing a and ¢ in the R-function with general 
complex variables. We find that the fractional trigonometric functions lead to a generalization 
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Figure 1.1 Overview of the development of the fractional trigonometry and its applications. 


of the circular functions, which we have called the fractional spiral functions. These functions 
appear to model various natural phenomena, and preliminary applications of these functions to 
the properties of fractional oscillators, sea shells, galaxies, and more are explored. An important 
aspect of this modeling is that we can infer from the spiral functions the underlying fractional 
differential equations describing the phenomena, which is demonstrated. More importantly, 
the new fractional functions provide the solutions to classes of linear fractional differential 
equations. 


1.1 Background 


Because of the close association of the fractional calculus and the fractional trigonometry to be 
developed, we present here a brief introduction to the concepts of the fractional calculus for 
the reader who is unfamiliar with the area. 

Several important textbooks have been written that are extremely helpful to someone enter- 
ing the field. Perhaps the most useful from the engineering and scientific viewpoint, are the 
textbooks by Oldham and Spanier, “The Fractional Calculus” [104], and by Igor Podluby entitled 
“Fractional Differential Equations” [109]. A more mathematically oriented treatment is given 


1.2 The Fractional Integral and Derivative 


in the book by Miller and Ross [95]. An encyclopedic reference volume written by Samko et al. 
[114] has also been published. Furthermore, a very good engineering book has been written by 
Oustaloup [105] and is available in French and Bush [19]. 

There are a growing number of physical systems whose behavior can be compactly described 
using fractional differential equations theory. Areas include long lines, electrochemical 
processes, diffusion, dielectric polarization, noise, viscoelasticity, chaos, creep, rheology, 
capacitors, batteries, heat conduction, percolation, cylindrical waves, cylindrical diffusion, 
water through a weir notch, Boussinesq shallow water waves, financial systems, biological 
systems, semiconductors, control systems, electrical machinery, and more. 


1.2 The Fractional Integral and Derivative 


The first question we need to address is “just what is a fractional derivative?” There are two 
separate but equivalent definitions of the fractional differintegral (Oldham and Spanier [104]), 
knownas the Griinwald definition and the Riemann - Liouville definition. We present the Griin- 
wald definition first, as it most recognizably generalizes the standard calculus. We then follow 
with the Riemann — Liouville definition as it is most easily used in practice. 


1.2.1 Griinwald Definition 


The Griinwald definition of the fractional-order differintegral is essentially a generalization of 
the derivative definition that most of us learned in introductory calculus, namely 


t-a a 
[d(t — a)]4 \Grun aes Tear I(-q) ) G+ Py (:- i( N 1: (1.1) 
or ina slightly more familiar form 
d'f(t) oa f(t —jAty) 
dG =a Gene we > bi(q Adela Qint ’ (1.2) 
where oo 
=i-4 cs 
SE ae Ge Teanga 


In this definition, g is not limited to the integers and may be any real or complex number, and a 
is the starting time of the fractional differintegration, not to be confused with a in the differential 
equation in the introduction. Also, g > 0 defines differentiation, and g <0 integration. Further- 
more, I'(e) is the gamma function, or the generalized factorial function. It basically acts as a 
calibration constant here to properly interpolate the operators for values of gq between the inte- 
gers. In terms of notation, Oldham and Spanier [104] provide a development of equation (1.2) 
and generalize the fractional differintegral as 


d4 x(t) 
[d(t — a] 
where it should be noticed that the differential in the denominator starts at some time a, and 
ends at a final time ¢t. Thus, we see that the fractional derivative is defined on an interval and is 


no longer a local operator except for integer orders. Interestingly, the gamma functions force 
the series to terminate with a finite number of terms whenever q is any integer greater than or 


(1.3) 
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equal to zero, which represent the usual integer-order derivatives. When q is a negative inte- 
ger, this series also contains the single and multiple integrals as well (which have always had 
infinite memory). The important aspect to be recognized is that there exists an uncountable 
infinity of fractional derivatives and integrals between the integers. The Griinwald definition is 
also equivalent to the more often used Riemann — Liouville definition, which is discussed in the 
following section. 


1.2.2. Riemann-Liouville Definition 


The Riemann - Liouville definition is easiest to present for fractional integrals first, and then 
generalize that to the fractional derivatives. The qth-order integral is defined as (see, e.g., 
Oldham and Spanier [104], Podlubny [109]) 


24, (x(t) = 


eae) = / Gears x(t)dt, t>a, (1.4) 


[d(t — a)]-4 (q) 


It is important to note that this is the key definition of the fractional integral and is used by 
most investigators. Miller and Ross [95] provide four separate developments of this important 
equation. It can be shown that whenever q is a positive integer, this equation becomes a standard 
integer-order multiple integral. The Riemann -Liouville fractional derivative is defined as the 
integer-order derivative of a fractional integral 


aa x(t) = Ga xt), £2 a; (1.5) 


where m is typically chosen as the smallest integer such that g—m is negative, and the 
integer-order derivatives are those as defined in the traditional calculus. These equations 
define the uninitialized fractional integral and derivative. 

For most engineering problems, system components, by virtue of their histories, are placed 
into some initial configuration or are initialized. Using mechanical systems as an example, the 
initial conditions are often mass positions and velocities at time zero. Fractional-order com- 
ponents, however, require a time-varying initialization Lorenzo [77] and Hartley [85], as they 
inherently have a fading infinite memory. Considering the aforementioned fractional-order 
integral, we assume that the fractional-order integration was started in the past, beginning 
at some time a, while the given problem begins at time c>a, where c is usually taken to be 
zero. Consider two fractional integrals of the same order acting on x(t), where x(¢) and all of its 
derivatives are zero for all ¢ < a. If the integral starting at c is to continue the integral starting at 
a, we must add an initialization wy, thus 


: _ 7)q-l 
af, (x(t) = A,X) +y> / Sayed 
: _ 7)q-l 
= Sood +yw, t2c, q>dO, (1.6) 
therefore 
t eS t = —] c aa —1 
2 ee —_ x(t)dt — eas. ne x(t)dt = a) dt, t20¢,q>0, 


a 


(1.7) 
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clearly a time-varying function. This term represents the historical effect (Lorenzo and Hartley 
[68, 71]) or the initialization required for the fractional integral. The initialized fractional-order 
integration operator then is defined as 


Dy 1 x(t) = .d,ix(t)+w%;,-g4,.c0), tae (1.8) 
where ( va 
t-—t)t 

5G, a,C,t ———-x(t)dt, t2c. 1.9 

vee —aacns [FO se (1.9) 


y(x;, -, 4, c, t) is called the initialization function and is generally a time-varying function that 
must be added to the fractional-order operator to account for the effects of the past. This is 
a generalization of the constant of integration that is usually added to the normal order-one 
integral. The subscript i is appended to x to indicate that x; is not necessarily the same as x. 
Clearly then, .D/4 x(t) = ,d,‘x(t), t > c. The initialization function is a time-varying function 
and is required to properly bring the historical effects of the fractional-order integral into the 
future. Similar considerations also apply for fractional-order derivatives [68, 71], that is, for any 
real value of q. Again, for convenience, c= 0 is typically chosen. 


1.2.3. The Nature of the Fractional-Order Operator 


The important properties of integer-order integration and differentiation have been shown to 
hold for initialized fractional-order operators (Lorenzo and Hartley [68] and [71]), including 
linearity and the index law. Physical insight into the nature of the fractional operators may be 
found in Hartley and Lorenzo [44, 47]. The fractional differintegral operator is a linear opera- 
tor, and all the properties associated with linear operators hold for them. Also of considerable 
importance is the index law; that is, ,d/*"x(t) = ,di,d/x(t). The index law essentially allows us 
to state, for example, that the half-derivative of the half-derivative of a function is the same as 
the first-derivative of that function. 

Laplace transforms are standard tools for integer-order operators and can still be readily 
used for fractional-order operators. In this regard, the Laplace transform of the initialized 
fractional-order differintegral is shown in Lorenzo and Hartley [68, 71] to be 


L{ Dix(t)} =L {dix(t) + w(x, g,4,0,t)} = s7X(s) +L {y(«,q,4,0,t)} for all real gq. 
(1.10) 
It is important to note that L{ dix(t)} = s?X(s), for all q, as this is the generalization of the 
derivative rule for the integer-order situation. Also, note that L-!{s~7} = ¢41/T(q), q> 0, which 
leads directly to the Riemann — Liouville definition via convolution 


od, *x(t) @ S1X(s) © i os x(t —t)dt = / eC —_ CaO ae (1.11) 
0 


The Laplace transform for the fractional integral is given [78] as 
L{D,h()} =L {dif} +L {w ,-4,-4,0,0)} 
0 
1 1 -rs 
7 allo} + aa / e"T(qt+1,-ts)\fi(rdr. g>0, (1.12) 


where q > 0 and 
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and where f, may differ from f during the initialization period. More detailed forms are pre- 


sented in Ref. [78]. 
The transform for the fractional derivative of order u, where u = n — q, is given by 


n-1 
L {Dif O} = s"4L {FO} — Ys w% GF, -g, 4,0, Dinos +5"L {Wf -g, -a,0,))}, 


j=0 
(1.13) 
where u =n—q>0,n =1,2,3,...,,q¢20, f(t) =0, Vt < —a, and 
n—q-1 
s"L{w (f, -g, —a, 0, t)} = aCcsh [e*I'(q + 1, as) f(-a) —V(q + 1)f,(0) 
0 
+ y eS T(qt1,-ts)fi(c)dz]. (1.14) 


-a 

In this relationship, y (f,, -g, —a, 0, f) is the initialization function for the fractional integral 
part of the operator. An alternative form of equation (1.14) where the integration is based on 
f() rather than f(t) is given by 


0 
n-1 
iu n— n—-1-j,,G sud —T Ss 
L{ Dif (O)} = s" ILO} - ys wf, -—q, a, 0, Bl non + re i eT(q, -ts)f(a)dr, 
j=0 a 
(1.15) 
whereu=n-—q>0, n=1,2,3,..., q2>0f()=0, Vt<-a. 
These forms simplify for constant initialization [78], that is, when f, = constant = b, 
a __, |e“T(q-—n +1, as) 
L{ D“f(t)} =s" IL {f()} + bse -1], 
el) a Tq—n+) 
q notinteger, O<u=(n-—qg)<n, n=1,2,3,.... (1.16) 


1.3. The Traditional Trigonometry 


The application of the traditional integer-order trigonometry to analysis as well as engineering 
and science goes well beyond the calculation of triangles and triangulation. The applications 
include Fourier analysis, spectral analysis, solutions to ordinary and partial differential 
equations, and more. The trigonometric functions are found in nearly every branch of 
mathematics. The traditional trigonometry was originated for the solution of plane triangles. 
However, an additional way of interpreting the integer-order trigonometry is based on its 
relationship to the exponential function. The connections between the trigonometric functions 
and the exponential functions are very close. These relationships center on the Euler equation; 
that is, for z = x + iy 


e* = e*e'” = e*(cosy + isiny), (1.17) 
as well as the definitions 
elt 4 enit °° (-1)"0?" 
t = = 1.18 
cos(t) 5 p> (ny! (1.18) 


and 


sin(t) = 


it _ pit ee. —] np2ntl 
——<_-) oa (1.19) 
n=0 


2i (2n +1)! 
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for the sine and cosine functions. In fact, the exponential and trigonometric functions are 
fundamental to complex numbers and complex computation. 

The hyperbolic functions are also based on the exponential function; these are given in the 
following relationships: 


étet wo pf 
h(t) = — : 1.20 
cosh(t) ; py Gn! (1.20) 
and s 
a et pentl 
inh(f) = — —_——__. 1.21 
sy) 2 DGaaw: a) 


n=0 
The development of the fractional calculus has involved new functions that generalized the 
common exponential function. These functions allow the opportunity to generalize both the 
hyperbolic functions and the trigonometric functions to “fractional” or “generalized” versions. 
Two of these functions, to be detailed later in the book, are the F-function (Hartley and Lorenzo 
[45]), which is the solution of the fundamental fractional differential equation 


-Dix(t) = —ax(t) + bu(t) (1.22) 
and its generalization, the R-function (Lorenzo and Hartley [69, 70]). They are defined as 


q" p@t)¢q-1 


FE (a,t)= ——., t>0 1.23 
eo dL Tarp — 
and its vth differintegral 

oe a"t’tVaq-1-v 

R ,H= ——————_, [>0. 1.24 
(ds t) 2, CEST (1.24) 


The Laplace transforms of these functions are determined in Ref. [69] as 
1 s” 
L{F,@,)} = qo ad {R,(@,t)} = aay Rea-v20. (1.25) 
It can be seen from the series definitions of these functions that they contain the exponential 
function 


(at) , (at) oy (at)" 


T 31 (1.26) 


e* =1+att+ 
as the q=1, v=0O special case. This result and the fact that the F- and R-functions are 
eigenfunctions for the gth-order derivative are powerful drivers toward a new generalized 
trigonometry based on the fractional (or generalized) exponential function, that is, the F- or 
the R-function. The expectation and hope is that such a trigonometry will lead also to new 
generalizations of all the products of the integer-order trigonometry, a situation that will 
be broadly useful. These expectations and more derive from the usefulness of the ordinary 
trigonometry. 

It is well known, and follows from equation (1.26), that 
., dt? | i | wt 
yar ar 


bt te fF 
it _ OS pe a A ; ws SS See 
e =f or a aye aac artsy (1.28) 


These series are, of course, recognized as representing the circular functions giving the 
well-known Euler equation 


(1.27) 


e” = cos(t) + isin(t). (1.29) 
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It is important to note that cos(f) is a summation of terms that are simultaneously both the 
real part of e” and are even powers of t. Also, that sin(¢) is a summation of terms that are simul- 
taneously both the imaginary part of e” and are odd powers of t. This observation will prove 
important in the development to follow. Not all of the new fractional trigonometric functions 
will share this property. 

The R-function, since it includes within it the fractional differintegrals of the F-function, and 
is a representation of the fractional eigenfunction, is used as the generalizing basis of the expo- 
nential function. Based on the R-function, parallels with the integer-order trigonometry are 
used to generate related fractional trigonometries. The properties of these new trigonometries 
and identities flowing from the definitions are then developed. 

The trigonometries derived from these generalizations will be jointly termed “The Fractional 
Trigonometry.” The definitions for the fractional trigonometries can be based on several differ- 
ent parallels between various properties of the integer-order trigonometry and the proposed 
fractional-order trigonometries. For example, parallels based on equations (1.17)—(1.19) each 
provide a basis for definitions. Laplace transforms of the new functions are determined. Frac- 
tional differential equations for which the functions are solutions and various intra- and inter- 
relationships of the new trigonometric functions are studied. 


1.4 Previous Efforts 


There have been previous definitions offered for fractional trigonometric functions. These 
efforts, each amounting to a page or so of definitions, have been based on the Mittag-Leffler 
function and are discussed in Appendix A. In all cases, the definitions are subsets of those to 
be presented here. 


1.5 Expectations of a Generalized Trigonometry and Hyperboletry 


There are some characteristics that a generalized trigonometry should have and additional char- 
acteristics that may be desirable. We require that any fractional trigonometry should 


contain the traditional, integer-order, plane trigonometry as a special case, 

have an eigenfunction basis, 

exhibit series compatibility between defined functions and generalized exponentials, and 
form a basis for the solution of fractional-order linear differential equations. 


These requirements are essentially self-explanatory. The first requires backward compatibility 
to the ordinary trigonometry. The second and fourth requirements are a way of saying that the 
new generalized trigonometry should be closely coupled to the solution of fractional differential 
equations and that the solutions should be expressible as linear combinations of the functions. 
The expectation flowing from this is that we expect insight into the solutions of fractional dif- 
ferential equations from the fractional trigonometry to be similar to that obtained from the 
trigonometric solutions associated with the solutions of ordinary differential equations. 

In general, our requirements and expectations for the generalized hyperbolic functions paral- 
lel those listed for the fractional trigonometry. For example, we require backward compatibility 
with the traditional hyperbolic functions, and so on. In addition, we expect to maintain or gen- 
eralize the relationships between the traditional integer-order trigonometric functions and the 
traditional integer-order hyperbolic functions when the fractional versions are defined. 


2 


The Fractional Exponential Function via the Fundamental Fractional 


Differential Equation 


2.1 


The Fundamental Fractional Differential Equation 


This chapter develops the F-function as the solution of the fundamental fractional differen- 
tial equation equation (2.1). A similar function was first used by Robotnov [112, 113]. The 


F-function was given in a footnote by Oldham and Spanier [104], p. 122, and later indepen- 


dently found by Hartley and Lorenzo [45, 48] as the solution to equation (2.1). This function 
is the foundation to the development of the fractional trigonometries. Following our study of 
the F-function, we introduce the R-function, which generalizes the F-function by including its 
fractional derivatives and integrals. The derivations of this chapter are abstracted from Hartley 
and Lorenzo, NASA [45]: 


The problem to be addressed is the solution of the uninitialized fractional-order differ- 
ential equation 


Dix(t) = .dix(t) = —ax(t)+ bu(t), q>0 (2.1) 
where -Dix(t) is the initialized gth-order derivative and i x(t) represents the unini- 
tialized gth-order derivative. Here, it is assumed for simplicity that the problem starts 
at £=0, which sets c=0. It is also assumed that all initial conditions, or initialization 


functions, are zero; thus, Di x(t) = di x(t). We are primarily concerned with the forced 
response. Rewriting equation (2.1) with these assumptions gives 


odix(t) = —ax(t) + bu(t). (2.2) 


We use Laplace transform techniques to obtain the solution of this differential equation. 
In order to do so for this problem, the Laplace transform of the fractional differential is 
required. Using equation (1.11) and ignoring initialization terms, equation (2.2) can be 
Laplace transformed as 


s? = X(s) = —aX(s) + bU(s). (2.3) 
This equation is rearranged to obtain the transfer function 


X(s) _ _ ob 
Us) eQ= sit+a 


(2.4) 
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2 The Fractional Exponential Function via the Fundamental Fractional Differential Equation 


This transfer function of the fundamental linear fractional-order differential equation 
contains the fundamental “fractional” pole (discussed later) and is a basis element for 
fractional differential equations of higher order. Specifically, transfer functions can 
be inverse transformed to obtain the impulse response of a differential equation. The 
impulse response can then be used with the convolution approach to obtain the solution 
of fractional differential equations with arbitrary forcing functions. In general, if L/(s) 
is given, the product G(s)U(s) can be expanded using partial fractions, and the forced 
response obtained by inverse transforming each term separately. To accomplish these 
tasks, it is necessary to obtain the inverse transform of equation (2.4), which is the 
impulse response of the fundamental fractional-order differential equation. 


To obtain the solution for arbitrary q, it is necessary to derive the generalized fundamen- 
tal impulse response for the fractional-order differential equation equation (2.4), as this is not 
available in the standard tables of transforms, such as Oberhettinger and Badii [103] or Erdelyi 
et al. [34]. This is derived in the following section. 


2.2 The Generalized Impulse Response Function 
Continuing from Ref. [45]: 


To obtain the generalized impulse response, we expand the right-hand side of 
equation (2.4) in descending powers of s, and then inverse transform the series 
term-by-term. It is assumed that q > 0. As the constant b in equation (2.4) is a constant 
multiplier, it can be assumed, with no loss of generality, to be unity. Then, expanding the 
right-hand side of equation (2.4) about s = oo using long division gives 


1 l1 a. @ 1 (-a)" 
Fs) = sda dag Oe ede 2.5 
() Si+a st sa 534 pe 2) 


This power series, in s-7, can now be inverse transformed term-by-term using the trans- 
form pair L{t‘1} = (k)/s* for k> 0. The result is 


PUP@ Taro {2 44 c-4 
a trl ater CET) 
~T@ TQq Tq) 


The right-hand side can now be collected into a summation and used as the definition of 
the generalized impulse response function 


cis 2 0. (2.6) 


foe} 


n4nq 
Fla, tl= oy TCE q> 0. (2.7) 


n=0 


This function is the generalization of the common exponential function that is needed 
for the fractional calculus. Furthermore, the important Laplace transform identity 


LF,la,t]}===—, q>0 (2.8) 


has been established. When u(¢) in equation (2.2) is a unit impulse, x(t) = bF,[—a, t] is 
seen to be the forced response of the fundamental fractional differential equation. 


2.3 Relationship of the F-function to the Mittag-Leffler Function 


F[-1, 


t-Time 


Figure 2.1 The F,[—1, t]-function versus time as q varies from 0.25 to 2.0 in 0.25 increments. 


This section has established the F-function as the impulse response of the fundamental 
linear fractional-order differential equation. The F-function generalizes the usual exponential 
function and is the fractional eigenfunction. The solution of equation (2.2), with b=1, the 
F-function, is shown for various values of q in Figure 2.1. 

We note that F,[a, t] is a generalization of the exponential function, since for g = 1, 


Fla= > a" =A. 45%, (2.9) 


This generalization, F,[a, t], is the basis for the solution of linear fractional-order differential 
equations composed of combinations of fractional poles of the type of equation (2.8). 


2.3 Relationship of the F-function to the Mittag-Leffler Function 


The F-function is closely related to the Mittag-Leffler function, E, lat? | [96—98], which, at this 
time is commonly used in the fractional calculus. For this reason, we discuss the Mittag-Leffler 
function briefly; from Ref. [45], we have the following: 


This function is defined as 
x 


EJx)= >) Taarp 7? 0, (2.10) 


n=0 
(Erdelyi et al. (34, 35]). Letting x = —at‘, this becomes 


(- a)"t"4 
[-at?| = ro 1 Teng +1)" q>O0, (2.11) 


which is similar to, but not the same as equation (2.7). The Laplace transform of this 
equation (2.11) can also be obtained via term-by-term transformation, that is 


_7fil\ — fe 
L{E, [-at4]} Le Td+q  Tra+2)" 
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Se aa is (2.12) 


or equivalently 


L(E, -att}} = 2 [1-242 -...]=1y) (=). (2.13) 


Using equation (2.5), equation (2.13) may be written as 


L{E, [-at’]} = . | | = *[s!L{F,l-a, tl}1. (2.14) 
Thus, the Laplace transform of the Mittag-Leffler function can be written as 
st} 
L{E, |at*|} = aay 17%: (2.15) 


More importantly, from equation (2.14), the E-function and the F-function are related 
as follows: 
od? ‘Fla, t] = E, lat"). (2.16) 


Functions similar to the F-function are mentioned by other authors as well. Oldham and 
Spanier [104], p. 122 mention it in passing in a footnote discussing eigenfunctions. Also, 
Robotnov [112, 113] studied a closely related function extensively with respect to heredi- 
tary integrals; he calls it the 9-function. Also, other authors have used less direct methods 
to solve equation (2.2). Bagley and Calico [11] obtain a solution in terms of Mittag-Leffler 
functions. Miller and Ross’s [95] solution is in terms of the fractional derivative of the 
exponential function. They use the function 


E,(v, a) = od;’e™, (2.17) 
whose Laplace transform is 


ge 


L{E,(v,a)} = =, 


(2.18) 


Also, Glockle and Nonnenmacher [38] obtain a solution in terms of the more compli- 
cated Fox Functions. 


2.4 Properties of the F-Function 


In this section, the eigenfunction property of the F-function is derived. This essentially means 
that the gth-derivative of the function F, |, ¢4], returns the same function F, (|, £4] for t > 0 (see 
equation 2.21). Then, from Ref. [45]: 


Taking the uninitialized gth-derivative (yd?) in the Laplace domain by multiplying by s? 
gives 


ay sf _ q = 
1 { | = odfF,{-a, 1) (2.19) 


This equation can also be rewritten as 


wt {— her {1-—4-} = 6) -aF[-a.n, (2.20) 


si+a si+a 


2.5 Behavior of the F-Function as the Parameter a Varies 


where the delta function is recognized as the unit impulse function. Now comparing 
equations (2.19) and (2.20), it can be seen that 


oF [-a, t] = 6(t) — aF,[-a, t]. (2.21) 


This equation demonstrates the eigenfunction property of returning the same function 
upon qth-order differentiation for t > 0. This is a generalization of the exponential func- 
tion in integer-order calculus. 

It is now easy to show that the F-function is the impulse response of the differential 
equation (2.2). Referring back to equation (2.2), and setting u(t) = 6(t) and b = 1, yields 


odix(t) = —ax(t) + d(2). (2.22) 


For the F-function to be the impulse response, it must be the solution to equation (2.22), 
that is x(t) = F,|—a, ¢]. Substituting this into equation (2.22) gives 


oA E,[—a, t] = —aF,[—a, t] + 6(¢). (2.23) 


This equation has been obtained by direct substitution into the differential equation. 
Referring back to equation (2.21), however, shows that the qth-derivative of the 
F-function on the left-hand side is in fact equal to the right-hand side of equation (2.23). 
Thus, it is shown by direct substitution that the F-function is indeed the impulse 
response of the differential equation (2.22). 


These sections have developed the F-function and the properties that are key to the develop- 
ment of the fractional trigonometry. The following section develops further important prop- 
erties of the F-function and illustrates its application to the solution of fractional differential 
equations. 


2.5 Behavior of the F-Function as the Parameter a Varies 


This section studies the F-function with complex values for the parameter a. A linear system 
theory approach provides further understanding of the properties of the F-function, when its 
Laplace transform is considered as a transfer function of a physical system. From Ref. [45]: 


Thus, we consider the Laplace transform of equation (2.22) as the transfer function of a 
related linear system 


L{E,[a, t]} = —, gO: (2.24) 


In general, to understand the dynamics of any particular system, we often consider the 
nature of the s-domain singularities. We define s = re’ in what follows. For a < 0, the par- 
ticular function of equation (2.24) does not have any poles on the primary Riemann sheet 
of the s-plane (|6| < z), as it is impossible to force the denominator of the right-hand side 
of equation (2.24) to zero. Note, however, that it is possible to force the denominator to 
zero if secondary Riemann sheets are considered. For example, the denominator of the 


Laplace transform 
1 


si/2 41’ 
does not go to zero anywhere on the primary sheet of the s-plane (|6| < z). It does go 
to zero on the secondary sheet, however. With s = e*7, the denominator is indeed zero. 
Thus, this Laplace transform has a pole at s = e**, which is at s = 1 + i0 on the second 


L{F, .[-1, t]} = (2.25) 


13 


14| 2 The Fractional Exponential Function via the Fundamental Fractional Differential Equation 


Magnitude 1/(s°-5+1) (dBs) 


: Secondary sheet: 


2 -1 0) 
Real (s) 


Figure 2.2 Both sheets of the Laplace transform of the F-function in the s-plane. Source: Hartley and Lorenzo 


1998 [45]. Public domain. Please see www.wiley.com/go/Lorenzo/Fractional_Trigonometry for a color version 
of this figure. 


Imaginary (w) 


Riemann sheet. This is shown in Figure 2.2, where |1/s!/? + 1| is plotted as a function of 
Real(s) and Imaginary(s). 

As it is difficult to visualize multiple Riemann sheets, following LePage [65], it is useful 
to perform a conformal transformation into a new plane. Let 


we=s!, (2.26) 
The transform in equation (2.24) then becomes 
L{E,[-a, t]} = ae nee (2.27) 


Si+a wta 
With this transformation, we study the w-plane poles. Once we understand the 
time-domain responses that correspond to the w-plane pole locations, we will be able 


3 1 - Figure 2.3 The w-plane for gq = 1/2, with 
w=s'/? and s=a+ib. Source: Hartley 
and Lorenzo 1998 [45]. Public domain. 

Pas 

1} 

b=0 
0 
b=0 


| Riemann sheet 


Secondary 


2.5 Behavior of the F-Function as the Parameter a Varies 


to clearly understand the implications of this new complex plane. To accomplish this, 
it is necessary to map the s-plane, along with the time-domain function properties 
associated with each point, into the new complex w-plane. To simplify the discussion, 
we limit the order of the fractional operator to 0 < q < 1. Let 


w= pe? =a+t ip. (2.28) 
Then, referring to equation (2.26) 
w = s? = (re!”)4 = rie” = pe'®. (2.29) 


Thus, p = r7 and g = q@. With this equation, it is possible to map either lines of constant 
radius or lines of constant angle from the s-plane into the w-plane. Of particular interest 
is the image of the line of s-plane stability (the imaginary axis), that is, s = re*’4*/?, The 
image of this line in the w-plane is 


w= rier? (2.30) 


which is the pair of lines at ¢ = +qz/2. Thus, the right half of the s-plane maps into a 
wedge in the w-plane of angle less than +90q degrees, that is, the right half s-plane maps 
into 

|p| < qx/2. (2.31) 


For example, with q = 1/2, the right half of the s-plane maps into the wedge bounded by 
—1/4< o < 2/4; see Figure 2.3. 
It is also important to consider the mapping of the negative real s-plane axis, s = re*’”. 
The image is 

w= rte*9, (2.32) 


Thus, the entire primary sheet of the s-plane maps into a w-plane wedge of angle less 
than +180q degrees. For example, if q = 1/2, then the negative real s-plane axis maps 
into the w-plane lines at +90 degrees; see Figure 2.3. 

Continuing with the q = 1/2 example, and referring to Figure 2.3, it should now be clear 
that the right half of the w-plane corresponds to the primary sheet of the Laplace s-plane. 
The time responses we are familiar with from integer-order systems have poles that are 
in the right half of the w-plane. The left half of the w-plane, however, corresponds to the 
secondary Riemann sheet of the s-plane. A pole at w= —1 +0 lies at s =+1+ 0, on 
the secondary Riemann sheet of the s-plane. This point in the s-plane is really not in the 
right half s-plane, corresponding to instability, but rather is “underneath” the primary 
s-plane Riemann sheet. As the corresponding time responses must then be even more 
than overdamped, we call any time response whose pole is on a secondary Riemann sheet, 
“hyperdamped.” It should now be easy for the reader to extend this analysis to other 
values of q. 

To summarize this, the shape of the F-function time response, F,[—a, ¢], depends upon 
both g and the parameter —a, which is the pole of equation (2.27). This is shown in 
Figure 2.4. For a fixed value of q, the angle g of the parameter —a, as measured from 
the positive real w-axis, determines the type of response to expect. For small angles, 
|p| < qx/2, the time response will be unstable and oscillatory, corresponding to poles in 
the right half s-plane. For larger angles, qa/2 < |p| < qa, the time response will be sta- 
ble and oscillatory, corresponding to poles in the left half s-plane. For even larger angles, 
|p| > qa, the time response will be hyperdamped, corresponding to poles on secondary 
Riemann sheets. 
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ip 


BS 


Figure 2.4 Step responses corresponding to various pole locations in the w-plane, for gq = 1/2. Source: Hartley 
and Lorenzo 1998 [45]. Public domain. 


It is now possible to do fractional system analysis and design, for commensurate-order 
fractional systems, directly in the w-plane. To do this, it is necessary to first choose the 
greatest common fraction (q) of a particular system (clearly nonrationally related powers 
are an important problem although a close approximation of the irrational number will 
be sufficient for practical application). Once this is done, all powers of s? are replaced 
by powers of w. Then the standard pole-zero analysis procedures can be done with the 
w-variable, being careful to recognize the different areas of the particular w-plane. This 
analysis includes root finding, partial fractions (note that complex conjugate w-plane 
poles still occur in pairs), root locus, compensation, and so on. We have now character- 
ized the possible behaviors for fractional commensurate-order systems in a new complex 
w-plane; that is, given a set of w-plane poles, the corresponding time-domain functions 
are known both quantitatively and qualitatively. Although most of the discussion has 
actually been for 0 < q < 1/2, it is reasonably applicable to larger values of g with the 
appropriate modifications for many-to-many mappings. 


2.6 Example 


In this example, we consider the impulse response of the inductor—supercapacitor pair 
shown in Figure 2.5. In the study of Hartley et al. [49], it was shown that a particular 
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sl Figure 2.5 Supercapacitor circuit example. 


commercial supercapacitor is accurately modeled with the impedance transfer function 
Z(s)=R+ = + = The voltage across this device is chosen as the output voltage for this 


vi 


example. Then, in Figure 2.5, the voltage transfer function from the input terminals to the 
supercapacitor terminals is found to be 


a sy 
vis) Rie RCs taCys+1 os 
VS) SL+R+S+% LCs? +RCst+aCys+1 , 
For this example, we letRC =1, aC=1, and LC =1. Then, 
V, Stv/st1 
(8) __stystl (2.34) 


Vis) sr 4s4 Jst1 


The poles and zeros of this transfer function are plotted on the w-plane in Figure 2.6, which 
also shows the 45° stability lines for q=0.5. Clearly, there are two poles in the right half of the 
w-plane, but to the left of the stability boundary. These pole locations correspond to complex 
stable poles in the s-plane and imply a damped oscillatory impulse response. We obtain the 
impulse response of equation (2.34) using F-functions. First, it is necessary to define the new 


15 r r ' . Figure 2.6 The w-plane stability diagram for 
supercapacitor. 
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complex variable w = v/s. Then, assuming an impulse input, the output of the transfer function 
becomes 


w+w+i 
Vis) = —————_ 
of) wi+w?+wtl 
_ 0.0570 — 0.4334i —0.0570 + 0.4334i 
w —0.5474—1.1209i w-—0.5474 + 1.1209: 
0.0570 — 0.1308: 0.0570 + 0.13087 (2.35) 
w + 0.5474 — 1.12091 w+0.5474 + 1.12097 
Inverse transforming the partial fractions with w = \/s yields 
v,(t) = (—0.0570 — 0.4334i)F) .[0.5474 + 1.1209, f] 
+ (—0.0570 + 0.4334i)F, .[0.5474 — 1.12093, £] 
+ (0.0570 — 0.4334i)Fy .[—0.5474 + 1.12093, £] 
+ (0.0570 + 0.4334i)Fp ,[—0.5474 — 1.12093, £]. (2.36) 


This impulse response is plotted in Figure 2.7. Some damped oscillations are observed as 
expected from the pole-zero plot. 


Figure 2.7 Supercapacitor impulse response. 


Output voltage 


t-Time (s) 


This simple example is presented to demonstrate the use of the F-function to obtain the solu- 
tion of a physical fractional-order system. 

In this chapter, the fundamental linear fractional-order differential equation has been consid- 
ered and its impulse response has been obtained as the F-function. This function most directly 
generalizes the exponential function for application to fractional differential equations. It is at 
the heart of our development of the fractional trigonometry. Also, several properties of this 
function have been presented and discussed. In particular, the Laplace transform properties of 
the F-function have been discussed using multiple Riemann sheets and a conformal mapping 
into a more readily useful complex w-plane. 

It is felt that this generalization of the exponential function, the F-function, is the most easily 
understood and most readily implemented of the several other generalizations presented in the 
literature. 


3 


The Generalized Fractional Exponential Function: The R-Function and 
Other Functions for the Fractional Calculus 


3.1. Introduction 


This chapter generalizes the F-function, that is, the eigenfunction solution of the fundamen- 
tal fractional differential equation, to the R-function, which carries in it the derivatives and 
integrals of the F-function. The R-function then becomes the basis for the development of the 
fractional trigonometric and fractional hyperbolic functions. This chapter also compares the 
properties of these functions with other important functions that have been associated with 
the fractional calculus. 

The previous chapter developed the F-function, F,[a, t], for the solution of fractional dif- 
ferential equations. This function provided direct solution and important understanding for 
the fundamental linear fractional-order differential equation and for the related initial value 
problem (Hartley and Lorenzo [46]). 

This chapter presents functions commonly used in the fractional calculus, and their Laplace 
transforms. A new function called the R-function and two related generalized functions, 
the G-function and the H-function, are presented for consideration. In the sequel, we will 
see that these functions are important in the development and application of the fractional 
trigonometries and are, therefore, useful in the solution of fractional differential equations. 
The R-function, R,,(a,t), contains the vth-order derivatives and integrals of the F-function. 
With v=0, the R-function becomes the F-function and thus the R,-function also returns 
itself on gth-order differintegration. The G- and H-functions are needed for the analysis of 
repeated and partially repeated fractional poles. An example application of the R-function 
is provided. Sections 3.10—3.16 present some preliminaries to the development of the frac- 
tional trigonometries. The derivations of Sections 3.2—3.9 are adapted from Lorenzo and 
Hartley [69]. 


3.2 Functions for the Fractional Calculus 


This section summarizes a number of functions that have been found useful in the solution of 
problems of the fractional calculus and more particularly in the solution of fractional differential 
equations. 


The Fractional Trigonometry: With Applications to Fractional Differential Equations and Science, First Edition. 
Carl F. Lorenzo and Tom T. Hartley. 

© 2017 John Wiley & Sons, Inc. Published 2017 by John Wiley & Sons, Inc. 

Companion Website: www.wiley.com/go/Lorenzo/Fractional_Trigonometry 
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3.2.1 Mittag-Leffler’s Function 


The Mittag-Leffler function [96, 97, 98] is given by the following equation: 


E,lé)= 3)" —, q>o. (3.1) 


This function often appears with the argument —a?‘, and its Laplace transform then is given 


as 
(-a)"t"4 sf 
L{E,|-att]} =L {2 > we}. aD: q> 0. (3.2) 


3.2.2 Agarwal’s Function 


The Mittag-Leffler function is generalized by Agarwal [5, 6] as follows: 


a 


_ t 
Eno = > erea (3.3) 


This function is particularly interesting to the fractional-order system theory due to its 
Laplace transform, given by Agarwal as 


= slot 


stb 
L{E, glt"]} = aaa (3.4) 


This function is the (a — #)-order fractional derivative of the F-function with argument a = 1. 


3.2.3. Erdelyi’s Function 


Erdelyi et al. [34] has studied the following related generalization of the Mittag-Leffler function: 


fee} mn 
E, ,) = ————.,_ a,f >0, 3.5 
AO Li tam+5) p (3.5) 
where the powers of ¢ are integer. The Laplace transform of this function is given by 


=o OT 
LE) = yp 


Te TEE a>1,p>0. (3.6) 
fe Tam + ps1 


As this function cannot be easily generalized, it is not considered further. 


3.2.4 Oldham and Spanier’s, Hartley’s, and Matignon’s Function 


To effect the direct solution of the fundamental linear fractional-order differential equation 
(Chapter 2), the following function was used (Hartley and Lorenzo [45]): 


- : (- ay't"4 
—a,t) = tT eer NCTE D q> 0. (3.7) 


This function had been mentioned earlier in a footnote by Oldham and Spanier [104], p. 122. 
The important feature of this function is the power and simplicity of its Laplace transform, 
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namely 
1 
L{F,|a, t}} = ‘ q> 0. (3.8) 
si—a 
This function, with a=1, is the fractional eigenfunction in that it returns itself on gth-order 
differintegration. We note that Matignon [92] has also recognized this function as the fractional 


eigenfunction. 


3.2.5 Robotnov’s Function 


Robotnov [112, 113] used the function 


att Dat)-1 


See ACEI CES) 2 


in his study of hereditary integrals. The Laplace transform of this function is 
1 
Hea.) = 2a (3.10) 
Using Robotnov’s function, €,_;(1, £) is the eigenfunction. Continuing from [69]: 


3.2.6 Miller and Ross’s Function 


Miller and Ross [95], pp. 80 and 309-351 introduce another function as the basis of the solution 
of the fractional-order initial value problem. It is defined as the vth integral of the exponential 
function, that is, 


d~’ = (at)* 
E , = at t’ at 4, * 5 t)= t’ see 3.11 
age ee) p> Tw+k+) ci 


where y*(v, at) is the incomplete gamma function. The Laplace transform of equation (3.11) 
follows directly as 


L{E,(v,a@)} = ar Re(v) > 1. (3.12) 


Miller and Ross then show that 


L dE v1." =, q=1,2,3,..., fe ee (3.13) 
iI s’—a q 2 3 


which is a special case of the F-function. 


3.2.7. Gorenflo and Mainardi’s, and Podlubny’s Function 
Gorenflo and Mainardi [40] and Podlubny [109] use the function 


i q! panty— 1 


t,4,q,V) = Eee 3.14 
E,(t,4, 9.) LD ring) (3.14) 
This convenient function has the Laplace transform 
st? 
L{é,(t,4, q,v)} = ‘ (3.15) 
st—a 


Table 3.1 presents a summary of the defining series and respective Laplace transforms for 
these important functions discussed here and shows the relation of their Laplace transforms to 
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Table 3.1 Special fractional calculus functions. 


Function Time expression Laplace transform Remarks 
Mittag-Leffler (1903) [96, 97] E lat?) = y ae S (q — 1) differintegral 
roo Veg + I) sea) of eigenfunction 
Sy pH(8-D/a4 sth 
A 1 (1953) [5, 6 E (t7] = ——. 
garwal (1953) [5, 6] ple") py Tq +B) (7-1) 
. ot! = Tn+l) 
Erdelyi et al. (1954) [34 Et] = ———_ — 
Sa oes = 2 Gg eB 2 Tan Asm 
oD a'tetbaq-1 1 
Oldham and Spanier (1974) [104], F 7l4.t] = ¥ Tnaba ; eigenfunction 
Hartley and Lorenzo (1998) [44], nao (n+ Dg) oe 
Matignon (1998) [92] 
a npnty sg 
Miller and Ross (1993) [95 E,[v,a] = = 
iller and Ross ( ) [95] Lv, a] LterntD Gon 
is atetba-ly SY 
Lorenzo and Hartley (1999) [69] R,,[a,t] = > vt differintegral of 
. po eg 1) | Sta) eigenfunction 
be npnt+q)-1 1 
Robotnov (1969) [112] €,(4, t= Zs a 7) § 4-104, t) is 
pad EEG) Se eigenfunction 
= a"tmrv-l st 
Gorenflo and Mainardi (1997) E(t,a,q,Vv) = >. —— 7 (q — v) differintegral 
[40], Podlubny (1999) [109, 110] nao (Hq + ¥) (st — a) of eigenfunction 


The G- and H-functions may be found in Sections 3.9.1 and 3.9.2. 
Source: Adapted from Lorenzo and Hartley 1999 [69]. 


that of the F-function. Clearly, many of these functions are useful for the solution of various 
fractional differential equations, but the F-function presented in the previous chapter appears 
to most properly generalize the exponential function. 


3.3. The R-Function: A Generalized Function 


It is of great interest to develop a generalized function which, when fractionally differintegrated 
by any order, returns itself (with a new parameter). A function of this type would be useful for 
the solution of fractional-order differential equations. The following form is proposed [69, 80, 
81]. Consider the function 

(a)"tetDa- 1-v 


ee 41 ((n+1)q-v)- 16) 


Fort < 0, R willbe complex except for the cases when the exponent ((m + 1)q — 1 — v) is integer. 
Clearly, when v=0 in equation (3.16), the R-function becomes the F-function (equation (2.7)); 
that is, R 014, t] = F,[a, t]. The Laplace transform of such a function will facilitate the solution 
of fractional-order differential equations. 

The Laplace transform of the R-function is determined as follows: 


aid ny-(n+1)q-1-v 
L{R,,la, t]} = oh t>0. (3.17) 


3.4 Properties of the Rawls t)-Function 


Then, we have 


L{R,,[4, t]} = p> (a)"L { nas} (3.18) 
From the transform tables, we have 
L{t’} =Tw+l)s”!, Re(v)>—-1, Re(s)> 0. (3.19) 
Then, equation (3.18) becomes 
L{R,,|4, t]} = Y (a)" ——— ae -, Re((a+1)q—v)>0, Re(s)>0, t>0. (3.20) 
L{Riy >) — Re(q—v) >0, Re(s)>0, t>0. (3.21) 
This geometric series converges when | a/s4| < 1. By long division, we have 
L{R,,(a,t)} = —_, t>0, Re(q—v)>0, Re(s) > 0. (3.22) 
We have from Ref. [69], for a time-shifted starting point 
BR eros = * —. c>0, Re(n+1)q—v) >0, Re(s)>0. (3.23) 


3.4 Properties of the R, (a, t)-Function 


Continuing from Ref. [69]: 


The time-domain character of the R-function is shown in Figures 3.1—3.3. Figure 3.1 
shows the effect of variations in q with v = 0 and a = +1. The exponential character of 
the function is readily observed (see g = 1). Figure 3.2 shows the effect of v on the behav- 
ior of the R-function. The effect of the characteristic time a is shown in Figure 3.3. The 
characteristic time is 1/a1. For g = 1, 1/a is the time constant, when g = 2 we have the 
natural frequency, when q takes on other values we have the generalized characteristic 
time (or generalized time constant). The eigen-property for R 014, t] = F,[a, t] is proved 
in Section 3.11. 


Differintegration of the R-Function 


It is of interest to determine the differintegral of the R-function, that is, 


(aye Da- 1-v 00. Gy aor 
= Ha ; 24 
0G: R ql, t] = ay oe = 2 T+ Dq—v)” t>0 (3.24) 


Oldham and Spanier [104], p. 67 prove the following differentiation form: 


Tp + Dix — aye’ 
Tip—-v+) 


ad.lx — al? = , p>, (3.25) 


which is applied to equation (3.24) to yield 


ba (att @tDa-1-t) 
d’R,,[a,t] = ———$§_—_——., 420, g-v>0, t>0. 3.26 
04 Relat] 2, T+ q-W+H) 4 eee) 
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Raolt, tl 


t-Time 


(a) 


Figure 3.1 Effect of gon R,,(1,t), v= 0.0, a = +1.0, q=0.25-2.5 in steps of 0.25. (a) a= 1.0. (b) a=—1.0. 
Source: Adapted from Lorenzo and Hartley, NASA [69]. 


Thus, we have the useful result 


04 Ra la, t] = Ro vul4, £1, u>0, q>v, t>0. (3.27) 


q.v+u 


That is, u order differintegration of the R-function returns another R-function. Furthermore, it 
can be easily shown that 


04; R, 14, bt] = bY Ro 414, bt], 120, t>0, g>v. (3.28) 


3.4 Properties of the Rav(@ t)-Function 


R-function, Ro 25, [-1, t] 


t-Time 


R-function, Ro75,y [-1, #] 


0 0.2 0.4 0.6 0.8 1 
t-Time 


(b) 


Figure 3.2 Effect of von R,,(—1, t), v= —0.50 to 0.50 in steps of 0.25, a= —1.0. (a) q= 0.25. (b) q= 0.75. 


3.4.2 Relationship Between R 


qmq and Rao 


Substituting v= mq into the definition of R, we have 
ba n p(nt+1)q—1—mq np(n+Dq-1 

Ring t) = > ee aay, el alee 

ay Pn + Dg — mq) T(a—m + 1)q) 


n=0 


t>0. (3.29) 
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0 0.5 1 1.5 2 2.5 3 


t-Time 
(b) 


Figure 3.3 Effect of a on (a) Ry 55 .(4, t), q= 0.25, and (b) Ry 75 9(a, t), q=0.75, v= 0, a= —1.5 to 0.50 in steps of 
0.5. (a, b) Source: Adapted from Lorenzo and Hartley 1999 [69]. 
Taking 1 -m =r,m = 1,2,3,... gives 

yrtm porta Dq-1 


mg SG 
Rams) =" J) TED 


r=—m 


, (3.30) 


or 


_ - (ay torba- 1 “ (ayia? 1 
Ra mgl@s t) = (@) en Tsp 1 yo T(r+ bq 


r=—m 


3.5 Relationship of the R-Function to the Elementary Functions 


The first summation on the right-hand side is R, (a, t); thus, we have 


(ay t+Dq-1 
T(r+1)q)’ 


When (r + 1)q < 0 and integer, the elements of the summation term vanish. 


-1 
Rings t) = (a)"Ryo(a,t) + (ay” Y 


r=-m 


m=1,2,3,..., t>0. (3.31) 


3.4.3 Fractional-Order Impulse Function 


Continuing from Ref. [69]: 


Consider the function R,,(0, ¢), then we can write 


(ay’trtba-1 


R,o(0,t) = lim R, (a, t) = lim " 
n=0 


In the limit, the 7 > 0 terms of the summation vanish; thus, 


_ (arte! 4a 
R_ (0, £) = lim =—, [t>0. 
a a0 Tq) T@ 


From equation (3.22), the associated Laplace transform pair is given by 
L{R,9(0,t)} = = t>0, Re(q) > 0, Re(s) > 0, (3.33) 
: s 


that is, the response of a qth-order fractional integration. 


3.5 Relationship of the R-Function to the Elementary Functions 
Continuing from Ref. [69]: 


Many of the elementary functions are special cases of the R-function. Some of these are 
illustrated here. 


3.5.1 Exponential Function 


Consider R, ,(a, t), by definition, we have 


— (a)"t” _ ~— (at)" 
R, (a,t)= ) ——— = a. SESE, (3.34) 
10 p> T(n+1) py n! 
Thus, 
Ri o(4, t) =e”, t>0. (3.35) 


Clearly then R, )(1, 1) = e; thus, the generalized exponential constant for any order q is given 
by R,o(1, 1). A plot of these values is presented in Figure 3.4. 
3.5.2 Sine Function 


Consider aR, )(—a’, t), by definition, we have 


—a2yntnr 2-1 _ { ee ae > \ 


aR, (-a,j=ay ain (3.36) 
n=0 rs 
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Figure 3.4 Generalized exponential constant R,o(1, 1) versus q. 


Thus, 
a Ry o(-@’, t)=sin(at), t>0O. 


3.5.3 Cosine Function 
The cosine function relates to R, ,(—a’, t), again by definition 


( ayer b2- 1-1 


Ee ayt” 
Roa", 8) = ee re (Qn)! 


Thus, 
R,(—a’, t) = cos(at), t>0. 


3.5.4 Hyperbolic Sine and Cosine 


Consider aR, ,(a’, t), by definition, we have 


aRyo(a’,t) = Seo ‘ 


343 545 
t 
= fare SP Ey Ne, 


ayer 2-1 


Thus, 
aR,o(a’,t)=sinh(at), t>0. 


In a similar manner, 
R,,(a’,t) =cosh(at), t>0. 


(a?)"t? nt+1 
Mn +12) 22, (Qn+1)! 


(3.37) 


(3.38) 


(3.39) 


(3.40) 


(3.41) 


(3.42) 
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3.6 R-Function Identities 


3.6.1. Trigonometric-Based Identities 


Continuing from Ref. [69]: 


A number of identities involving the R-function may be readily shown based on the ele- 
mentary functions. The exponential function (equation (3.35)) 


Ri (a,x) =e, x>0, (3.43) 
may be expressed as 
e* = Ri o(i,x), «>. (3.44) 
Then, from equation (3.37), 
sin(ax) =aR,.(-a’,x), «> 0, (3.45) 
and expressing the sine function in complex exponential terms gives 
sin (x) = =(e —e!), x>0. (3.46) 
Combining equations (3.44) — (3.46), then yields the identity 
Ryo(—1,%) = Rol x) —Ry(-i,x)), x>0. (3.47) 
In a similar manner, using the cosine function (equation (3.39)) 
cos(x) = Ry (-1,x) = ste +e"), x>0, (3.48) 
from which 
Ry,(-1,%) = 5 (Ri (i, *) + Ri o(-i,x)), x>0. (3.49) 


The hyperbolic functions may also be used as a basis using the sinh function, which yields 
Ryo(1.x) = 5 Rio(l) 2h CL oy eS, (3.50) 
The cosh function gives 
Ry, *) = 5(R, (1.3) + Ri o(-1,*)), «>0. (3.51) 


Many other identities may be found based on the known trigonometric identities, a few 
examples follow, from 


sin?(x) + cos’(x) = 1, (3.52) 
we have 
Ry o(-1,*) + Ri ,(-1,*4)=1, «>0. (3.53) 
From the identity 
sin(2x) = 2 sin (x) cos(x) (3.54) 
derives 
Ryo(—1, 2x) = 2Ryo(—1,0)R,,(-1,*), x >0. (3.55) 


From the trigonometric identity 


sin (3x) = 3sin(x) —4 sin 3(x), (3.56) 
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we determine the identity 


Ry o(-1, 3x) = 3Ryo(-1,%) —4R5(-1,*), «> 0. (3.57) 


3.6.2 Further Identities 


Other identities may be derived as follows. Let v = q — p, then the Laplace transform of the 


R-function (equation (3.22)) may be written as 
st P 1 
LAR: gig “Bs t)} = a = Pst +a)’ Re(p) > 0, Re(s) > 0. (3.58) 


This may be rearranged to give 


ed E age (3.59) 
sP-U(si +a)  sP Sita 
Inverse transforming gives the identity 
Ro g-p\—@ ©) = R, (0, t) — aR,_,(-4,t), > 0. (3.60) 
Another set of identities follows by factoring the denominator of the Laplace transform; thus, 
‘ 1 
R, fa, t) > Gna =S jee 5 (3.61) 


Now, a partial fraction expansion of the denominator gives 


= = al 34 =a 
_ y| 2a1/2 2a? _| 2a1/2 _ 2a? 
=# 54/2 — qi/2 sV/2 4 ql/2} | 54/2 — gi/2 sf/2 4 qi/2 |” i aes (3.62) 


Taking the inverse transform ne 


R, fa, t= {Ra jo, (ai? ,t) i Rypr(-a”, t)}, t> 0 . (3.63) 


2a — 
The following relationships of the R-function [70] with advanced functions are based on expan- 
sions for the defined functions (see, e.g., Spanier and Oldham [116]). The product of the expo- 
nential function and the complementary error function is given by 


exp(x) erfc(+/x) = p> oo Ry j2-1/(F1,x), x > 0. (3.64) 


The error function is given i 


erf(«) = exp(—x? » (-1,0,x?)R, _,,.(1,x”), x>0. (3.65) 
Rio 1-1/2 


res +3 57 


The expansion for Dawson’s cineca becomes 


daw(/x) = eS Lr 3 sw ml 


40+ 37) 7 2 Ri -ip(Hl.e). «> 0, (3.66) 


Many distributions may be in terms of exponential of powers of x (see Spanier and Oldham 
[116], p. 260). Since Rj o(4, t) = R, (1, at) = e*’, these distributions may also be expressed as 
R-functions. 

Many more such identities are possible, indeed because of the generality of the R-function, 
powerful meta-identities may be possible. More general R-function identities are derived in 
Chapter 4. 
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3.7. Relationship of the R-Function to the Fractional Calculus 
Functions 


Continuing from Ref. [69]: 


The generality of the R-function allows it to be related to many other functions. In this 
section, it is related to the important functions discussed in the introductory section of 
the paper. The Laplace transform facilitates determination of the desired relationships. 
The double arrow is used to indicate the transform pairs, thus for the R-function 


Rat) ——, — Re(q—v) > 0. (3.67) 
; si—a 


3.7.1. Mittag-Leffler’s Function 


The Mittag-Leffler function and its transform relate to the R-function as 


q-1 
E,|-at1] = Ri gi(-4@,t), t>0. (3.68) 
The time-domain relationship is 
(- a)" t74 
R —a,t)= t!] = t>0. 3.69 
weak a ) —4 aeoresy 4 (ng + 1)’ ( ) 
Also, because 04; R,,[-4 ,t]=R,,,¢1—4, ¢], it follows that 


od?" R,o(-a, t) = E,[-att], t>0. (3.70) 


3.7.2. Agarwal’s Function 


The Agarwal function and its transform relate to the R-function as follows: 


gt P 
E, lt] a Reg ae ES 0; (3.71) 
The time-domain relationship is 
2 t4- 1l+p 
R 1,4) =£,,[t = t>0. 3.72 
sao) = Easlll = Ye rGag py ao 


3.7.3 Erdelyi’s Function 


The relationship between the Erdelyi function and the R-function is given by 


Raab 


Capers, leer t>0. (3.73) 
Lien Tree} 


3.7.4 Oldham and Spanier’s, and Hartley’s Function 
The F-function and its transform relate to the R-function as follows: 


1 
F[-a, tle ea 2S Ry o(-4, t), t>0. (3.74) 
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The time series common to these functions is given as 


© (_ yn (n+ Dq-1 
R,o(-4,t) = F,-a.t}= ean t>0. (3.75) 
n=0 


3.7.5 Miller and Ross’s Function 


The Miller and Ross’s function and its transform relate to the R-function as follows: 
-v 
E,(v,a)e— 


@R,_,(a,t), t>0. (3.76) 


s—a 


The time series common to these functions is given as 


(ay"t"” 
R tL =£,(v,4) = ———., t>0. 3.77 
LAG = Ev, 4) 2, Taut+v+) ern 
3.7.6 Robotnov’'s Function 
The R-function may be written as 
i (aye D@)-1 

R a,t)= ——___ = € (a4,t), t>0, 3.78 
4+1,0(4, £) p> Mas D@ sb =H? (3.78) 


which is the function of Robotnov. 


3.7.7. Gorenflo and Mainardi’s, and Podlubny’s Function 
Consider the following form of the R-function, 


n +(n+1)q—1-(q-v) 
(a)"t' 


2. nyngq-l+v 
= OP =etaay, t>0, (79) 
n=0 


Ra q—v(a, t= Dy T(n+ 1)q = (q —v)) = (nq +V)) 


n=0 


which is the desired function. The Laplace transform for this function is given Table 3.1. 


3.8 Example: Cooling Manifold 


To demonstrate the use of the R-function in the solution of fractional differential equations, we 
consider the transient response of a cooling manifold (Figure 3.5). 

The cooling manifold could apply to a heat engine or to heat sink for an integrated circuit, 
or to other similar situations. Here, a source temperature T,, drives the heat flow Q,,,, into the 
manifold by convective heat transfer; thus, 


Q,,(t) = HAT) - T,,(0), (3.80) 


where /A is the product of the convection heat transfer coefficient and the surface area. The 
wall temperature is T,,,. Cooling fins, which are considered here to be of semi-infinite length for 
the timescale of interest, conduct the heat flow Q; away from the wall. The fin heat flow then is 
described by 


Q(t) =~ ,pl?r,@ = © (od? 7,0) pun ae, a,t)), (3.81) 


yar a 
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Figure 3.5 Cooling manifold. 


where k is the thermal conductivity and a is the thermal diffusivity, a °T,,(t) is the unini- 
tialized semiderivative and y (T,,,, 1,4, t) is the initialization function [71, 78]. This function 
brings in the effect of the initial temperature distribution along the fin. 

For simplicity, we consider T,,, to be uniform along the manifold wall and therefore the analy- 
sis of a single cooling fin will expose the basic behavior of the process. The manifold temperature 
results from the heat balance equation: 


1 
we, 


T,,(t) = | (Q,,(8) — Q()dt + Ty, (3.82) 
0 


where we, is the product of the manifold mass and the specific heat of the material. Taking the 
Laplace transform of these equations yields 


Q,,(8) = hA(T,(8) = T (3); (3.83) 
Q(s) = Genta +w(s)), (3.84) 
a 
Ty(8) = — (=(Q,(s) = Q(6))) +. (3.85) 
we, \s s 
Solving for T,,,(s) yields 
T,,(s) = cT,(s) er =2 y(s) (3.86) 


+ ? 
stbs'?+c  (st+bs!/?2 +c) 


where b = k/we, Ja andc = hA/wc,. The denominator of the first term on the right is factored 
and expanded in partial fractions, yielding 


1 1 
1 = By — By 4 By — By 
stbst2+c |st/24+p,  sl2+ pi] 


(3.87) 


where f, = 2 + Vv b? — 4c and p, = 2 — +1/b? — 4c, and it is assumed that b? > 4c. Note, if this 


2 
is not the case, then the methods of Chapter 12 may be applied to solve with quadratic forms 
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in equation (3.87). Then, T,,,(s) may be written as 


1 1 1 1 
-_ By — By Ba By By _ By — By _ By — By 
T,,(8) = ¢ S2+p, sPap, T,(s) —b S2+h SP+R w(s) 
1 1 
By ~ By = By = By 


(3.88) 


+p SPB) 


Then, assuming a unit impulse for T,(s) and applying the convolution theorem for the y(s) 
terms, the solution pe be inverse transformed directly in terms of R-functions as 


T(t) = ae iF Rint By, t) — Ry j2,0(-By, 6) 
= -(f (Ry j2,0(- B,,t—t)- Ry /2,0(- fast 2)w(e)de) 
ae 
+ 8 (Ry 2,.0(- By t) — Ri j29(—Ao: t)). (3.89) 
By — By 


3.9 Further Generalized Functions: The G-Function and the 
H-Function 


Continuing from Ref. [69]: 


3.9.1 The G-Function 


Functions more general than the R-function are needed. Two such functions are derived here. 
It is simpler here to work backward from the s-domain to the time domain. Thus, we consider 
the following function: 


Vv 


Ss 


G(s) = , 3.90 
(s) (i ay (3.90) 
where v, g, andr are real and are not constrained to be integers. Then, this may be written as 
ay =sr(1- 4) (3.91) 
sd 


Now, the parenthetical expression may be expanded using the binomial theorem to give 


agary_f0-) (=ay a 
G(s) =s piesa male i “)<1, (3.92) 
or 
_< rd -r) oisianaegs 
G0 = Y rae pra—j—n ays’ t-4, (3.93) 


This expression may be term-by-term inverse transformed, yielding for ¢ > 0, 
ie y Td. —r) (-ay tary} 
on a+ pra -j-nl(r+fq-v)’ 


Re(gr — v) > 0, Re(s) > 0, <1. (3.94) 


3.9 Further Generalized Functions: The G-Function and the H-Function 


Thus, we have the following transform pair: 


L{G Re(qr—v) > 0, Re(s)>0, |<} >0. (3.95) 


guel@ tl} = (st-—ay 


The form of equation (3.94) presents evaluation difficulties, since when r is an integer, (1 — r) 
and I(1 —j — r) can become infinite. Equation (3.94) maybe rewritten as follows (from Spanier 
and Oldham (p. 414, eq. 43:5:6) [116]): 


oie r@) _ DT) 
(x —1)(«-2)---@-n) (1 —- x), 
where (1 — «),, is the Pochhammer polynomial. From this result with « = 1 — r, we can write 
hese rd -r) a Cole) 
(SV ialbanie(l=7=7) (r); 


Substituting this result in equation (3.94) yields the following more computable result: 


n=0,1,2,.... (3.96) 
P2041 


Cues 2 t+) , t>0. (3.97) 
In terms of the Pochhammer polynomial 
= (nay tern P 
G,,,[4, tf] = »y anes eG Re(qr — v) > 0, Re(s) > 0, | s| <1, ¢>0. (3.98) 


j=0 


The Laplace transform of the G-function (equation (3.90)) indicates that this function will be 
useful for the solution of fractional differential equations with repeated real roots and is used in 
Chapter 12. Figures 3.6—3.8 show the G-function for q =0.75, 1.0, and 1.50 each with r varying 
between 0.25 and 2.0. 

Podlubny [109] presents a form that is a special case of the G-function where r is constrained 
to be an integer. It is also clear that taking r = 1 specializes the G-function into the R-function. 


aE 
é 
oO 
10} 
t-Time 
Figure 3.6 G_, (a,t) versus t for g= 0.75, a=—1.0, v=0, and r=0.25-2.0 in steps of 0.25. 


q.v.t 
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1.2 


Ggyvyr (+1, t) 


t-Time 


Figure 3.7 G,,,,(a,t) versus t for q = 1.0, a=—1.0, v=0, and r=0.25-2.0 in steps of 0.25. 


Govr (-1 , t) 


t-Time 


Figure 3.8 G,,,(a,t) versus t for q= 1.5,a=—1.0, v=0, and r=0.25-2.0 in steps of 0.25. 


3.9.2 The H-Function 


Repeated complex roots may be analyzed by Laplace transforms of the form 
ig 


H., (3.3) = —=——_ 
aon; (824 +189 + Cy)" 


(3.99) 


where at this point there is no constraint on the size of v. From this transform, the time-domain 
H-function is derived. This equation may be rewritten as 


s’ 


Cc =r 
Bk t= —<$<$<<$— a = ede $4 =) (3.100) 
oV,. Cy Co r 
(s (1 +—+ <)) 
sf? 4 


sf 24 


3.9 Further Generalized Functions: The G-Function and the H-Function 


The Binomial theorem is applied to give 


= ov—2qr . mi a 2)’ oi fo 
Fg y.(Cor C118) = 8 p> ( e (G Tig)? Nea * al = ‘: 
Se Td —-r) Cy o : 
H_ (Co, €),8) = 8°" | —— | = [ 14 , 3.101 
quar 0» C155) pa Td -n-rnlm+1) (2 c,s4 : 
ee ra-n) c,\" Co \" 
H C,,8) = 8" 2qr ( ) 1+ —). 
guvr(Cor C198) = 8 py Td -n-rP(n+1) \s4 c\s4 


The Binomial theorem is applied again to the last term, giving 


_ mp TA=) fay (in) ( 
Hy y,.(Co; C),5)=s" 4 >, Td —n—-nra+D 3) > (i) (=) > 


n=0 k=0 
Cc Cc C 
t42}<1, |/<1. (3.102) 
st $24 c,s4 
1 < ra-n é ) 
H ,C),S)= 
alo O19) = Sar p> Td -n-nl(n+1) \sa 
a k 
T(n+1 C 
x > — Tet) 0s. : 
ft T(n-k+ 1(k+1) \ cyst 
bis 00 k n—k 
Td -r) CoCr 1 
H, C18) = , 2gr>v. (3.103 
aoetln C1,8) p> fd =9=7) p? Ta —k+ DIK +1) s40rtnbv q ( ) 
Inverse transforming term-by-term gives 
OO"” 9-100 k nk 
Td _ r) Cyc pqertntk)—v-1 
Hyer = > > ms oh 


ms fe LAH eer ke DTK AD) Tg Gr+n+k) = v)’ 
(3.104) 
As in the G-function case, [(1 — r), (1 — 2 —1r), and (mu — k +1) can become infinite when r 


is integer; therefore, applying the form of equation (3.96), we have 


Td-r 
wos =(-1)"(r),, “2=0,1,2,..., 
and ; 
aoc aneear ar ae ee 
Therefore, 
oS (-1)"01), (—Dk(—) ck ct * Qrtn+k)—v-1 
Ay (eect) = p> » ee Gora t>0, (3.105) 


where again (r),, and (—”), are Pochhammer polynomials. Now, from Ref. [116], p. 151 (18:5:1) 
(—n), = (-1)(n — k + 1), therefore 


Se EDO, k+ 1 ch ener 
H ef ee SS. 3.106 
gover lor C1 8) >; 2 kin! T(qQr+n+k)-v) ( 


n=0 k=0 
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Thus, we have the transform pair 
s’ 
(824 +.¢,81+ Cy)" 


a) 


L{ Hy ,,,(Co> Ci, t)} = sf 524 < 1, 


1 


<1, 2qr-—v>0, (3.107) 


where H,,,,(Co, C,,£) is given by equation (3.106). It is clear from the Laplace transforms (3.90) 
and (3.99) that the H-function can be simplified to the G-function by setting cy = 0. Table 3.1 
summarizes the advanced functions studied in previous sections along with their defining series 


and Laplace Transforms. 


3.10 Preliminaries to the Fractional Trigonometry Development 


The previous sections of this chapter have considered the R-function as it relates to the other 
important functions of the fractional calculus and to the traditional elementary functions. Fur- 
thermore, various identities have been shown. Some specific tools and properties, however, are 
still needed. These include the eigen-property and some additional relationships. The remain- 
der of this chapter presents material that will be useful in the development of the fractional 
trigonometries that follow. 


3.11 Eigen Character of the R-Function 


The fundamental property of the exponential function that makes it so useful is the 
eigen- property, namely 
d 
—e =e", 3.108 
cA (3.108) 


that is, the function returns itself on differentiation (and integration). In other words, the func- 
tion is an iteration operator. That is, repeated differintegrations still return the same form. It is 
this property that underlies its central role in the solution of integer-order ordinary and partial 
differential equations. 

The following development follows that of Lorenzo and Hartley [69] also in Ref. [80]. The 
R-function with v = 0 is the F-function and has the eigenfunction character under qgth-order 
differintegration. Consider 

oo (@)* aie 
ak @)=),— 3.109 
a py T((u + 1)q) coe 

Oldham and Spanier [104], p. 67 prove the following useful form: 

T(t 1)[x- ap’ 


Voy P= 
dele ~ 4] Tp-v+l) ” 


poet (3.110) 


Applying this equation, we have 


1 
dR, o(4.t) = _ q>0. 


Now, let 1 = m + 1, then, 


ay" pom Da- 1 


( 
GRy (a0) = —_ Korea fF 


3.13 R-Function Relationships 


o a (ay"ttDa-1 
of; R, (4; t)= (a)R,, (4s t) +a Jim T(m+)q’ q> 0. (3.111) 
The right most term in this equation is zero for ¢ > 0 and is at most an impulse function at t = 0 
(see equation (2.21)). Thus, we have 
of Ry o(4,t) = (OR, (4,0), t>0,q>0. (3.112) 


Thus, for a = 1, the function returns itself under gth-order differintegration. 


3.12 Fractional Differintegral of the Timescaled R-Function 


It is sometimes necessary to differintegrate the R-function in more general form than that of 
Section 3.4; then, 


oe abner . Sa? per gees 
d?R,,,(a, bi) = of ) we 


= (3.113) 
= [a+ Dq-v) = (n+ lq -v) 
On applying equation (3.110) to equation (3.108), we obtain 
a? Ra, bt) = ee q>v, t>0, 
thus yielding the final result 
04; R, (4, bt) = B°R,,4,(4, bt), gq>v, t>0, (3.114) 


which will be found useful in the sequel. 


3.13 R-Function Relationships 


The following relationships are particularly useful for the developments that follow. Consider 


oe. (ab*)"t@tDa-1-v 
R, (ab*,t) = ») ——————_., t>0, 3.115 
gv(ab%, 0) Dy eur (3.115) 
(ay"( (b*/4 ty"4 
KR (4 j= ) = 3.116 
q(@b®, ) = y aT CESIED (3.116) 
n (b*/4 t)"04 1l-v 
R. (ab?) = pero Ot 3.117 
WOON: > T+ Dq-¥) Coe 
Thus, we have 
R, (ab, = be MAR, (a, B40). (3.118) 
For a = q, we have 
R,(ab4, t) = BACT RG, bt), t>0. (3.119) 
From equation (3.118), we also have the following important special cases: 
R, (ab, t) = bo MAR, (a, b/4t), t > 0, (3.120) 


R, (a (4%, 0 = (2 OAR, (@, (2D), > 0. (3.121) 
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Because of the fractional nature of the exponents, these functions can be multivalued. When 
appropriate, we will deal with the principal functions. 


3.14 Roots of Complex Numbers 


There will be a number of occasions in which we will require various roots of complex numbers. 
This section presents a short review of this topic in the context needed for the development to 
follow. The general expression for the roots of a complex number follow (see, e.g., Churchill 
[22]). We have for z = re = x +iy the general roots are given by 


gmln = X/ pm {cos | + 2k)| +isin |= + 2nh)| i, k=0,1,2,...,4-1. (3.122) 
n n 
Now, for z = i, we have 


im = {cos |™ (= +22k)| +isin[™ (4 +22%)]\, RAGA coe Ts, G193) 
n \2 n\2 


By Euler equation, we have e’” = cos y + i sin y; therefore, we have the useful form 


pm" = eli (+2*4)| = cos E (= + ank)| +isin E (= + ank)| ‘ 
n\2 n \2 


k=0,1,2,...,7—-1. (3.124) 
In a similar manner, 


pa" = ell? (G24)| = COs |-" (= + ark) + isin |-= (= + ank)] 
n \2 n\2 


= cos E (= + ak) ~isin E (= Es ank) | , k=0,1,2)..,2-1, (3.125) 
n\2 n \2 
and 
(-i)"/" = oil (-32*)| = cos E (-2 + 2nk)] + isin E (-3 + ank)| ; 
7 2 n 2 
k=0,1,2,.:,2#=-1. (3.126) 


Letting k = —k* 


a 
-i| *( = + 2k" 
(-i)"/" =e kG ) = COs |-" (= +2nk*)| + isin |-" (4 +224")], 
n \2 n \2 
k* =0,1,2,...,2-1. (3.127) 


Thus, we can see that equations (3.125) and (3.126) are the same but for the direction that the 
roots are enumerated. They are precisely the same when k = 0 = —k*. Thus, we may write 


(-i/" =i" = elt (3224)| = COs KE (= + ank)] — isin EK (= + ank) : 


k=0,1,2,...,.4-—1, (3.128) 


with the understanding that the individual roots are enumerated backward in one case relative 
to the other. 


3.15 Indexed Forms of the R-Function 
3.15 Indexed Forms of the R-Function 


3.15.1 R-Function with Complex Argument 


Here, the indexed forms of the R-function are developed. Previous studies of the R-function 
[69, 70] have been limited to positive real values for the t argument. Consider the R-function 
with complex time argument, that is, z = te’. 


e ha at(z)etDq-1-v 
Ry y(4,Z) = >: T(+bq-v : (3.129) 


n=0 
Now, for qg and v rational, we may write 
nN,D, + N,D, —D,D,-N,D, - 
DD, 


dIz 


nq+q-1l-v= 


ios) 


where q = N,/D, and v = N,/D, are ratios of integers. Then, equation (3.129) becomes 


R, (ak, te”) = y eareee { cos (=) (A+ 2nk)) + isin (=) (A +2nk)}, 


n=0 
(3.130) 
with k = 0,1,...,D,D,— 1 and where k has been introduced into the R-function argument to 
reflect its presence on the right-hand side of the equation. 
For imaginary time z = it > A = 2/2, and equation (3.130) becomes 
; oe. a™(t)tDa-19 
R,,(4,k, it) = —— 
al ) p> (a+ 1)q-v) 
x { cos (=) (F + ark) ) + isin (=) (= + ank)) \ 2 
k= 0,1, «.,D,D,—1: (3.131) 


For real time z = t > A = 0, and equation (3.130) becomes 
a(tytba-l-y 


BAGhO™ 2 Grea) 


n=0 


x {cos (4) ak) +isin((F)Qrb)}, k=0,1,....D,D,-1. 


(3.132) 
It is useful to consider Ria, k, +t) for t > 0. Then, equation (3.130) may be written as 
bad a'(t)etDa-1- 
R kK O= — ___— A 
qv04k, t) X T+ baq-v) cos(A,) 
; an(tytba-l-» . 
——_____—- 4,), k=0,1,...,D,D,—-1, 3.133 
Gana a> k Os ( ) 


where A, =(nqg+q—1-—v)(2ak) for R,,(a,k,t) and A, =(nqg+q-—1-—v)\(a+2ak) for 
R,,(a, k, -t). When k= 0, the principal function is notated as R, ,(a, t). Thus, we see that for 
negative values of ¢ the R-function becomes complex with D,D, branches. Also, we observe 
that even with f a positive real number the function is multivalued. Equation (3.130) together 
with equation (1.24) provides a more complete definition for the R-function. Figure 3.9 shows 
the principal real and imaginary parts of R-function for various values of g and real ¢. 
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Real [Ryo (1, )] 


= q = 0.2, 0.4, 0.6, 0.8, 1 
~ -1+ q=0.2 
c q=0.8 
> -2} 
oO 
£ 

-3 Te 

—4 + Se 

=D +1 (0) 1 2 
t-Time 


Figure 3.9 R-Function R, (1, f). Real and imaginary parts for q = 0.2—1.0 in steps of 0.2. 


Thus, from these results we make the observation that the fundamental fractional differential 
equation (1.22) considered earlier will have D,D, many solutions. It follows that all fractional 
differential equations can have multiple solutions. It may also be true that the initialization (FDE 
history) may determine a single solution. These issues yet need to be investigated. 


3.15.2 Indexed Forms of the R-Function 


In the traditional trigonometry, the introduction of i or — i into the exponent of the common 
exponential produced the Euler equation (1.29), which opens a path to the traditional trigono- 
metric functions. Similarly, introduction of i or — i into the arguments of the R-function leads to 
various fractional trigonometries that are studied in future chapters. However, because of the 
fractional exponents of tf, introduction of i or —i into the arguments of the R-function results 
in indexed versions of the R-function. 


3.15.2.1 Complexity Form 

There are a variety of special arguments of the R-function that are considered in the chapters 
that follow. We now consider the real and imaginary parts of the R-function with imaginary 
arguments, and 


og ee (ai?) "(4 t)etDa1 
R_(ai’,i?t) = 5 ——~—-,,_ ¢ 0, 3.134 
lat) = DG Daa ti 


or 


; (a)"(t)"tDe- 1l-v = - 
R,y(ai’, it) = Y TG@tDgo Cae: FSO, (3.135) 


3.15 Indexed Forms of the R-Function 


Now, for q, v,9, and A real, rational, and in minimal form, we may write 


nO@+ndA+Aq-—A-AdAv 
M_ 1N,D,D,D,+nN,D,D,Dp + N,N,D,D, —N,D,D,Dp — N,N,D,Do 

D D,D,D,D, 
where q = N,/D,, v = N,/D,, 8 = Ng/Dg, A= N,/D,, and M/D are ratios of integers with no 
common factors. Then, by equation (3.123), equation (3.135) becomes 

£0. (a(t) 


a Oe 
R, (ai wk, it) = >, 


Meeps + DP AGH=T =) (= + 2nk)), 
=0 


t>0, k=0,1,2,...,D-1, (3.136) 


where cis(-) = cos(-) + isin(.). This form of the R-function allows various arguments of interest 
to be evaluated. Table 3.2 lists various complexity-based indexed forms of the R-function that 
may be used as a basis for a fractional trigonometry. 


3.15.2.2 Parity Form 

The R-function may also be indexed by separation into even and odd powers of a or #7. Col- 
lecting the even and odd powers of a from equation (3.16), the parity form of the R-function is 
written as 


(a)?tetDa- 1-v 
oe 1)q-v) 
(a)2nerr)24q-1-v-q 


“fiw 1)2q—-v—q) 


£2. (a)2n*1 ptt 1)2q-1-v 


2 2 T(n+1)2q-v)’ t>0. (3.137) 


Table 3.2 Special case coefficients for indexed forms of the 
R-function using equation (3.136) or (3.140). 


R 0 a Equation number 
Ris k,t) 0 0 (3.141) 
Ri (-4s k,t) 2 0 3.142) 
Ria k,-t) 0 2 3.143) 
Ri (-4 k,-t) 2 2 3.144) 
R, Mid, k,t) 1 0 (3.145) 
R, (id, k,t) 3 0 3.146) 
R, (ia, k,-t) 1 2 3.147) 
R, (id, k,-0) 3 2 3.148) 
Ras k, it) 0 1 (3.149) 
R, (ak, —it) 2 1 3.150) 
R,,(—4@, k, —it) 2 3 3.151) 
R,,(a,k, —it) 0 3 3.152) 
R,,(ia,k, it) 1 1 (3.153) 
R, (ia, k, —it) 1 3 3.154) 
R,,(—ia, k, it) 3 1 3.155) 
R, (ia, k, —it) 3 3 3.156) 
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Again this form is generalized by now considering the R-function with complex arguments, ai? 
and it, then 


Ben RK 
Relate l= 2X T+ l2q—v—4) 


ai?" (GA tet 2a“ 1-1-4 


jo)2nt1 (At) t2a-1-v 


oe) (a 
: 2 Ge Dagie 0, (3.138) 


2 41)2q-1-v— 
bay Eee end j279+A((n+1)2q-1-v-q) 


R, lai’, = ) ———_____—_ 
7 2 T(n+1)2q-—v-q) 


antl gyatbeq-l-v 


. ( +O(2n+1)+A((n+1)2q-1- 
+ > PC mt2q-I-v) t+ 0, 3.139 
4 T((n+1)2q-v) ( ) 


with q,v, 0, and A rational and in minimal form. As mentioned earlier, we may write 
M, M, 
2n0@ + 2niqt+Aq-—A-Av= D and 2n0+2njq+0+2Aq-—A-Av= D” 
where g=N,/D, v=N,/D,, 0=No/Do, and A=N,/D, are ratios of integers. Then, 
equation (3.139) becomes 


0 +A 
R, lai Et] 


_ ie) (a)2"(t) rt 4-1-4 ; : 
7 » (CES hi ld + A((n + 1)2q-1-v—@)l (5 +22k) } 


me (a)2"t1(gyatD2q-1-v 


i a 
SCE aly = ee { [A(2n+ 1) + AC(n+ 1)2q-—1-V)] (= + 2nk) P t>0. 


n=0 

(3.140) 

Then, Table 3.2 also applies to various parity-based indexed forms of the R-function that may 
be used as a basis for a fractional trigonometry using equation (3.140). 


3.16 Term-by-Term Operations 


Term-by-term operations, that is, integrations, differentiations, and more generally differinte- 
grations of fractional-order on infinite series occur frequently throughout this book, making 
it prohibitive to treat the topic in detail at each occurrence. Most instances are series, com- 
posed of fractional-order terms that are special cases of those generalized meta-series found in 
Chapter 9. The remaining cases are infinite power series. 

It is important to clearly delineate the general conditions under which such term-by-term 
operations may be used. 

For term-by-term integration of an infinite series, for example, Miller [94], p. 102 provides 
the following applicable theorem: 


“Let 
Uj (%) +ug(~) +--+ +u,(*)+--- (3.157) 


be an infinite series of functions. Let the series converge uniformly to s(x). Then, if every 
u(x), i =1,2,... is defined and integrable on [ab]; the series 


b b b 
‘, m(arder | ude + f U,(x)dx-+ +++ (3.158) 


3.16 Term-by-Term Operations 


is a convergent series and 


b © 0 Ab 
if Yuwde= > | Uu,(x)dx. (3.159) 
a k=1 k=1 74 


For term-by-term differentiation of an infinite series, Miller [94], p. 107 provides the following 
theorem: 


“Let 
Uy(x) + U(x) +--+ +Uu,(x)+-°- (3.160) 


be an infinite series of functions. Let each u(x), i = 1, 2,... be defined and differentiable on an 
interval [a,b]. Let the series of equation (3.160) converge to the sum s(x) and let the series of 
derivatives 

Ui (x) + uy(x) +--+ u(x) +--+ 


converge uniformly to w(x). Then, equation (3.160) converges uniformly; s(x) is differentiable 
and w(x) = s’(x).” In other words, 


on EY (0) = ay Fate: (3.161) 


Other formulations for term-by-term operations on infinite series with slightly different con- 
ditions may be found in Wylie [125], pp. 785, 786, Knopp [58], pp. 341, 342, and Hyslop [54], 
pp. 75-80. Uniform convergence for series of interest is considered in Chapter 14. 

Conveniently, Oldham and Spanier [104], pp. 38, 69-75 extend the classical results of Widder 
[123] in this area to determine the conditions required for term-by-term differintegration. Here, 
we summarize their results in our notation. 

For integer-order integration [104], p. 38, “If fo, ff, ... are functions defined and continuous 
on the closed intervala <x <b 


fas {Ere} = p> MEO: OSWEY, (3.162) 
ye I= 


provided »Y jf, converges uniformly (see Section 14.3) in the interval a<x<b.” For 
integer-order differentiation [104], p. 38, each f; must have continuous derivatives on 


a<x« <b, “Then, 
dfx a 4 
aes fis= —, a<x<b, (3.163) 
dx 2 } py dx 


provided > J, converges pointwise and 4 converges uniformly (see Section 14.3) on the inter- 
val a < x < b.” These results are then extended [104], p. 71 to the following fractional case: 


di {o - ary ajlx — at bm ya a,,di(x —al’"’, for all q. (3.164) 


j=0 


This result applies inside the ... “interval of convergence of the differintegrable series 
ce 


»: a,[x — a\’"’.” The definition for differintegrable series and functions of Oldham and Spanier 
j=0 
[104], p. 46 include the functions of interest of this book and more. Uniform convergence for 
various series is discussed in Section 14.3. 

It is well known that power series may be integrated and differentiated term-by-term within 
their radius of convergence; see, for example, Hyslop [54], pp. 79-80. 
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3.17 Discussion 


This chapter has presented the R-function, a new function for use in the fractional calculus. Also 
presented are the related G- and H-functions. The G- and H-functions are generalizations of 
the R-function that allow the analysis of repeated and partially repeated fractional-order poles. 
This generalization allows more complicated time functions. 

The R-function is special because it directly contains the derivatives and integrals of the 
F-function. The R-function, with v=0, returns itself on gth-order differintegration, that is, it 
has the eigen-property. When specialized, the R-function can represent the exponential func- 
tion, the sine, cosine, hyperbolic sine, and hyperbolic cosine functions. The fractional calculus 
functions — the Mittag-Leffler function, Agarwal’s function, Erdelyi’s function, Hartley and 
Lorenzo’s F-function, and Miller and Ross’s function — may all be expressed as special cases 
of the R-functions. Many identities are possible with the R-function; some of these have been 
presented here. 

The usefulness of the R-function is shown in the cooling manifold problem (Section 3.8). It 
enables the analyst to directly inverse transform the Laplace domain solution, to obtain the 
time-domain solution. 

An R-function-based trigonometry is developed in the chapters that follow. Specifically, the 
material that follows develops a fractional hyperboletry based on R,_,(a, t) with both a and t 
real, and fractional trigonometries based on RK, , (ia, ¢) and R,,,(a, it) each having different par- 
allels with the integer-order trigonometry. Because of the fractional character of g and v we find 
each of these trigonometries to have families of functions for fractional trigonometric functions 
instead of a single function, as is the case for the integer-order trigonometric functions (i.e., for 
the sin, cos, etc.). For each trigonometry, we present defining equations for the functions, par- 
allels to the ordinary trigonometry, interrelationships between the functions, graphic plots of 
the functions, Laplace transforms of the functions, and the fractional differential equations for 
which these functions are solutions. To minimize confusion between the various trigonome- 
tries, a numerical subscript is used to differentiate the trigonometries, for example, R,Cos, , 
and R,Cos,,, for fractional trigonometries 1 and 2, respectively. The subscript carries no other 
special meaning or indication of importance. 

The v parameter of the R-function is included in the definitions and mathematical operations 
that follow with the understanding that the v = 0 case is of primary interest. It is included with 
the expectation that the differentiation and integration property will be inherited for the derived 
functions. 

The next chapter develops more general relationships and identities of the R-function; it is 
not essential to the understanding of the fractional trigonometry and may be omitted on first 
reading. 


4 


R-Function Relationships 


4.1 


R-Function Basics 


The F-function and, its generalization, the R-function are of fundamental importance in the 
fractional calculus. It has been shown that the solution of the fundamental linear fractional 
differential equation may be expressed in terms of these functions. These functions serve as gen- 
eralizations of the exponential function in the solution of linear fractional differential equations. 
Because of this central role in the fractional calculus, this chapter explores various intrarelation- 
ships of the R-function, which will be useful in further analysis. 


Relationships of the R-function to the common exponential function, e’, and its fractional 


derivatives are shown. Furthermore, the inverse relationships of the exponential function, e’, 
in terms of the R-function are developed. From the relationships developed, some important 
approximations are presented in Chapter 14. This chapter is adapted from Lorenzo and Hartley 
[70] (see also Ref. [80]): 


The F-function (Chapter 2) is defined as 


ee ant’ta-1 
F(a,t)= ——_-, 4.1 
AEE py r@+bq@ me 
and its generalization the R-function (Chapter 3) has been defined as 
22 a"(t)ta-1 
R = —————., [¢t>0. 4.2 
qu(4, 8) p> T+ bq—-v) 42) 


In this chapter, our interest is confined to tf > 0, q > 0, and v < q. In Chapter 3, we deter- 
mined a variety of relationships associated with the R-function, including those involving 
relationships with the circular and hyperbolic functions as well as other advanced func- 
tions. It has been shown (Chapter 2) that the solution of the fundamental linear fractional 
differential equation 

_Dix(t) + ax(t) = f(b), (4.3) 


may be expressed in terms of these functions. As in the case of ordinary differential 
equations, combinations and convolutions of R-functions are used to express the 
solutions of systems of fractional differential equations. The general character of the 
R-function is shown in Figure 3.1. Figure 3.1 shows the effect of variations of q with 
v = 0 and a = +1. The exponential character of the function is readily observed (see 
q=1). 

The Laplace transform of the R-function, 

sv 

s1—a’ 


L{R, (4, 0} = (4.4) 
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is derived in Chapter 3. It is also noted that 


t>0. 


R,o(4, t) = Ry o(1, at) = 2 a 5 =e 
=0 


(4.5) 


These relationships (4.4) and (4.5) will be useful in the analysis that follows. This is special, 


because in general 
R, (4, t) # RK, (1, at). 


The following useful relationship, however, applies: 
(a pyrtDa-1- v (al)"t pt Da- 1-v 


— oe ee SS SS 1-v 
Rela) = rat Dq ow) at . t>0. 


Therefore, 
Ro ats at Rat, bb 0: 


Alternatively, this may be written as 


R,Aa,t) =a" OAR, 0, ait), £>0. 


(4.6) 


(4.9) 


In what follows in this chapter, intrarelationships between R-functions of different argu- 


ments are developed. Jn all cases, the constraint t > 0 applies. 


4.2 Relationships for R,,9 in Terms of R, 9 


This section develops the relation 


Ro, t) =f(Ri 94, t)) = f(e”), m=1,2,3,.... 


We consider first the even cases, in particular m = 2. We have then 


Sy pant t Bp bp 
Ryo.) = ), ———~ = —— + ——_ + —_ 
2019) p> Tent TQ TH Te” 


Now, since 
7 i ee ea ee 
RohO= Virgen tro tte *ret 
and 
(-1)"t" _ Ze See 
Rj o(-1,f) = (een ~T@ * re ra 


it is readily seen by substitution that 


et 


Ryo(1,t) = 5 Roll t) — Ry o(-1, 8) = ——* = sinh(). 


An alternative approach to this problem is available through the Laplace transform 


1 lj 1 
EURAIL ag =3(9 Ser, 


1 
1 1 
i p> a (, — cis(2a k/2) ) : 


(4.10) 


(4.11) 


(4.12) 


(4.13) 


(4.14) 


(4.15) 


4.2 Relationships for R,,. in Terms of R, , 


where cis(~) = cos(g) + i sin(g). The inverse transform of this equation, of course, yields the 
equation (4.14) result. The m = 4 case is now considered, then 


pants Bb t’ pu 
R, 0,t)= ) ————- = —-+ —— ee 4.16 
ao(1, 2) 2 T(4n+4) (4) a (8) ‘ 112) i (4.16) 
Again by substitution, it is readily verified that 
gain by y 
1 es Nios 
Ryo(, £) = F(Rio(L, #) = Ri o(=1, 8) + Ry oft, 8) = Rio(-i,), (4.17) 
3 3 
= 7D cis(2n k/4)R, o(cis(2xk/4), t) = 7D eR (el**/2. 4), (4.18) 
k=0 k=0 
ad sinh(t) — a sin(t) (4.19) 
+. 2 ; ; 


Examining these solutions (equations (4.14) and (4.17)), it is observed that the values of the 
coefficients and the a parameter of the R, )-functions lay on the unit circle of the complex plane 
for their respective m values. This is validated for the m = 3 case. Using the Laplace transform, 
we have 


1 
L{R39(1,0)} = aq (4.20) 
Now, the roots of s? — 1 = O are 
s=1'7 =cos ame + isin om Vi cis Zak k =0,1,2. (4.21) 
3 3 3 
Thus, 
ih oj 1 
L{R, ,(1,£)} = ——— = = is(2xz k/3) | ——_————_ }. 4,22 
ERs o(1, 6} 8-1 3 cs his) (oy) Gee) 
Inverse transforming yields 
1 2 
Rgg(1,#) = ae cis(2x k/3) (R, o(cis(2x k/3), £)). (4.23) 
k=0 
This may also be written as 
2 
= 1 ’ cis(2xk /3)t 
R3 (1, t) = a p cis(2z k/3) e , (4.24) 
These results (equations (4.15), (4.18), and (4.23)) are now generalized to give 
m-1 
Ryo(at) = — ¥, cisQak/m) (Ry o(cisQak/m),t)), m=1,2.3,.., (4.25) 
i m &e ; 
or 
1 m-1 
R21, j= — > ern eerie, 2152, 3) so0: 4.26 
mo(l,£) = — )) emtime m (4.26) 


k=0 


Thus, any R,,, )-function may be written in terms of R, , for m = 1,2, 3, .... Consideration of the 
principal value k = 0 gives the result 


Rios )y<0 = se (4.27) 
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This is found to be a useful approximation for general m and t > m; see Chapter 14. 
The results of equations (4.25) and (4.26) may be generalized to arbitrary positive value for 
the parameter a. This more general result is given by 
m-1 


Ry (a, t) = “> a!" cis(Qak/m)R, (a! cis(2x k/m), t), 
k=0 


a>0O, m=1,2,3,..., (4.28) 
or 
1 m-1 
Rie > qi-m)/m pitak/m pall” cisQnkimt G50, m=1,2,3,.... (4.29) 
; m 
k=0 


For negative values of the a parameter, the following forms apply: 
m-1 
Ry,o(—a.t) = —— Ya! cis(a)R, g(a"! cis(a), t), 
; m 4d 
t>0, a>O0O, m=1,2,3,..., (4.30) 
or 


1/m 


m-1 
R,0(—-4 t) = --) qi-m/m gia eal" cist = t > a > 0, m=1,2,3,..., (4.31) 
k=0 


where @ = (2k + 1)a/m. 


4.3 Relationships for R,,,,,9 in Terms of R; 9 


In this section, we seek to express Ri pmol, t) in terms of R, (4, 0) where m = 1, 2,3,.... The 
initial interest will be 1/m = 1/2. Then, applying the Laplace transform 


1 gi/2 4 gi/2 sl/2 gil 


1/2 SS SO SS 
L{Ri pla, 0} Ae aes ay (4.32) 
Inverse transforming gives 
Rijola'?, t) = Rij p(4,0) + a’? Ry (a, t), (4.33) 
or 
Ryoo(a”, £) = od! Ry (a,t) + a! R, g(a, t). (4.34) 


It terms of the exponential function 
Ri ola”, t)= et + all? et, (4.35) 


The m = 4 case is considered next. The Laplace transform is applied 
1 s/44 gi/4 g1/4  jql/4 51/4 4 jgl/4 


1/4 en SB SN ST ME, 
LAR j4o(4 O}= sl/4 — ql/4 51/44 ql/4 51/4 — jgl/4 51/4 + iqgl/4 4 (4.36) 
3/4 1/4.¢1/2 1/2¢1/4 3/4 
OS EE Be (4.37) 
S-—a 
3 
(3-k)/4.ok/4 
= > aaa (4.38) 


ka s—a 


4.4 Relationships for the Rational Form R,, /po in Terms of R, /p.0 


Inverse transforming yields the desired result 


3 
Riyap@*.D) = ¥ a? PR ala. (4.39) 
k=0 
or 
3 
Ryagla.t) = Ya? aR, (G0). (4.40) 
k=0 


The general results are seen to be 


m-1 
Ripe = a PR ad, a 0s, ma 8 ...4 (4.41) 
k=0 
and 
m-1 
Roya) a OM aR ad ao Oy. me TO asa (4.42) 
k=0 


These results are now validated for the m = 3 case. Then, 


2 
Ripe) = Ya? PR n@. (4.43) 
k=0 


Laplace transforming this equation gives 


1 gl? — ql/351/3 s2/3 
7 2. ees 4.44. 
s/3—qi3 s-a s-a_  s-a ae 
52/3 4 gi/3g1/3 4 42/3 1 


a (sl/3 = a\/3) (s2/3 + ql/3g1/3 4 a2/3) = gi/3 — ql/3" (4.45) 


The results of equations (4.41) and (4.42) are extended to the case of a negative a parameter 
by using the following expressions: 


m-1 
Ri pmo, t) = Yo (Hk OPR, i ((-1)"4, £), 

k=0 

t>0, a>0O, m=1,2,3,... (4.46) 

and 
m-1 
Rijmo(—al™, t) = > C1 aR KEI: t) : 
k=0 
t>0, a>O, m=1,2,3,.... (4.47) 


4.4 Relationships for the Rational Form Ryypo in Terms of Ryjp0 


In this part, we wish to relate R,, Jp.o(1 t) to Ry ,(4,t); where m and p are positive integers. 
This is a generalization of the preceding parts. We start with the example R, (1, ¢); applying 
the Laplace transform gives 


L{Rsj20(.0)} = 5 : (4.48) 


24° 
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Now, the roots of s*/? — 1 = O are s = 17/? = cis (2xk2); however, because of the periodicity 
of the roots, equivalent results are obtained from cis(27k/3). Thus, equation (4.48) may be 
written as 

ie 1 

Ao A, A, 


= —— + —— ——————— 
sue — 6, se, wl eG: 


TA{R, 990s} = 
(4.49) 


where c, = cis(2a k/3). The values for this problem are 
C=l, c,=—0.5+0.866i, c, = —0.5 — 0.866i. 


The A, are determined from partial fraction expansion to be 


ee 4,=2(——* _ .) 4,=5(ae-aa)- (4.50) 
3 \—0.5 — 0.866i 3 \—0.5 +.0.866i 


The A, are recognized as A, = c,/3. This gives the following for the transform: 


1 
s3/2—] 
eg OO nig = ID) A 
~ 3612 = cis(Oy * 3G"? —cis@n/3) * HS? —cistan/ay “PY 


L{Rgjo(1, 8} = 


The inverse transform then is given as 


2 
Ryypo(lst) = => cis(2x k/3)R, 9(cis(2x k/3), t). (4.52) 
k=0 


As in the previous parts, these results are generalized to the following: 


m-1 


1 : : 
Rinjp oA, t) = =p cis(2a k/mM)R, jy o(cis(2x k/m), t), 
k=0 
W288, DELO (4.53) 
m-1 
1 i2ak/m i2ak/m 
Rynjpods #) = — Ye MRy py gfe 4",£) m = 1,2,3,... P= 152,38)... (4.54) 
k=0 


These results may also be generalized to include a non-unity value for the a parameter. The 
general form is given by 


m-1 
1 eye tar ree 
Rinfp.o(@s t) = ae a!" cis(2 k/M)Ry jp (a! cis(2 k/m), t), 
k=0 
a>0, m=1,2,3..., p=1,2,3.., (4.55) 


and 
1 m-1 
faa i (l-m)/m_,i2a k/m 1/m_,i2ak/m 
RG = mee CER ae rd), 


a>0O, m=1,2,3...,p=1,2,3.... (4.56) 


Equations (4.55) and (4.56) allow any rational-based g = m/p, R,,,;»9-function to be expressed 
in terms of its basis R,,,9-functions. The results of equations (4.55) and (4.56) are extended to 


4.5 Relationships for R, Jpo in Terms of R, /p,0 


the case of negative a parameter by the following equations: 


m—-1 


1 shied Wes 
Rin[p0(—4 t) = — ape a” "cis((2k + 1) /m)Ry jp (a! cis((2k + 1)x/m), t), 
k=0 


t>0, a@>0, m=1,2,3,..., p=1,2,3,.., (4.57) 
and 
1 m-1 
Rmn/po(-4> j=-— Dy Be ORI Rig Sg GORA, t), 
a 
t>0, a>0, m=1,2,3,..., p=1,2,3,.... (4.58) 


These results (equations (4.55) to (4.58)) are the most general direct relationships to the basis 


function presented in this chapter. The R;/, are seen as basis functions for any R,,/,.0- 


4.5 Relationships for R,,,.9 in Terms Of Rinjpo 


This section develops the reciprocal relation to that formed in the previous section. This form 
will be useful in developing the inverse relationships, which follow in later sections. Consider 
the case for p = 2, m = 1, then the Laplace transform is 


1 g/2 4 qgl/2 — gl/2 4 gl/2 
1/2 = = 
L{Ri (4 OHp= Slane inate ea (4.59) 
1/2 1/2 
oo Pe oe (4.60) 
S-ad s-a 
Inverse Laplace transforming gives 
Ryo o(4', t) = Ryyo(a,t) + aR, (a, t), (4.61) 
or 
Ryjoo(a™?, t) = od!” Ry (a, t) + aR, o(a, £). (4.62) 
The case p = 2, m = 4 is now considered. The Laplace transform is given by 
1/2 1/4 1/2 _ + 1/4 1/2 4 7 71/4 
LR yaa pj}= pele ee see aie, (4.63) 
, gi/2 — qi/4 51/2 4 qi/4 51/2 — igl/4 51/2 4 iqi/4 
3 
3/2 1/461 1/2¢1/2 3/4 (3-k)/4 ok/2 
SS Se A by ei eal (4.64) 
sa Sa 
k=0 
Inverse transforming yields 
3 
Ri jaola*, ‘= » a? PAR 5G, t), (4.65) 
k=0 
or 
3 
= k 
Rijapla st) = Yao R, lait): (4.66) 


k=0 
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These results are generalized in the following forms: 


m-1 


—1-k 
Tr Cae t) = > am : ig Sere t), 
k=0 


a>0O, p=1,2,3,..., m=1,2,3,..., 


and 
m-1 


-1- k 
Rie =) a ad. Ranlat), 
k=0 


a>0O, p=1,2,3,..., m=1,2,3,.... 
These results are now tested for the case p = 2, m = 3. Then, from equation (4.67) 
2 
Ripa’, t)= » a? PRs iy K/2(4s b)s 
k=0 
= a? R3 (a, t) + APRs 79,1 9(4, t) + R321, £). 


Applying the Laplace transform gives 


1 PE qil3g1/2 ‘ 


es , 
g2—qi/3” 33/2-g  33/2-q 33/2-q 


- stal3sl/? 4 2/3 

2 (s1/2 — q¥/3) (5 + al/3s1/2 + q@2/3)’ 
7 1 

~ 51/2 — gl/3’ 


providing a validation point for the general form (equation (4.67)). 


(4.67) 


(4.68) 


(4.69) 


(4.70) 


(4.71) 


(4.72) 


(4.73) 


The results of equations (4.67) and (4.68) may also be extended to the case for a negative a 


parameter. These results are given as 


m-1 


Rye") = > Cir a rR Cla) 
k=0 


t>0, a>0, p=1,2,3,..., m=1,2,3,..., 
and 
m-1 


ee f=, k 
Ry pola”, £) =} (-1y" kart Hl dHPR,  ((—1)"A, 0), 
k=0 


t>0, a>0, p=1,2,3,..., m=1,2,3,.... 


4.6 Relating Rmjpo to the Exponential Function R; 9(6, t) = ebt 


(4.74) 


(4.75) 


Using the results of the previous sections, it is now possible to express any R, (a, t) in terms 
of R, o(b, t) = e”', for gq = m/p (rational). Two results are required: equations (4.42) and (4.56). 


4.6 Relating R to the Exponential Function R, (6, t) = eb 


m/p,0 
For clarity of discussion, we rewrite equation (4.42) in the following terms: 


p-l 


Ri jpo(B, t) = » Pa R, (0, t) 
j=0 
pol 
2 Ge: HSO. palais (4.76) 
j=0 


Now, this result may be directly substituted into equation (4.56) to give 


m-1 p-l 
1 = i2n k i2x k PAW yf, i2n k P 
Rips t)= ao qi-m/m ei2 ey (ale? /m\ of. San ((a/me” i) .t) 
k=0 j=0 
Pm by kc eee a to ae ee (4.77) 


Now, this may be written as 


m-—1 p-1 


Rynjpo(4st) = =) y ge-i-m/m gidx kom gilPR, | ((arimeinkoim)  p) 
MM 7p j=0 
G20. MID. GID (4.78) 
1 m-1 p-1 
eae fees (p—j—m)/m ,i2x k(p—j)/m p/m pi2n kp/m 
Rinjpo(Gs t) = meee e Ri itp ((4 e Natl 
a OR a | i ee (4.79) 


Thus, from equation (4.78), the generalized exponential function R,,,, 9 may now be expressed 
as a function of fractional derivatives of the common exponential function 


m-—1 p-1 
_1 —j—m)/m ,i2n k(p-j) ip ida k 
Rinjp ot) = —2, Da FROU GEE EDI PE oxy ((geiMer® Ph Vt), 
k=0 j=0 
t30; 420. PHL in. p S128 a. (4.80) 


These results (equations (4.78) —(4.80)) contain the results of equations (4.28), (4.29), (4.41), 
and (4.42). 

The case for negative a parameter follows a similar development as mentioned earlier. 
Equation (4.41) is written as 


m-1 
= 1 (1-m), ia 1 ia 
Rnfpo-4 t) mS, “i 2 an ee Rijpo (a Orhe! 2 t) 4 
a>0O, m=1,2,3,...,p=1,2,3,..., (4.81) 


where @ = (2k + 1)a/m. Now, equation (4.76) is used to rewrite Rj ,,o in equation (4.81) to give 


m—1 p-1 


1 re ee sla F ‘ 
Rinjpo(—4 €) = eps ay eit CD ge win’ i? Rio (a?/"e, t), 
k=0 j=0 


a>O, m=1,2,3,...,p=1,2,3,..., (4.82) 
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or 
eae 
= ia (p—j) ,(p—j—m)/ /m pic, 
Rin/po(—-@ €) = aes De Rast OER: (aemete, ty. 
k=0 j=0 
P30. @S0- MH15 3 9219 8 (4.83) 
or 
jaa ee 
= ia (p—j) ,(p—j-m) ji/p ia 
Rin/po(—-& €) = =D De PD get min a exp ( (ae?) 2), 
k=0 j=0 
t>0, a>0, m=1,2,3,...,p=1,2,3,.... (4.84) 


These results (equations (4.78) — (4.80), and (4.82) —(4.84)) are the most general direct expres- 
sions for the R-function in terms of the common exponential function presented here. 
4.7 Inverse Relationships — Relationships for R, , in Terms of Rx 


In this and the following sections, inverse relationships expressing the exponential function in 
terms of various R-functions are developed. Consider 


1 sta 
L{e}= = 4.85 
te" S-a (s—a)(s+a) ( ) 
S a 
= Pap + Poe (4.86) 
Upon inverse transforming, we have 
e' =R, (a, t) = Ry (a, t) + aR, o(a’, t). (4.87) 
Similarly, for m = 4, we have 
L{ett) = 1 = (s+ a)(s— OS® ida) = (4.88) 
S-a (s—a)(s+a4)(s —ia)(s +ia) 
3 2 2 3 
= ees. (4.89) 
3 Bk ck 
= > < =. (4.90) 
mt st—a 
Inverse transforming this result yields 
3 3 
oR a t= ia RG) =) a di Rag (24). (4.91) 
k=0 k=0 
These results generalize to 
m-1 
CHR G)= >: ea, t), t>0, a>O, m=1,2,3,.., (4.92) 
k=0 
and 
m-1 
MER a= a dR ad, >; a>0, = 1,2, 8334; (4.93) 


k=0 


4.8 Inverse Relationships — Relationships for R, , in Terms of R, /mo 


These results are now used to test the m = 3 case. Then, based on equation (4.92), 


2, 
SPS Riga.t) = >; a Rag (0? ch). (4.94) 


k=0 


Thus, the Laplace transform provides the validation since 


2 
1 -y4 si _s Ta Se (4.95) 


se +as+a’ 1 
= =. 4.96 
(s—a)(s?+ast+a’*) s-a ( ) 


For negative values of the a parameter, the following forms apply: 
m-1 
e“' =R, (-a,0) = > (-1y" kam KR ((-D"a", t), 
k=0 
t>0, a>0O, m=1,2,3,..., (4.97) 


and 
m-1 
et = Ryo(—a,t) = (Da dR (-1)"0", 8), 
k=0 
t>0, a>0, m=1,2,3,.... (4.98) 


4.8 Inverse Relationships — Relationships for R, 9 in Terms of Ryjm,0 


In this section, we seek to express Rj o(1, f) in terms of Rj /,,,9, where m = 1,2,3.... The initial 
interest will be 1/m = 1/2. Then, 


foe} 


pk/2-1/2 
Li => 
nol) = 2 T(k/2 + 1/2) 


k=0 
tol/2 au ti/2 ti 3/2 


Td) Fd) Te?) TO) rep” oe 


and 


oe. (-1)k ek/2-1/2 


Rino l= Urgasiy 


tol/2 f° pi/2 ti 3/2 


"rap) 7@ rey re rea 3 


Therefore, it is easily seen that 


1 
Ryo 8) = F(Ripo(l, ) — Ripol-1. ). (4.101) 
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We now consider the case 1/m = 1/4. Then, 


foe} 


pk/4-3/4 
Rind t= 2 = 
p T(k/4 + 1/4) 
1-3/4 p/2 pi 19 p/4 pi 
So + + ——— + ——__ + ——__ + ——__ + 4.102 
Pd/4) 1/4) 1/4) 14/4) 16/4) 16/4) 
Now, it may be shown by substitution that 
1 ; ; : : 
Ri 0,8) = qf, £) — Ryjao(-1, £) + iRy aod, ) — ER j4,9(-i, 2). (4.103) 
As discussed in the previous section, this may be generalized as 
1 m-1 
Ry o(1, t) = — }) cis(2rk/m)Ry jp, o(cis(2ak/m), t), m = 1,2,3,.... (4.104) 
: m £4 , 


Remembering that R, (1, t) =e’, this equation (4.104) is recognized as a decomposition 
(of the mth order m = 1, 2,3, ...) of the exponential function. That is, each of these functions 
is more basic than the exponential function in that the exponential function may readily be 
expressed in terms of the “fractional exponential (i.e., R,/,,,9(4,£))” in closed form without 
differintegrating. 

The results of equation (4.104) may be generalized to arbitrary value for the parameter a, this 
more general result is given by 


Ro, at) = Rj o(a, t) = ee 
1 m-1 

— a al!" cis(Qn k/m)Ry pn, (a! cis(2n k/m), t), 

Wi , 
k=0 

1 m-1 

> > Ga PER: page ae t), 
k=0 


t>0, a>0, m=1,2,3,.... (4.105) 


The approach to the solution for a negative a parameter is now demonstrated for the case 
1/m = 1/4. Applying the Laplace transform gives 


1 
L{R, ,(—a, t)} =L{e} = 
{Rj o(—4, t)} =L{e} a 
= : (4.106) 
(51/4 — cpa/4) (51/4 — c,a'/4) (51/4 — c)a'/4) (si/4 — c,a'/4) ‘ : 
where c, = cia ((2k + 1) a /4). This may be written as 
A A A A 

ae : : : a (4.107) 


sta si/4—cal/*  sl/4—c,al/4  s\/4—c,al/4 © 51/4 — c,al/4 


4.9 Inverse Relationships — Relationships for e" = R, ,(a, t) in Terms of R,, /p,0 


The A, are found by partial fractions to be A, = —c,/(4a°/*). The general form is then vali- 
dated and given as 


R, (1, -4t) = Ry o(-a, t) = 
1 m-1 
= — )) -a- cis(a)R jp, o(a!cis(a), t), 
mM 7X 
m-1 
1 


= » ge BOR sae, t) . 
k=0 
t>0, a>0O, m=1,2,3,..., (4.108) 
where @ = (2k + 1)a /m. 


4.9 Inverse Relationships — Relationships for e“ = R, (a, t) in 
Terms of Rm/p,o 


Using the results of the previous sections, it is now possible to express e” = R, (a, t) in terms 
of any R,o(B, t); for g = m/p (rational). Two results are required: equations (4.105) and (4.68). 
For clarity of discussion, we rewrite equation (4.68) in the following terms: 


r-1 


Ri jpo(bst) = YB Pod! Ry o(b' 0), 
j=0 
b>0, p=1,2,3..., m=1,2,3,.... (4.109) 
Using equation (4.109) to replace R,/,,,o in equation (4.105) gives 
m-1 r-1 
Ry o(a,t) =e = =F a-™cis(ayY\ (a eis(ay)' 7 
m é 
k=0 j=0 


x BA” Rope ((al/™cis(A))’, i BS 0; WH 13236555. (A110) 


m-1 r-1 


Rapes YY al mlmcis(a(r = P)Rejmn,jpm (a cis(Ar), t), 
k=0 j=0 
t>0, a>0, r=1,2,3,...,m=1,2,3,..., (4.111) 
where J = 2xk/m. Alternatively, 
1 m—-1 r-1 
Ri (a, t) = ett = —» >. Bre ODER siege”); t), 
MH 40 j=0 
t>0, a>0O, r=1,2,3,..., m=1,2,3,.... (4.112) 


For the case of a negative a parameter, we use equation (4.109) in equation (4.108) to give 


e“ = R, (1, -at) = R, o(-a, t) 


m-1 r-1 
1 . : lj : 
= Sam » cis(a) )° (a cis(a))” 9d!" Ry jn (alcis( a)’ t), 
k=0 j=0 


a>0O, r=1,2,3..., m=1,2,3,..., (4.113) 
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Table 4.1 R-Function relationships positive parameter. 


m-1 
R,, (at) = z= oS a?!" cis(AR, (ai! cis(A), t) (4.28) 
a ; 
k=0 
m-1 
Ry jm ol", 2) = Dy ge IR at) (4.41) 
k=0 
Tl m-1 
Rn jpol@t) = — 2 a!" cis(A)R, ), (a! ™cis(A),t) (4.55) 
m-1 
Ry pola", f) = », GNI ed, 8 (4.67) 
k=0 
1 m-1 p-1 
Rinjp ot) = = a2 ps a? I'm cis((p — f)a)Ry, ; pla?! ™cis(pa)), t) (4.79) 
k=0 j=0 
m-1 
R, o(a,t) =e! = oy a” KR (a it) (4.92) 
k=0 
1 m-1 
Ripka =k ans = = YX OMIM CIs(AYR, jm,(4! cist A), t) (4.105) 
k=0 
—1r-1 
= pAb 1 v (r-j-m)/my 3 rj j/m r/m( ps r 
RiGh=e= —»> ya (cis(A)Y Te" R, jg!" (cis(A))"t) (4.111) 
k=0 j=0 


For this tablet > 0, a>0, m=1,2,3,..., p=1,2,3,..., r=1,2,3,..., A=2ak/m. 


where a = (2k + 1)z/m. Thus, we have 


Ry o(1, -a4t) = Ry (-4, t) = e 


m-1 r-1 
= LSS al" cis(a(r =p) Rejon jp” cis ar), ), 
k=0 j=0 
t>0, a>0O, r=1,2,3..., m=1,2,3,..., (4.114) 
or 
1 m-1 r-1 
Ried, ~a t) = eat = -—) >, qt I-)/m gi a (rj) Ripe lar, t) 
MH 120 j=0 
t>0, a>O0O, r=1,2,3,..., m=1,2,3,.... (4.115) 


The expressions (4.111), (4.112), (4.114), and (4.115) are the most general expressions for 
the exponential function in terms of the rational R-function R,,,. and its fractional derivatives 
presented in this chapter. 

Tables 4.1 and 4.2 summarize the key R-function relationships developed in this chapter in 
a common form. Table 4.1 presents the relationships for positive a parameter in the left-hand 
side of R,,,(a, t)-function, while Table 4.2 presents the relationships for a negative a parameter. 


r/p; 
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Table 4.2 R-Function relationships negative parameter. 


m-1 


Rapin Ya cis(a)R, g(a! cis(a), t) (4.30) 
m be 
m-1 
Ry fino —0 8) = (Hy kaHIMR, ,((- 1)", B) (4.46) 
k=0 
if m-1 
Rafpo(-& #) = — = 2 a!" cis(a@)R, , (a! "cis(a), t) (4.57) 
=0 
m-1 
Ry jpo(—4'™, t) = p> (=D kai 01 R Ipk/jp(- 1)", t) (4.74) 
1 m-1 p-1 
Rynfpol-% t) = —— > >; a?I-™!" cis(a(p — DR par cis(a p),t) (4.83) 
k=0 j=0 
m-1 
R, (a, t) =e"! = >. Cig 8 (ea it) (4.97) 
k=0 
Tl m-1 
R, ).—at) = R, )(-a, t) =e" = —— > al CiS(O)Ry jn, o( a cis(a), t) (4.108) 
k=0 
Tl m-1 r-1 
Rio, —at) = Ry o(—a, t) = e~4* = —— >, oy al Fl cis(a(r =f) Ry jy jm (Al cis(ar),t) (4.114) 
k=0 j=0 


For this table, > 0, a>0, m=1,2,3,..., p=1,2,3,..., r=1,2,3,..., a= (2k+1)a/m. 
Source: From Lorenzo and Hartley [70]. 


4.10 Discussion 


This chapter has presented a variety of relationships relating various R-functions. A key result 
was that R, 9, with g = m/p and positive rational, may be written in terms of basis R-functions 
Ri ipo (equations ((4.55) to (4.58)). Also, reciprocal relationships have been developed express- 
ing R,/,9 in terms of R, 4, with q = m/p and positive rational (equations (4.67), (4.68), (4.74), 
and (4.75)). 

It was also determined that R,9, with g = m/p and positive rational, may be written in terms 
of fractional derivatives of R, y-functions (i.e., exponential functions; equations (4.78) —(4.81)). 
Furthermore, the R, (exponential) functions may in turn be written as a function of basis 
functions R;/, (equations (4.92), (4.93), (4.97), and (4.98)). These results have allowed very 
general relationships to be written relating R, to R,o and its fractional derivatives, with 
q = m/p and positive rational (equations (4.111), (4.112), (4.114), and (4.115)). 

We note that the R-function results containing imaginary or complex arguments may be 
evaluated using the fractional meta-trigonometric functions to be developed in Chapter 9. 

It is expected that the results presented here should be analytically useful since the 
R, function is the solution or solution basis of many linear fractional differential equations. It 
is also observed that all of the aforementioned relationships are expressed as finite series, the 
lengths of which depend on m and p. 

Finally, various approximations of R-functions with both positive and negative arguments 
have been developed and are presented in Section 14.5. 
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The Fractional Hyperboletry 


5.1. The Fractional R,-Hyperbolic Functions 


In previous chapters, we developed the R-function as a fractional generalization of the expo- 
nential function. Because of its eigen-character, the R-function may be used as the basis of 
a generalized hyperboletry. This chapter presents that development. The classical hyperbolic 
functions are based on the exponential function (equations (1.20) and (1.21)). The R-function 
is now applied to create fractional generalizations of the hyperbolic functions. With the excep- 
tion of Section 5.7 and Figures 5.4—5.11 and the related discussions, this chapter is adapted 
from Lorenzo and Hartley [76], with the permission of the ASME: 


The basis for the fractional hyperboletry is R, ,(a, ¢), with both a and t real. Therefore, expand- 
ing the R-function into a series of even and odd powers of a gives 


_ & (a(t) 
Raya, t) = oy T+ bq—-v . t>0, (5.1) 


foe} foe} 


= (a)?"(1ertDa-1-¥ 
Ry la.) = p> KOmebe- py 


2n+1(4)(2n+2)q-1-v 
ay") 


T(Qn+2q—-Vv) ” t>0. (5.2) 


By reference to the exponential and the traditional hyperbolic functions, the even 
and odd terms are defined as the R,-hyperbolic functions. Thus, the even part of 
R,,(4, ¢), that is, even powers of a, will become the R,Cosh-function and the odd part 
of R, (a, t), that is, odd powers of a, will become the R, Sinh-function. 

In these series, ¢ is raised to a fractional power and is thus multivalued. We include this mul- 
tivalued character of the fractional hyperbolic functions by considering the roots of t based on 


equation (3.122): 
fs Vt! {cos (F2k) +isin (F2xk) \ ; (5.3) 


where the exponent of ¢ is 


(n+ 1)2N,D,-—D,D,-N,D, —N_D, 
Giieta9e he ee eee 


— 5.4 
D,D, D oe 


The Fractional Trigonometry: With Applications to Fractional Differential Equations and Science, First Edition. 
Carl F. Lorenzo and Tom T. Hartley. 

© 2017 John Wiley & Sons, Inc. Published 2017 by John Wiley & Sons, Inc. 

Companion Website: www.wiley.com/go/Lorenzo/Fractional_Trigonometry 
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and where q=N,/D, and v=N,/D, are assumed rational and irreducible, k = 0,1,--- 
D,D,-—1, and M/D is rational and in minimal form (i.e. common factors removed). 
Continuing from Ref. [76] with the permission of ASME: 


Then, the multivalued, or indexed, definition for the R, Cosh,, is given by 


R, Cosh, (a, k,t) 
a? (ty t))2q-1-v-4 


Seat 12q—-v—-q) 


n=0 


{cis |((n + 1)2q - 1—v—q)(Qzxk)|}, (5.5) 


where cis(e) = cos(°) + isin(e). The R, Sinh and R, Tanh are defined similarly: 


foe} 


R, Sinh, (4, kpj= »y 


qzth (ft) b24-1-v 


CEST EE {cis |((n + 1)2q-1-v)Qrk]}, t>0, 


n=0 
(5.6) 
with k = 0,1.,... »D,D, —l,and 
R, Sinh, (a, k, t) 
R, Tanh,,(a,k,t) = t>0, (5.7) 


R, Cosh, (a, k, t) > 


also with k=0,1,---D,D,-—1. It is observed that the definitions given in equations 
(5.5)—(5.7) are indexed complex functions. 

The principal R,-hyperbolic functions are obtained by taking k =0, in equations (5.5) —(5.7), 
thus 


a (ayrn(gy ert 2a-1-v-4 
R, Cosh, ,(a, 0, t) = R,Cosh, ,(a, t) = —_—___—______., t>0, 5.8 
1Coshigs (0, £) = RyCoshy (ast) = DEG 9g yay (5.8) 
and 
; ; 22 (a)2"*1(g)tD2q-1-v 
J = —_—_—_—_—_., [t>0, 5.9 
R,Sinh,,,(a, 0, t) = R,Sinh,,,(a, t) Dy GE DD (5.9) 
and 
R, Sinh, (a, t) 
R, Tanh,,,(a, 0, t) = R, Tanh, (a, t) = . t>0, (5.10) 


R,Cosh,,(a, t) 


where we have introduced a simplified notation when k =0, for the principal functions. Also, 
the subscript “1” is only used to relate to the R, trigonometry in Chapter 6. In contrast to 
equations (5.5)—(5.7), these definitions (equations (5.8)—(5.10)) are not indexed and are real 
functions. The principal functions are used as the basis of the identities and analyses of the 
following sections. 

To demonstrate backward compatibility to the classical hyperbolic functions, we substitute 
q = 1, v=0, into the defining series (equations (5.5—5.7)) giving 


R, Cosh, (4, t) = cosh(at), t> 0, (5.11) 

R,Sinh, (4, t) = sinh(at), t>0, (5.12) 
and 

R, Tanh,)(a,t) =tanh(at), t>0. (5.13) 


Figures 5.1—5.3 show the principal (k = 0) R,-hyperbolic functions for various values of g. We 
observe the traditional cosh(t) and sinh(¢) when gq = 1, v = 0, and k=0. We also notice that 


5.1 The Fractional R,-Hyperbolic Functions 
10 : Figure 5.1 R, Cosh, (1, t) versus t-Time, for 
q=0.2-2.0 in steps of 0.2,a=1,v=0, and 
k=0. Source: Lorenzo and Hartley 2005b [76]. 
8 Reproduced with permission of ASME. 
q=0.2 q=2.0 
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Figure 5.2 R, Sinh,.(1,t) versus t-Time, for 
q=0.2-2.0 in steps of 0.2,a=1, v=0, and 
k=0. Source: Lorenzo and Hartley 2005b [76]. 
Reproduced with permission of ASME. 


R,sinhg o(a.t) 


t-Time 


R,Sinh, 2 9(1,0,t) = e’. This is readily verified by appropriate substitution into the defining 
series (equation (5.6)). 

The effect of the parameter a on the R, Cosh, (a, t), R,Sinh, ,(a, t), and R, Tanh, ,(4, t), for val- 
ues of g = 0.25, 0.50, and 0.75, is shown in Figures 5.4—5.6, respectively. It is seen by comparison 
with the a= 1 cases shown in Figures 5.1—5.3 that the parameter does vot act as a time scaling 
parameter. The effect of the parameter v on the R,-fractional hyperbolic functions is presented 
in Figure 5.7. This is later shown to be the same as a fractional differentiation of order v. 

In later chapters, it will be seen that for g>1, special behavior is observed when v=q-l. 
Figures 5.8—5.10 examine the effect on the fractional hyperbolic functions under these condi- 
tions. The most notable changes here occur with overlapping of the R, Cosh, ,(a, t)-functions 
with ¢ <2. 

‘The behavior of the multivalued functions is shown in Figure 5.11 for R, Sinhg,, 9(1,k, t) with 
various k values. The order q = 6/7 was chosen for the strongly symmetric behavior observed in 
the imaginary part of the R, Sinh, 7 9(1, k, t)-function. It is important to observe here that there 
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Figure 5.3 R, Tanh, (1, t) versus t-Time, for 
q=0.2-3.0 in steps of 0.2,a=1,v=0, and 
k=0. Source: Lorenzo and Hartley 2005b [76]. 
Reproduced with permission of ASME. 


t-Time 


(c) 


Figure 5.4 Effect of the a parameter on R, Cosh, ,(a, t) versus t-Time, for (a) q= 0.25, (b) q = 0.50, (c) q=0.75, 
a=0.2-2.0 in steps of 0.2, v=0, and k=0. 
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t-Time t-Time 


1 a=0.8 
5 
Ss 
0 — 
0 1 2 3 4 
t-Time 


Figure 5.5 Effect of the a parameter on R, Sinh, o(a, t) versus t-Time, for (a) q=0.25, (b) q=0.50, (c) q=0.75, 
a=0.2-2.0 in steps of 0.2, v=0, and k=0. 


is only one real R,Sinhg,7 (1, k, t)-function, that is, k=0. This behavior does not exist for all 
q. For example, with g=7/8, not shown, there are two real functions, they are k=0 and k=4. 
The remainder of this section develops some fundamental relationships between the fractional 
hyperbolic functions and the R-functions. Continuing from Ref. [76] with the permission of the 
ASME: 


It is directly observed that the R, Cosh-function is an even function (with respect to a), that 
is, for t>0 


R, Cosh, ,(—a, k,t)= R, Cosh, (a, k,t), t>0, k=0,1,... iD; —1. (5.14) 
Also, the R, Sinh-function is odd, that is, 


R, Sinh,,(—a, k, t) = —R,Sinh,,(@,k,t), ¢>0, k=0,1,...,D,D,—-1. (5.15) 
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Figure 5.6 Effect of the a parameter on R, Tanh, (4, t) versus t-Time, for (a) q = 0.25, (b) q= 0.50, (c) q=0.75, 
(d) q= 2.00, a=0.2-2.0 in steps of 0.2, v=0, and k =0. 


From the definition of the fractional hyperbolic functions based on equation (5.2) with (5.5) 
and (5.6), it is clear that 


R, (a, t) = R, Cosh, (a, t)+R,Sinh,,(a,t), t>0. (5.16) 
Furthermore, by a similar expansion of R,,(—4, t) based on (5.2), we have 
R, (4, t) = R, Cosh, (a, t) — R,Sinh, ,(a,t), t > 0. (5.17) 
Adding and subtracting equations (5.16) and (5.17) gives 
1 
R, Cosh, ,(a, t) = 5 [R,v(4,t) +R, (-4,t)| , t>0, (5.18) 


and 


’ 1 
R, Sinh,,(a, t) = 5 [R,v(4.t)-R,,(—-a,t)| , £>0. (5.19) 
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RyCoshg ,(1,t) 
a 


t-Time 


(c) 


Figure 5.7 Effect of v on (a) R, Cosh, o(4, t), (b) R, Sinhgo(a, t), (c) R, Tanh, (4, t) versus t-Time, for v=q=0.2-2.0 
in steps of 0.2,a=1,and k=0. 


Figure 5.8 Effect of v on R, Cosh, ,(a, t) versus 


t-Time, for v=q— 1, q = 1.0-2.0 in steps of 0.2, 
a=1,andk=0. 
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30 7 : Figure 5.9 Effect of von R, Sinh, (a, t) versus 
t-Time, for v= q — 1, q = 1.0-2.0 in steps of 0.2, 
a=1,andk=0. 
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Figure 5.10 Effect of v on R, Tanh, (a, t) versus 
t-Time, for v=q— 1,q=1.0-2.0 in steps of 0.2, 
a=1,andk=0. 


q=10/ f/f / / /q=2.0 


Ry Tanhg g_4(a,t) 


t-Time 


These equations ((5.18) and (5.19)) exactly parallel equations (1.20) and (1.21) and may equally 
well be taken as the definitions for the principal fractional R,-hyperbolic functions. 
Following from these relations and definition (5.10), we have 


Ry Tanh ace 0 5.20 
= , t>0. ; 
i R,,\a,t) + R,,(—a, b) ay 


The right-hand sides of equations (5.5) and (5.6) are recognized as R-functions, that is, 


R, Cosh, (a, t) = Rogyyq(@st), > 0, (5.21) 
RSinh,,(a,t) = aRy,,(a’,t), t>0. (5.22) 


Combining the results of equations (5.18) and (5.21), we have the identity 


R, Cosh, a; t)= Ryle.) = ' [R,(4,t)+R,,(—a,t)|, £>0. (5.23) 
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Figure 5.11 Re{R, Sinhg/79(1,k,t)} and 
Im{R, Sinhe 7 (1 ,k, t)} versus t-Time, for k =0 
to 6. 


Real(R,Sinhgy7,9(1,k,t)) 


Imag(RySinhe7.9(1,k,t)) 


Similarly, combining the results of equations (5.19) and (5.22), we have 
F 1 
R,Sinh,,(a,t) = @R,,,(a’, t) = 5 [R,v(4,t) -R,(-a,t)|, t>0, (5.24) 


which also introduces two new R-function relationships. Taking the ratio of equations (5.23) 
and (5.24) and combining with the results of equation (5.7) yields 
aR», (a’,t R, (a, t) — R, (—a, t) 
R, Tanh, (a, t) = Regn (at) = [Ry ula, 2) ~ Ry la.) t>0. (5.25) 
Rogveg (@*,t) — [R, (a, t) +R, (-a, 0) 


Now, adding equations (5.23) and (5.24) yields 


Ry Gt) = Roguigl4’s t) + ARo_(a’,t), t>0, (5.26) 
while subtraction yields 
R,(-4, f) = Rule, t)- ARy, (a, t), t>O0. (5.27) 


Subtracting the square of equation (5.19) from the square of equation (5.18) yields the following: 
R, Cosh7,,(a, t) — R,Sinh?, (a, t) = R,,(4,t)R,,(-a,0), t>0, (5.28) 
or using the center terms of equations (5.23) and (5.24) 
R, Cosh; (a, t) — R,Sinh7,,(a, t) = R, (a, )R,,(—a, 0) 
=Reng@ )-@R,, (2.1), t>0. (5.29) 
Taking gq = 1, v = 0, equation (5.29) is seen that is a generalization of the well-known equation 


cosh?(t) — sinh?(f) = 1. (5.30) 


Furthermore, adding the square of equation (5.18) to the square of equation (5.19) yields 


R, Cosh’, (a, k, t) + R, Sinh7,,(a, t) = ; [Ri (at) +R (-a,t)|, > 0. (5.31) 
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Again, using the center terms of equations (5.23) and (5.24) with (5.31) yields 
R, Cosh; (a, t) + Ry Sinh?, (a, t) 


1 
Rea veg(@ >t) + OR3, (at) = 5 [Ri (4, t)+R* (-a,0)|, t>0. (5.32) 


Taking g=1, v=0 shows that this is a generalization of the duplication formula: 


cosh?(t) + sinh?(t) = cosh(2t). (5.33) 


5.2 R,-Hyperbolic Function Relationship 


An interrelationship between the R,-hyperbolic functions is readily determined. Using the 
definition (5.6), consider 


foe} 


aR, Cosh, ,_,(a, k,t) =a py 4 T((n+ 1)2q-v) 


qont ptl)2q— l-v 


-U Tr T((n + 1)2q — v) 


2n (n+1)2q—1-—v+q—-q 
eal) cis [(n + 1)2q - 1- v) 22h) 


——______cis |((n + 1)2qg-1-v)Qzxk)|], t>0. (5.34) 


Thus, recognizing the form of equation (5.6), we have 


aR,Cosh (a,k,t) = R,Sinh,,(a,k,t), t>0, k=0,1,...,D,D,—1. (5.35) 


qV-q 


Because of the nature of v this relation may also be considered to be a fractional calculus 
operation when k = 0. Continuing from Ref. [76] with the permission of ASME: 


5.3 Fractional Calculus Operations on the R,-Hyperbolic Functions 


The a-order differintegral of R, Cosh, ,(a, t), is determined as follows: 
oo 2n d@(t)et2q-1-v-4 
d?R, Cosh = a t>0. 5.36 
oe Ry COs, (G,®) CER eer S86) 
Oldham and Spanier [104] p. 67 provide the following differintegration relation: 
T(p + 1x4 
Dix? = ———_, >-Il, 5.37 
0*~x T(p —~q a 1) P ( ) 
which is valid for all g. Then, fractionally differintegrating term-by-term (see Section 3.16) yields 
2n t (n+1)2q—1-v—q-a 
ey ee q>v, t>0. (5.38) 
44 D((n + 1)2q -v-—q-a) 


Thus, 
04; Ri Cosh, (a, t) = R,Cosh,,,,(4,0), g>v, t>0. (5.39) 


Applying equation (5.35), this can be written as 


oR, Cosh,,,(a,t) = ER Sith sggl ), q>y t>0. (5.40) 


5.5 Complexity-Based Hyperbolic Functions 


If a = —q, we have 


ody*R, Cosh,,,(a, t) = ~R,Sinhy, (a, ),q>v, t>0. (5.41) 
By similar logic, 
04; Ri Sinh, ,(a, t) = R,Sinh,,,,(4,t), 2g>v, t>0, (5.42) 
and 
of Ri Sinh, ,(a, t) = aR, Coshy,,4-q(4.t), 2g>v, t>0. (5.43) 
If a = q, we have 
of R, Sinh, ,(a,t) = aR,Cosh,,(a,t), q>v, t>0. (5.44) 


5.4 Laplace Transforms of the R,-Hyperbolic Functions 


The Laplace transforms for the principal R,-hyperbolic functions are easily determined from 
the Laplace transforms of the related R-functions (equation (3.22)). Then, the transform of 
equation (5.23) is 


1 
L{R,Cosh, (a, t)} =L {Rogyg(@’.t)} = 5L {R,,(4,t) +R, (-a,#)}. (5.45) 
Then, using equation (3.22), we have 
gVt4 1 s’ s’ 
L t => — =5( ie >. 5.46 
{R, Cosh, (a )} ag ae ee q>Vv (5.46) 
In a similar manner, the transform of equation (5.24) is 
; 1 
L{R,Sinh,,(4,0)} =aL {R,,,(@’,0)} = 5E {R,,(4,t) —R,,(—4,t)} . (5.47) 
Again, using equation (3.22) 
; _ as’ _ 1 a 
L {R, Sinh, (a, t)} anes ia (< a ae ) » G2>y. (5.48) 


5.5 Complexity-Based Hyperbolic Functions 


In Section 5.1, fractional hyperbolic functions that parallel the familiar classical hyperbolic 
functions were derived based on the parity-based series (equation (5.2)). In this section, we 
shall consider complexity-based functions starting from equation (5.1). Using equation (5.3), 
(5.1) is written as 

(a)"(t)tDa-1-v 


OC p> ase) cis{((n + 1)qg —1—v)(2xk)},t > 0, 


K=O), sing DD =, (5.49) 
Now, the real and imaginary parts define the new functions: 
_ a (a)"(t)erda-1- 
R,Coh, (a, k, t) — py T+ hq-v cos{((u + lq -l- v)(2zk)} ,t> 0, 


k=0,1,...,D,D,-1. (6.50) 
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and 
SOO” 
R,Sih,,(a, k, t) = p> la+bacn {(n + 1)q—1-—v)(2ak)},t > 0. (5.51) 
The related principal functions, k =0, are 


R, Coh,,(4, 0, t) = R,Coh, (a, t) = > wt = R,,(a, t),t > 0, (5.52) 
and 
R, Sih, (a, 0, t) = R, Sih, ,(4, t) = ps — 0=0, t>0. 
(5.53) 
For the case with g=1 and v=0, we have 
R,Coh, (a, k,t) =e“, and R, Sih, ,(a,k,t)=0, t>0. (5.54) 


Because the principal functions return to the R-function and zero, further properties are not 
pursued. 


5.6 Fractional Hyperbolic Differential Equations 


With the availability of the Laplace transforms, various fractional differential equations may 
be identified that are solvable using R,-hyperbolic functions. Based on the Laplace transforms, 
we may easily determine associated fractional differential equations for which they are solu- 
tions. For clarity of presentation, we are only concerned with uninitialized fractional differential 
equations (to include initialization effects, see, e.g., Ref. [71]). Continuing from Ref. [76] with 
the permission of ASME: 


Consider the uninitialized fractional differential equation 
od, 1x(t) — a?x(t) = od YF), gz, (5.55) 
taking the Laplace transform gives 
X(s) = Sane (s). (5.56) 
Based on equation (5.46), this has a solution a the _ 
x(t) = R,Cosh,,(a,t), t>0, q2y, (5.57) 


when f(t) = 6(é), that is, a unit impulse function. For an arbitrary f(£), the solution is given by 
convolution 
£ 


R, Cosh, (a, t) * f(t) = [ Ricostga6a tif (t — t)dt 


0 
t 


= [ Ricostigaa t—t)f(t)dt, t>0, q2>v. (5.58) 


0 


5.6 Fractional Hyperbolic Differential Equations 


Assuming composition, equation (5.55) may also be written as a fractional integro- 
differential equation, namely 
od! "x(t) — a°od,” 4x(t) = g(t). (5.59) 
Taking v = —q in equation (5.46) infers the uninitialized fractional differential equation 
od, x(t) — a?x(t) =f (0), (5.60) 


when f(t) = 6(d), this has a solution of the form 
x(t) = R, Cosh, _,(a, t) = Rog o(@s th= = R Sith, th), t>0. (5.61) 


In a similar manner, equation (5.48) indicates that the uninitialized fractional differential 
equation 

od, x(t) — a?x(t) = apd ?f (0), (5.62) 
has a solution of the form 


x(t) = R,Sinh,,(a,t), t20 (5.63) 


when f(t) = 6(£), that is, an impulse function. Again for an arbitrary f(£), the solution is given 
by convolution 


t 


R, Sinh, (a, t) * f(t) = [ Risint 6a tif (t — t)dt 
0 


t 


= [ Risint 6a t—t)f(t)dt, t>0, q>v. (5.64) 
0 


Equation (5.62) may also be written as a fractional integro-differential equation, namely 
od," x(t) — a2gd"x(t) = af (t). (5.65) 


t 


Linear combinations of fractional hyperbolic functions may also be used to infer fractional dif- 
ferential forms. For example, from the linear combination 


AR, Cosh, ,(a, t) + B R,Sinh,,,,(b, t); (5.66) 
or using the relationships (5.22) and (5.23) 
A Rog yiq(@t) + BOR, (0, 6); (5.67) 
we may infer the transformed equation 


Ast Bbsv _ As’*1(s*—b*) + Bbs" (s4—a?) _ Xx(s) 
99 —q2) su—f2 s2q+u) — q252u — 2524 4 g2h2 = F(s)’ 


From this, it is observed that the noncommensurate order fractional differential equation 


(5.68) 


od x(t) — a dat) — Bodetx(t) + @B?x(t) = g(t), (5.69) 


where 
g(t) = L™! {F(s) (As’*4 (s** — b?) + Bhs” (s°4 —a’))}, (5.70) 


will have a solution of the form given by equation (5.66) for f(t) = 6(d). 
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Figure 5.12 Expanding foam reactor. 


5.7. Example 


Consider the generation of an expanding viscous foam in a cylindrical tank. The foam volume 
in the tank (Figure 5.12) is described by 


v(t) = [uo + Veen(T) — Voue(t))dt, (5.71) 
0 


where v,,,(£) is the volumetric rate of foam entering the tank and r,,,,(¢) is the volumetric rate of 
foam leaving the tank through a long baffled pipeline. 

The volumetric foam generation rate, ¥,,,,(¢), which, for short timescales, is proportional to 
the volume of foam in the tank and is given by 


Veen(t) = k, v(t). (5.72) 


The foam volume in the cylindrical tank then is directly proportional to the height of foam in 
the tank, that is, 
v(t) = 2R°h(t). 


The tank is drained by a baffled diffusive pipeline that we consider to be of semi-infinite 
length in terms of the time—distance scaling of the problem. The foaming process is photo- 
sensitively ended as it enters the pipeline. The volumetric flow into the pipe is proportional to 
the semiderivative of the pressure (height of foam) at the pipeline inlet. Thus, 


Voy (t) = kD? h(t) = k (oc/*h(e) + wih, t)) » £30; (5.73) 
= k k 
F _ ek 1/2 __k 1/2 
Vour(t) = Rt v(t) pan TR (oa v(t) + wy, t)) > t>0, 


where y(v,, ¢) is the initialization function, Lorenzo and Hartley [78] representing the flow his- 
tory of the long pipeline. The reaction process is started at t=0 by a unit impulse of the foam 
volume rate, v,,(t) = 6(¢). Taking the Laplace transform of the aforementioned equations and 
solving for L{v(t)} gives 

1-—ky(,s) 


VUES Fiaee elle 


(5.74) 


To illustrate the application of the fractional hyperbolic functions, we take the radius of the 
tank to be small relative to the constants k and k, thus ignoring the first term in the denominator. 


5.8 Discussions 


Then, with a? = 2R?k,/k, the volume of foam in the tank can be approximated as 


el 1 wv, s) 
L(WO)= (sas) -_ (5.75) 
Note that from equation (5.48) 
L {R, Sinhy j4o(B,t)} = aS (5.76) 


Inverse transforming equation (5.75) and applying the convolution theorem give the solution 
for the volume of foam in the tank as a function of time to be 
t 
v(t) = _R, Sinh, yo(a,t) — ~ | R,Sinhy yo(a, t)ylv;,t — t)dz. (5.77) 
a : 


ka 
0 


5.8 Discussions 


Based on the R-function with real parameters a and ¢, namely R,,(a,¢), we have defined the 
fractional hyperbolic functions. These functions are backward compatible with the classical 
hyperbolic functions containing them as subfunctions when g=1 and v=0. Along with the 
Laplace transforms for these functions, various properties and identities have been developed. 
In particular, the fractional differintegrals of the functions have been derived. 

The fractional hyperbolic functions are applicable to the solutions of certain fractional 
integro-differential equations. Because of the growing nature of these functions with time (see 
Figures 5.1—5.10), they will generally be associated with unstable physical phenomena. This is 
demonstrated in the reactor example provided. 

In Chapter 6, a similar development based on the R-function is used to develop the 
R,-trigonometry; the first of several fractional trigonometries. We will find in Chapter 9 
that the R,-hyperbolic functions and the fractional R,-trigonometric functions are both 
contained as special cases of the fractional meta-trigonometry. In other words, the fractional 
meta-trigonometry will be seen to unify the hyperboletry and the trigonometries. 
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The R,-Fractional Trigonometry 


6.1 R,-Trigonometric Functions 


The R,-fractional trigonometry [73-75] is defined by taking the parameter a in the argument 
of the R-function to be imaginary. This is in contrast to Chapter 5 in which both the a and 
¢ parameters were taken to be real. Then, the R,-trigonometry is based on R,,(ai,t), where 
R-function is expanded into even and odd series, that is, series with terms that are even and 
odd powers of a. This yields 


n¢p¢)(u+1)q-1-v 
R, (ai, t) = 2 ae apa ee (6.1) 


on oo (ai)2"(t)e"tDa-1-v aa (ai)2"*1(g)2nt2)q-1-v 
R, GO> 2 Tonsigey 26 Kea. 


R, (ai, t) = y 


n=0 


t>0, (6.2) 


(—1)"'a2"(Hemda-1-v : 
rOnmigen. pz 


n=0 

We define Ev, { R, (ai, t)} to be the even part of R, (ai, b); that is, the terms in equation (6.1) 
with even powers OF a, and O,{R,,(ai, t)} to be the odd part of RK, ,(ai, t), that is, the terms 
in equation (6.1) with odd powers of a. Then, we have Ev (Ri lai, t)} = Re{R, (ai, t)} and 
O,{R,,(ai, t)} = Im{R,,,(ai, t)} from equation (6.3). Therefore, R, Cos-function is defined as the 
real part of equation (6.1) and the R, Sin-function as the imaginary part. Because f is raised toa 
fractional power in these series, the series are multivalued or indexed. To elucidate the indexed 
behavior of these functions, we consider the roots of t. Then, from equation (3.122), 


ine VtM { cos (F2k) +isin (Fork) \, 


where for R, Cos the exponent of t is 


ge (= 1)"a2"+1(¢)2n+2)q-1-v 


, t>0. (6.3) 
T(2n + 2)q —v) 


(n+1)2N_D,-D,D,-N,D, -N,D, 
(n+1)2qg-1-—v-q= g Z = aus 
D,D, D 
where q = N,/D, and v = N,/D, are assumed rational and irreducible, k = 0,1,...,D,D,—1, 
and M/D is rational and in minimal form. From Lorenzo and Hartley [74], with permission of 


The Fractional Trigonometry: With Applications to Fractional Differential Equations and Science, First Edition. 
Carl F. Lorenzo and Tom T. Hartley. 

© 2017 John Wiley & Sons, Inc. Published 2017 by John Wiley & Sons, Inc. 

Companion Website: www.wiley.com/go/Lorenzo/Fractional_Trigonometry 
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Springer: 


Then, the multivalued, or indexed, definition for the R, Cos, , is given by 
R, Cos, (a, k, t) 

he (= 1)"a2"(g)e D214 

= py M+ )2q-v-@) 


{cis |((n + 1)2q — 1-v —q)(2ak)| } (6.4) 


with cis(e) = cos(e) + isin(e),f > 0, kK =0,1,...,D,D, — 1, with common factors in M/D 
removed. The R, Sin and R, Tan are defined in a similar manner 


R, Sin, (4, k, t) 
1)"a2"t) (pyr d2q-1-v 


= > SSeS Tee {cis [((n + 1)2q -1-v)(2xk)], (6.5) 
n=0 


witht > 0, k =0, ee ey Oe Og 1, and 


oe j R, Sin, (a, k, t) 4 66) 

Kt) = ——: _f>0. . 
pea) R,Cos,,(a,k, t) ( 
The principal R, -generalized trigonometric functions are real functions of the real vari- 
able t. They are obtained by taking k = 0, in equations (6.4—6.6). Thus, 


af 1)"a2"(t) + )24-1-v-4 


R, Cos,,,(a, 0, t) = R,Cos,,(a,t) = >) ( i> 0, (6.7) 
n=0 


— ((n+1)2q-—v—q) ’ 


oe (-1)"a2"t1 (py D2q-1-v 
Risin, G0.)-RSinay= ys aso, 6.8 
Sing (40,8) = RiSigola) = 2) Tag wy om 


and . 

RT RT el ACL 0 (6.9) 

an_,,(a,0,t) = an, .(a,t) = ————_.,_[t>0, : 
a a ac R,Cos,,,(a, t) 

where the simplified notation introduced earlier is used for the principal, k = 0, functions. 
These functions, equations (6.4—6.9), are generalizations of the circular functions (also 
known as harmonic functions) of the classical integer-order trigonometry. The indexed 
behavior seen in equations (6.4—6.6) has no parallel in the classical trigonometry. We 
note, when q=1 and v=0, the R,-trigonometric functions revert back to the circular 
functions for t > 0. 


The principal R,-trigonometric functions are shown in Figures 6.la, b and 6.2 for various 
values of q. As the value of g decreases from 1 to 0.1, the oscillatory nature of the R,Cos- and 
R,Sin-functions is also seen to decrease. For g <1, it can also be seen that the curves tend to 
zero as t increases. The functions grow at an increasing rate, as g increases for values of g>1 
(not shown). For smaller values of g in the z to 32/2 range, the lack of zero crossings of the 
R, Cos-function strongly affects the behavior of the R, Tan-function. 

Figures 6.3—6.8 show the effects of the a parameter on the R,Cos-, R,Sin-, and the 
R, Tan-functions, respectively. Increasing the a parameter increases the response rate of 
the function. In other words, increasing a decreases the apparent period and increases the 
overshoot. The reader should also consider the effect of the order variable q in these figures. 
For the R, Cos and the R, Tan, it also increases the response rate. For the R, Sin, it changes the 
character of the response. 


6.1 R,-Trigonometric Functions |= 


1.5 ; z z % 


<—— 
\ 


R1CoSq 0(1,t) 
Ry Sing o(1,t) 


t-Time t-Time 
(a) (b) 
Figure 6.1 (a) R, Cos, (1 , t) versus t-Time, for q=0.2-1.2 in steps of 0.1, v=0,a=1.(b) R, Sing (1 , t) versus 
t-Time, for q=0.2-1.2 in steps of 0.1, v= 0, a= 1. (a, b) Source: Lorenzo and Hartley 2004b [74]. Adapted with 
permission of Springer. 


20 Too r : 7] r Figure 6.2 R, Tan, (1,0) versus t-Time, for 


1 q=0.2-1.2 in steps of 0.2, v=0,a=1. 
15 P| 


Figures 6.9—6.14 show the effects of secondary order parameter v on the R, Cos-, R,Sin- and 
R, Tan-functions, respectively. In general, increasing v tends to increase the rate of response 
of the functions and reduce the period. From the Laplace transforms of the functions (Section 
6.5), it is clear that v > 0 fractionally differentiates the v=0 function, while v <0 integrates it. 
The effect of v reduces the period of the R, Tan-function; this is shown clearly in Figure 6.14. 

Figure 6.15 shows the phase plane for variations in the order q, with a = 1.0, v=0.0, andk =0. 
Note that for g< 1 the functions are attracted to the origin from infinity, while for q> 1, the 
functions start at the origin and spiral out to infinity. 


6.1.1 R,-Trigonometric Properties 
From the definitions (6.4) and (6.5), we have that 
R, Cos, ,(—a, kp= R, Cos, (4, kt), t>0,k=0,1,... »DD, —1, (6.10) 
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Figure 6.3 Effect of aonR, Cos, (1 , t) for 
a=0.25-1.0in steps of 0.25, with q=0.25, 
v=Oandk=0. 


R4COSp 95, 0(a.t) 
eS 6 
R a 


o 
io 


Figure 6.4 Effect of aonR, Cos, o(1,t) for 
a=0.25-1.0 in steps of 0.25, with q=0.75, 
v=Oandk=0. 


R4CoSp 75, 0(a,t) 


Figure 6.5 Effect of aon R, Sin, (1, 6) for 
a=0.25-1.0 in steps of 0.25, with q =0.25, 
v=Oandk=0. 


R4Sino 25,0(a;t) 
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Figure 6.6 Effect of aon R, Sing (1.0) for 
a=0.25-1.0in steps of 0.25, with q=0.75, 
v=Oandk=0. 


R, Sing 75,0(a.t) 


Figure 6.7 Effect of aon R, Tan, (1, t) for 
a=0.25-1.0in steps of 0.25, with q=0.25, 
v=Oandk=0. 


30 


20 ; 


10+ 


Ry Tano.25,0(a.t) 
fo} 


~10 | 


Figure 6.8 Effect of aonR, Tan,o(1,0) for 
a=0.25-1.0 in steps of 0.25, with q=0.75, 
v=Oandk=0. 


Ry Tang 75,0(a.t) 
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0.8 Figure 6.9 Effect of von R,Cos, 9(1, t) for 


v=—0.20-0.20 in steps of 0.10, with q = 0.25, 
a=1.0andk=0. 


0.6 
0.4 
0.2 

0 


-0.2 


R4CoSo 95,(1,0) 


-0.4 
-0.6 


Figure 6.10 Effect of von R, Cos, 9(1, t) for 
v=—0.20-0.20 in steps of 0.10, with q = 0.75, 
a=1.0andk=0. 


R4Coso75,(1,t) 


Figure 6.11 Effect of von R, Sing o(1 , t) for 
v=—0.20-0.20 in steps of 0.10, with g = 0.25, 
a=1.0andk=0. 


° ° 2° 
B fo7) fo") 


Ry Sing 95,,(1,t) 


2 
De) 
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Figure 6.12 Effect of v on R, Sing (1, t) for 


v=—0.20-0.20 in steps of 0.10, with q = 0.75, 
a=1.0and k=0. 


R4Sing 75,(1,t) 


Figure 6.13 Effect of vonR, Tan, (1, t) for 


v=—0.20-0.20 in steps of 0.10, with q = 0.25, 
a=1.0 and k=0. 


Ry Tano25,(1,t) 


Figure 6.14 Effect of von R, Tan, (1,0) for 


v= —0.20-0.20 in steps of 0.10, with q=0.75, 
a=1.0andk=0. 


RyTang75,(1,t) 
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Figure 6.15 Phase plane R, Sing (a, t) versus 
R, Cos, ,(a, t) for q= 1.1 and q=0.25-1.75 in 
steps of 0.25,a= 1.0, v=0.0. 


R,Singo( 1.0) 


R4CoSq,0(1,) 


cies R, Sin, ,(—a,k, t) = -R, Sin, ,(a,k,t), t>0, k=0,1,...,D,D,—-1. (6.11) 
These results substituted into equation (6.6) yield 
—R, Sin, (a, k, t) 
R, Tan, ,(—a, k, t) = R,Cos,,(a.k = —R, Tan, ,(a,k, t), 
t>0,k=0,1,...,D,D,—1. (6.12) 
Using the definitions (6.4) and (6.5) with equation (6.3) gives 
R, (ai, t) = R, Cos, ,(a, t) + iR Sin, ,(a,t), t>0, (6.13) 


which is a fractional Euler equation for the R,-trigonometry. Expanding R, ,(—di, t) in the same 
manner as done for equation (6.3) yields 


R, (ai, t) = R, Cos, (a, t) —iR, Sin, ,(a,t), t>0, (6.14) 
a complementary fractional Euler equation. The addition of equations (6.13) and (6.14) gives 
R,Cos, (a, t) = 5 Ryolai )+R,,(-ai,t), t>0. (6.15) 
If we subtract equation (6.15) from (6.14), we have 
: 1 F : 
R, Sing (a, t) = 57 Rawat: 1)—R,,(-ai,f), t> 0. (6.16) 


Both equations (6.15) and (6.16) are the fractional generalizations of the classical equations 
(1.18) and (1.19), respectively. Based on the definitions of the R,-trigonometric functions, 
we have 


bea (—1)"a2"(t)@+D24-1-v-4 
RC = , €>0, 
1C08g Aa.) 2X T(n+)2q-v-q) 
£9. ((a i)2)"(g) + D24-1-¥-4 4 
RC = =F —a’,t), t>0, 6.17 
1Co5_u@0) = By Kea Dag ava@ — Ranma @d a 


6.1 R,-Trigonometric Functions 
another R-function expression. Combining this with equation (6.15) gives 
1 : ; 
R, Cos, (4, t) = Rogvag(—4’s Hh= 5 Rava, t)+R,,(-ai,t)), t>0. (6.18) 


Similarly, we have 


foe} 


; =] Nq2ntl t (n+1)2q-1-v 
R Sind = Teagan PO ee 


co (—a?) "(gta 


n=0 


R, Si j= ~—_~________ =4R,,,(-a’,t), t>0, 6.20 
Sing (4,0) a2 Ms Diga ey = Rens (-a*.8) (6.20) 

taken with equation (6.16) yields 
R,Sin,,(a,t) = aRy,, (—a’,t) = = (Ry sla i,t)-R,,(-ai,t)), t>0. (6.21) 


A similar relation for the R, Tan, ,(a, t) may be obtained from the ratio of equations (6.18) and 
(6.21), that is, 


aR,,, (—a?,t) R,, (ai, t) — R, ,(—ai, t) 
RT t)=—* = —* 2 x ERO: 6.22 
Tanga.) Rogvag(—@20)  i(R, lai, t) + R,,(—ai, D) i922) 


The addition of the squares equations (6.15) and (6.16) gives 
R Cos? ,(a, t) + R,Sin?,,(a, t) = R,,(ai, t)R,,(-ai, 1), 


=R =a ,t)+@R,,,(-a’,t), > 0, (6.23) 


ae ( 
a fractional-order generalization of the classical identity cos?(t) + sin’(t) = 1. Because the 
right-hand side of this identity is a real number, this complex R product behaves like the 
multiplication of complex conjugates. 

In a similar manner, the subtraction of the square of equation (6.16) from the square of 
equation (6.15) gives 


R, Cos? (a, t) — R, Sin’, (a, t) = s IR (a i,t) + RY (-ai, 6], 
= Reavag (4st) — @ Rog, (-a?,t), £>0. (6.24) 


Figure 6.16 shows the value of the product for a range of g and ¢ values. This is a generalization 
of the identity cos?(t) — sin’(t) = cos(2t). Figure 6.17 shows the value of the conjugate sum for 
a range of g and t values. The substitution of equations (6.18) and (6.21) into (6.13) gives 


R, (Gi, t) = Rog vig (—a’,t) +aiR,,, (-a,t), t>0, (6.25) 


2q,v+q 
the fractional Euler equation in an exponential form. Note that for g=1/2 and v=0, 
R, Sin: o(a, t) = aR, (-a?,t) =ae*' = (Ry nola i,t)—Ryjo9(—ai,0), t>0. 
2? i 1 i : 
Furthermore, with a = 1, we have 


R,Sini)1,H) =e", t>0. 
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Figure 6.16 Conjugate product 
R, o(i, 0, t)-Ry o(—i, 0, t), q= 0.2-1.4 in steps of 
0.2,k=0. 


2 


1.5 


Rg ol/a,t)Rg o(4a,t) 


0.5 5 


Figure 6.17 Conjugate sum 

1;p2 2 ; = os i 
5 Rol, 0,t)+ Ro (i, 0, t)), q=0.2-1.2 in 
steps of 0.2,k=0,a=1.0. 


(+a, t)] 


2 
q,0 


[(ia,t)R 


2 
q,0 


1/2[R 


6.2 R,-Trigonometric Function Interrelationship 


A relationship between the R, Cos-function and the R, Sin-function is easily determined. Based 
on equation (6.4) 


aR, Cos (a, k, t) 


qV-q 


be (-1)"a2" (tet D2e-1 4-4 


T+ )2q-v+q-@ cis |((n + 1)2q — 1 —v + q - q)(2ak)| 


n=0 


—1)"q"t1 (ft) b24-1-v 


_wv¢ 
~ > T((m + 1)2q — v) 


cis [((n +1)2q-1- v)(2xk)} , 


n=0 
£> 0, K=O) 1g DD p— 1 (6.26) 
Thus, 
aR,Cos,,_,(4, k, t) = R,Sin,,(a,k,t), t>0,k=0,1,...,D,D,—-1. (6.27) 
Conversely, 
Ry Sing yg, k,pj= aR,Cos,,(4, k,tj)=, t>0,k=0,1.,... jD,D, —1. 


6.4 Fractional Calculus Operations on the R,-Trigonometric Functions 


The substitution gq = 1, v = 0 into the defining series for the fractional trigonometric functions 
gives 


R, Cos, o(4, k,t)=cos(at), t>0,k=0,1.,... ,DP, —1, (6.28) 
R, Sin, o(4, k,t)=sin(at), t>0,k=0,1.,... ,D PD, —1, (6.29) 

and 
R, Tan, (a, t) = tan(at), t>0,k=0,1,... ,D,D =A, (6.30) 


demonstrating backward compatibility to common trigonometry. 


6.3 Relationships to R,-Hyperbolic Functions 


The relationship between the R,-hyperbolic and the R, -trigonometric functions may be deter- 
mined by appropriate substitutions into the defining series. It is clear from equations (5.21) and 
(6.17) that 


R,Cosh,,(ai, t) = R,Cos,,(a,t) = Rog y4q (—a?,t) , t > 0, (6.31) 
and conversely 
R, Cos, (ai, t) = R Cosh, (a, t) = Rog vig (4°. t), t > 0. (6.32) 
From equations (5.22) and (6.21), we have that 
R, Sinh, (ai, t) = iR,Sin,,(a,t) = iaRy,, (-a’,t), t>0, (6.33) 
and conversely 
R, Sin, (ai, t) = iR, Sinh, (a, t) = iaRy,, (a’,t), t>0. (6.34) 


These relationships between R, -hyperbolic and R,-trigonometric functions exactly parallel and 
generalize those between the integer-order trigonometric functions (q = 1, v=0) and classical 
hyperbolic functions. 


6.4 Fractional Calculus Operations on the R,-Trigonometric 
Functions 


This section determines fractional differintegrals of the principal fractional R-trigonometric 
functions. This section is from Lorenzo and Hartley [74], with permission of Springer: 


The a-order differintegral of R,Cos,,(a,t) is determined as follows: Differintegrating 
term-by-term (see Section 3.16) gives 


co (—1)"a" Fa 0 gate ca 
di RC sf)= ———S— 
od Ri Cos, (4.0) = Jy Mn+ l2q-v-q) 


n=0 


, €>0. (6.35) 


Then applying equation (5.37), we have 
are (-—1)"a2"()et 41 
di RC =) —————_.,, g >, t> 0. 
ots 1 O84 (a ) DY cesar q v 
Thus, 
04; Ri Cos, (a, t) = Ri Cos, ,44(4,0), G>v, t>0. (6.36) 
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Applying equation (6.27), this may be written as 
oR, Cos,,(a, t) = R Sita vel br gSvetS 0: (6.37) 
For a = —q, this becomes 
od, *R, Cos,,,(a,t) = ~R,Sinty (a, ), g>v, t>0. (6.38) 


The a-order differintegral of R, Sin, ,(a,t), is determined as follows: We may differinte- 
grate (6.26) term-by-term based on Section 3.16. Then, using equation (5.37) 


re Ge Oe elie id 6) aa aaa 
dR, Si = 
od RiSitesl 4.) = 2, Ta aga 


n=0 


, €>0, (6.39) 


fo) (-1)"a2"41 (p04 D24-1-v-a 
di R,S = TO — —— , 29 >, t > 0. 
owt 1 in, (a ) p> Tn + 124 = a) q>v 


Thus, 


04; R, Sin, (a, t) = R,Sin (a,t), 2qg>v, t>0. (6.40) 


q.vt+a 
Applying equation (6.27), this may be written as 

off Ri Sing (4, t) = AR, C084 y49-q(4,t), 2g >v, t > 0, (6.41) 
and for a = q, we have the important case 


04 R, Sin, (a, t) = aR, Cos, (a, t), 2q>v, t > 0. (6.42) 


6.5 Laplace Transforms of the R,-Trigonometric Functions 


Because the series are uniformly convergent (see Chapter 14), the Laplace transforms for the 
principal R,-trigonometric functions are readily determined by transforming the defining infi- 
nite series term-by-term. 
6.5.1 Laplace Transform of R, Cos, ,(a,k, t) 
Then, the transform of equation (6.4) is 

(—1)"a2"ttb2q-l-v-4 


L{R, Cos, ,(a, k, t)} =L { Dy Mat Dyovo@ cis (a + 1)2q - 1-v—g)(2zk)| \ : 
n=0 


k=0,1,2-+-D,D,-1. (6.43) 


Inverse transforming term-by-term (see Section 3.16), 


= pay port h2q-1—-v—-q : 
L{R,Cos,,(a,k,t)} = Y' (-1y"'a"L TCE Sear ie [na, + &| , 


n=0 
k=0,1,2---D,D,-1, (6.44) 


where A, = 4qak and €, = (q — 1 — v)(2ak). Thus, 


L {R,Cos, (a, k, t)} = > (-1)" a" D244 cis [dy + Es 


n=0 


q>v,k=0, 1, 2,25.4D,D)— 1, 


6.5 Laplace Transforms of the R,-Trigonometric Functions 
foe} 
L {R, Cos, (a, k,t)} = > (-1)2a"s lt D4-Y- cos [nd + &| 
n=0 


co 
+ i>) (-1)"a2" 5 q-V) sin [nd; + G3 
n=0 


q>v, k=0,1,2,... ,D,D, —1. 
Replacing cos and sin with exponential forms, 


[o) F : 
7 o— ell74+é] 4 e-ilnAté] 
L {R,Cos,,(a, k, t)\ = > (-1)"a2"sl+)2¢-v-4) ( ah 
n=0 


2 


foe} a * 
es i>) (—1)"a2"5-lorD24-¥—a] eye ege 
var 2i 


k=0,1,2,...,D,D,-1. (6.45) 


<4, 


L {R, Cos, ,(a, k, t)} oa > (=1)"a2"'5 1 +24-V- 4 ella) k=0,1,2,... ,DD, 
n=0 


i, ~ n2n 1 i[nA+é] a 
L{R,Cos,,(a,k, t)} = p> (-1)"a" ag OU k= 0,1,2,...,D,D, - 1, 
L {R,Cos,,(a,k ye yee >v, k=0,1,2,...,D,D,-1. (6.46) 
EG ae, eee ieee ea IES ae : 
Now, 
1 1 (-d)" 
=— ; 6.47 
si+b ape sm oa) 
therefore, we have 
else g¥t4 
L {R,Cos,,(a, k, t)} = 44 pen’ q> Vv, k=0,1,2,... ,D,D, - 1, (6.48) 


where A, = 4qak and &, = (q — 1 — v)(2zk). For the principal function, k = 0 


gtd 


4a’ q>v. (6.49) 


L {R, Cos, ,(a, t)} = 


6.5.2 Laplace Transform of R, Sin, ,(a,k, t) 


Determination of this transform proceeds in a similar manner as that for the R, Cos, ,(a, k, t); 
thus, 


oo (=1)"a2741 go 24-19 ; 
L {R, Sin, (a, k, t)} =L {> “Tntiig = [((n +1)2qg-1-v)Qa k)| \ : 
k=O A220 sD Dead, (6.50) 
From Section 3.16, we may transform term-by-term; thus, 


port 12q-1-v . 1 
(Feria) 


k=0,1,2,...,D,D,—1, (6.51) 


L {R,Sin,,(a,k,)} = YY (-p"a iL 


n=0 
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where A, = 4qak and €, = (2q — 1 — v)(2ak). Thus, 


L {R, Sin, (a, k, t)\ = > (—1)"a"t! sl Da cisind, “a é,] , 


n=0 


2q>v, k=0,1,2, 9D D, —1, 


L {R, Sin, (a, k, t)} = ¥ (-1) "2" 1 let bg cos[nA, +4 é/] 


n=0 


co 
+ i>) (-1)"a"41s-4~ sinind, + E,], 2g > v, 


n=0 


b= 01,255. D,D) 1. 
Replacing cos and sin with exponential forms, 


ellnaté] 4. e-ilnaté] ) 


‘i = n /2n+1 ,—-[(n+1)2q—-v] 
L {R, Sin, (a, k, t)} = LD qintls hed ( 5 


co y * 
i iy (-1yta2ntig lHtny24- (= — e-ilnaté] ) 
Di ; 


n=0 


2q>v, k=0, Llyn GDS 1, 


L {R, Sin, (a, k, t)\ = » (—1)"a2"ths let L24-V giln ate) k=0,1,2,...,D,.D,—-1, 


qv 
n=0 


© 1 
: = Y 2n+1 [nA+é] = 
L {R, Sin, (a, k, t)} = (-1)"a ue slag © nae i k= 0, 122, soe ,D D 


q v7h 


n=0 


L {R,Sin,,(a,k,)} = 222 (ees 


oS 01,2) 55D Dd, 


Now applying equation (6.47), we have 


ael«s” 


L {R,Sin, (a, k, t)} = Tape 


2q>v, k=0,1,2, feu dd,D, —1, 


where A, = 4qak and €, = (2q — 1 — v)(2ak). For the principal function, k = 0 


as” 


Bag A>” 


L {R,Sin,,(a,t)} = 


(6.52) 


(6.53) 


(6.54) 


The principal R,-trigonometric and R,-hyperbolic functions, their defining series, Laplace 
transforms, and R-function relationships are presented in Table 6.1 along with those of the 


classical circular functions. 


6.6 Complexity-Based R,-Trigonometric Functions 


In Section 6.1, fractional trigonometric functions that parallel the familiar classical trigonomet- 
ric functions were derived based on the parity-based series (equation (6.2)). In this section, we 


6.6 Complexity-Based R,-Trigonometric Functions 


Table 6.1 Summary of the principal R, -trigonometric, R, -hyperbolic, and the traditional functions. 


Function 


at 


sin(at) 


cos(at) 


sinh(at) 


cosh(at) 


R,(a.t), t>0 


R, Sin, (4, t), t>0 


R, Cos, (a, t), t>0 


R, Sinh, (4, t), t>0 


R, Cosh, (a, t), t>0 


Defining Series 
y (aty" 
a (nt+1) 


oo (- 1)"(at)?"*1 
(2n +1)! 


— (— 1)"t" 


“a attntbaq-l-v 
yee 980 
= T((n + 1)q-v) 


(-1)"a2"41 (gy b2q-1-v 


> 5 be 
A (n+ 1)2g-v) 
&. —1)"q2"(pyt)24-1-1-4 
x (-1)"a"(@) “B50 
44 T((n+1)2q-v- q) 
cs 2n+1 t (n+1)2q-1-v 

oro ae 
44 (n+ 1)2q- v) 

2n t (n+1)2q—-1-v—q 
a") si 


yy l(a + 1)2qg-—v—q)’ 


Laplace Transform 


1 
S—a 
a 
rn) 
s 
se ee 
a 
eye) 
Ss 
rag? 
s’ 
>v 
“waa? ? 
as’ 
2q>v 
s+ a 4 
st 
aaa q>Vv 
Vv 
as 
3a > 2q>Vv 
std 
a 57 4>V 


R-Function 
R, (4, t) 
aR,.(—a’, t) 
Ry (-a’, t) 
aR, \(a’,t) 


R, (a, 6) 


aRy,,(—a”, t) 

Rog yng’-@'s t) 
2 

ARy, (a ,t) 


2 
Rog veg@ q 2) 


Source: Lorenzo and Hartley 2004b [74]. Adapted with permission of Springer. 


shall consider complexity-based functions starting from equation (6.1). Equation (6.1) can be 


written as 


n¢#)(1+1)q-1-v 
R,,(ai,t) = eo (ai)"(t) aa 


(n+ lq -v) 


(ay (t)etde- l-v n 
(a+ lq -v) 


(- 1)"(a)"(t)"t D1 


_1)\4 n (n+1)q—1-v 
Reslaist) =F OO ») 


n=0 


7 i 60 aaa (- 
Ry (ai, = py Ti+ bq—v) i OS 


(a+ lg - v) 


Furthermore, we have that 


= R,(—4, t) + iR,,(—a, ) = (1+ dDR,,(-4, 0), 


t>0, 


T(n+1)q-v) ° 
—a)"(t)tDa- l-v 
T(n+1)q-v)’ Cie 


t>0, 


(6.55) 


t>0, 


(6.56) 


(6.57) 


a complex plane version of the R-function. Because the results are R-functions which have been 


studied earlier, we do not pursue this area further. 
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6.7 Fractional Differential Equations 


Continuing from Ref. [74], with permission of Springer: 


The R, -trigonometric functions may also be solutions to fractional differential equations. 
This transform (equation (6.49)) indicates that the uninitialized fractional differential 
equation 

od, x(t) + x(t) = od 46), g>v (6.58) 


has a solution of the form 
x(t) = R, Cos, ,(a,t), t20, (6.59) 


when f(t) = 6(¢), that is, an impulse function. As with the R,-hyperbolic functions for 
arbitrary f(¢), the solution is given by the convolution 


t 


x(t) = R,Cos,,(a, t) * f(t) = [ RiCospta t)f(t — t)dt 
0 


t 
= [Rost t—t)f(t)dt, t>0, gq>v. (6.60) 
0 


Assuming composition equation (6.58) may also be written in the form of a fractional 
integro-differential equation, namely 


od) “x(t) + a°od,” *x(t) = g(t). 


In a similar manner, equation (6.54) indicates that the uninitialized fractional differential 
equation 
od, x(t) + a?x(t) = apd? f (0), (6.61) 


has a solution of the form 
x(t) = R, Sin, (4,t), 2q>v, t > 0, (6.62) 


when f(t) = 6(é), that is, an impulse function. For arbitrary f(£), the solution is obtained 
by the convolution similar to equation (6.60). Equation (6.61) may also be written as a 
fractional integro-differential equation, namely 


of,” x(t) + aod, "x(t) = af (0). (6.63) 


t 


Linear combinations of fractional trigonometric functions may also be used to infer solu- 
tions for fractional differential forms of noncommensurate order. For example, from the 
linear combination 


AR, Cos, (a, t) + BR,Sin,,,(b,t),  t>0, (6.64) 
or using the relationships (6.17) and (6.20) 

ARogyiq(—@’, t) + BbRy,,(—-b", 1), £ > 0, 
we may infer the Laplace transformed equation 


As? Bos” X(s) 


Se a eee a 6.65 
Sata? s+h? ~ F(s) ie 
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or 
Asvtatu 4 Ab*st4 + Bhs"*24 4+ Bha*s” _ X(s) 
SAGA 2.24 4 b2sPa gab? F(s) 
From this, it is seen that the uninitialized fractional differential equation 
oF x(t) + a2 yd>x(t) + b? yd.4x(t) + a?b?x(t) = g(t), (6.66) 
where 


g(t) = L™ {F(s) (As’*4 (s+ Bb’) + Bhs” (s4+a’))}, 


will have a solution of the form given by equation (6.64). Various specializations of the 
orders and parameters lead to other useful results. Still more varied fractional differ- 
ential equations may be obtained by considering linear combinations of the both the 
R,-trigonometric functions and the R,-hyperbolic functions, using, for example, forms 
such as 


AR Cosh, ,(a, t) + BR, Sinh,, ,(b, t) + CR, Cos, + DR, Sin, (a, t), t > 0. (6.7.14) 


Chapter 7 explores the effect of imaginary t in the definition of a fractional trigonometry. 


7 


The R,-Fractional Trigonometry 


The basis for the R,-trigonomtry (developed in Chapter 6) was to replace the parameter a by 
ia in the R-function. For the R,-trigonometry, we consider a as a real parameter and let t be 
imaginary, that is, t — it in the R-function. Specifically, the basis for the R,-trigonometry is 
R, (4; it) (73, 74, 75]. 

In the traditional trigonometry (Section 1.3), the common exponential function is expanded 
in integer powers of t, and we found that the real part (equation (1.18)) was the summation of 
even powers of ft and the imaginary part (equation (1.19)) was the summation of odd powers of t. 

In this chapter, we find that this is no longer the case when it is raised to fractional powers. 
This introduces families of new functions not found in the traditional trigonometry. We find 
that these new functions occur in a pairwise manner similar to the classical sine and cosine 
functions. 

The development of the R,-trigonometry follows from Lorenzo and Hartley [74] with per- 
mission of Springer: 


7.1 R>-Trigonometric Functions: Based on Real and Imaginary Parts 


We start by considering the real and imaginary parts of 
oe ai tery q-1-v 
R, (a, it) = ———_———., t>0. 7.1 
quit) LrGa+D qo (7.1) 
Now, for a complex number z = x +iy = r(cos 6 + isin 0), we have from equation (3.122) 


zl = pinin {cos |e + 2nk)| + isin |e + 2nk)| ‘i 


k=0,1,2,...,n-—1. (7.2) 
Therefore, let us write for the exponent of (it) in equation (7.1) 
(n+ 1) pepteay Dae 
D, D, 
_ G+ DNDy ~DPy~ ND, _ M ae 
D,D, D 


The Fractional Trigonometry: With Applications to Fractional Differential Equations and Science, First Edition. 
Carl F. Lorenzo and Tom T. Hartley. 

© 2017 John Wiley & Sons, Inc. Published 2017 by John Wiley & Sons, Inc. 

Companion Website: www.wiley.com/go/Lorenzo/Fractional_Trigonometry 
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where g = N,/D, and v = N,/D, are assumed to be rational and irreducible and M/D is in 
minimal form. Then, equation (7.1) becomes 
; bd a'(i tyM/D 
R, (a, it) = —————., t>0 74. 
wet) Lr) 29) ae 


and by (7.2) 


fee} 
nN 


en a 
Ria, k,it) = p> CER a 


x {¢2 [eos {= (4 + 2k) | + isin {= (4 +2nk)\1\, 
£0; k= 01 cD Dd, (7.5) 


where k has been introduced into the R argument since it is now explicit on the right-hand side. 
We propose the following definitions: 


q! por q-\-v 


R, Cos, (a, k, t) = Se 
4 Lae) q-v) 


x cos { (n+ 1) q-1-y(= +2nk)\, 
$0, k S01 gD D7) (7.6) 
and 
q! tt q-l\-v 


R,Sin,,(a,k,t) = Y <2 
if Drath go 


xsin { (n+ 1) q-1- (= +2nk)\, 
t>0,k=0,1,...,D,D,-1. (7.7) 


Thus, we see that the fractional character of q and v gives rise to a family of D,D,-many 
fractional trigonometric functions for rational values of q and v and D,D, in minimal form. 
This situation is unparalleled in the ordinary trigonometry. The principal functions, k = 0, are 
defined as 


R,Cos, (4, 0, t) =R, Cos, (4, C) 
a tet) a- 1-v a 
= i g=1sH(= \ , t>0, (78 
ee 5 cos {nt \q (2) > (7.8) 
and 
R, Sin, (4, 0, t) =R, Sing (4, t) 
trtD q- 1-v a 
24) gad = I t>0. (7.9 
es 5 sin {m+ D g-1-9 (5) (79) 
The R, Tan-function is defined as the ratio 
Ry Sing (4, k, t) 


R, Tt ,k,t) = ————, ¢t>0, k=0,1,...,D,.D,-1. 7.10 
)Tan,,(a,k, t) R,Cos, ,(a,k.) k Dy (7.10) 


7.1 R,-Trigonometric Functions: Based on Real and Imaginary Parts 


r 7 r ; Figure 7.1 R,Cos, (1, t) versus t-Time for 
q=0.2_ q=0.2-2.0 in steps of 0.1, with a= 1.0, v=0, 
ff \.| -k=0. Source: Lorenzo and Hartley 2004b [74]. 


Adapted with permission of Springer. 


ReCoSqo(1 t) 


6 ' , : ' ' . Figure 7.2 R,Sin, .(1, t) versus t-Time for 
q=0.2-2.0 in steps of 0.1, with a= 1.0, v=0, 
k=0. Source: Lorenzo and Hartley 2004b 
[74]. Adapted with permission of Springer. 


RoSing o(1,t) 
° 


0 1 2 3 4 5 6 7 
t-Time 


By substituting g = 1, v = 0 in equations (7.6) and (7.7), it can be seen that R,-trigonometric 
functions generalize the classical trigonometric functions, that is, 


R,Cos, (4, k,t) = cos(at), £>0, and R,Sin, o(a,k,t)=sin(at), t>0. (7.11) 


Figures 7.1 and 7.2 show the principal R,Cos- and R,Sin- and R, Tan-functions for 0.2 < q < 2. 
Note that there is a reversal in the amplitude of the R,Sin-function for g> 1.9 (Figure 7.3). 
Furthermore, because R, Cos, 9(1, t) = 0 the tangent plot is limited to q= 1.9. The effect of the 
a parameter on the R,Cos-function is shown in Figures 7.4 and 7.5 for order variable q=0.25 
and 0.75, respectively. It can be seen that as a increases, the functions become increasingly 
oscillatory, also the amplitudes grow, and the frequency of oscillation increases. Similar effects 
are observed for the R, Sin-functions in Figures 7.6 and 7.7. The effect of the change in frequency 
is clearly seen for the tangent functions in Figures 7.8 and 7.9. Note, when q=1 and v=0, from 
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30 


Figure 7.3 R,Tan, q(1, t) versus t-Time for 
q=0.2-1.9 in steps of 0.1, with a= 1.0, v=0, 
k=0. 


RoTang o(1 ,t) 


Figure 7.4 Effect of a for R,Cos, (1, t) versus 
t-Time for a= 0.2-1.1 in steps of 0.1, with 
q=0.25,k=0,v=0.0. 
s 
S 
ni " 
o 0 
8 \ ~~ | 
MN \ \ Ne 
x _ol \ \ Se 
\ \ / ~ 
\ ‘ / — 
—4F \ 7 beac” \ hj 
\ \ / 
YY tay 
6 n 4 n 4 4 4 
0 1 2 3 4 5 6 7 
t-Time 


equations (7.11) the R,Cos-functions revert to the classical circular functions and a becomes 
exactly the frequency parameter. 

Figures 7.10—7.15 examine the effects of the differintegration of order v on the principal 
R,Cos-, R,Sin-, and R, Tan-functions for v = —0.6—0.6 in steps of 0.6, with g = 0.25 and g =0.75. 
It is interesting to observe that in all cases, after a short transient period of less than one cycle, 
the v=0 case and the v = 0.6 case are nearly indistinguishable. 

The effect of the k index on the R,Cos¢/7.9(1, £) is shown in Figure 7.16. Note the strong sym- 
metric behavior for this particular case. This is not always found for general values of q. 

Figure 7.17 shows a phase plane plot for R,Cos, versus R,Sin,. with order, q, varying 
between 0.40 and 2.0. For 0 < q < 2, the amplitudes of both the R, Cos, )- and R, Sin, 9-functions 
are asymptotic to 1/q. In other words, the principal functions are attracted to circles of radius 
1/q, for 0 < q < 2. We observe that for values of q < 1, the functions originate at infinity while 
for value of q> 1, they begin at the origin. 
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2 . - r ’ 7 . Figure 7.5 Effect of a for R,Cos, 9(1 ,t) versus 
t-Time for a=0.2-1.1 in steps of 0.1, with 
1.5 + q=0.75,k=0,v=0.0. 


ReCoSo 75 o(a.t) 


ReSino 25,0(a,t) 


Figure 7.6 Effect of a for R,Sin, (1, t) versus t-Time for a= 0.2-1.1 in steps of 0.1, with q=0.25,a=1.0,k=0, 
v=0.0. 


Continuing from Ref. [74] with permission of Springer: 


We also observe from equations (7.5)—(7.7) that 
R, (ak, it) = R,Cos,,(a,k, t) + iR,Sin, ,(a,k, t), 
$0; R20 1,244.4 D D1, (7.12) 
paralleling the form of equation (6.13) for the R,-trigonometry. Furthermore, 
R, (a, k, it) = R,Cos, (a, k, t) — iR,Sin, (a, k, t), 
t>0, k= 0) 1,2, o5530,D, = 1 (7.13) 
is also validated in Section 7.4 (equation (7.70)). 
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15 ; Y r ; | Figure 7.7 Effect of a for R, Sin, .(1, t) versus 


a=11/>, “| t-Time for a=0.2-1.1 in steps of 0.1, with 
oes ae - q=0.75,a=1.0,k=0,v=0.0. 
L WOK — SS | 
+ ae /| 
0.5 | Y a6 . 
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Figure 7.8 Effect of a for R, Tan, (1, t) versus 
t-Time for a= 0.7-1.0 in steps of 0.1, with 
q=0.25,a=1.0,k=0, v=0.0. 


RoTano.25,0(a.t) 


t-Time 


7.2 R,-Trigonometric Functions: Based on Parity 


Because the real part of R, (a, it) is no longer the same as the even part of R, (G4, it) and the 
imaginary part is no longer the same as the odd part of R, ,(a, it), we now consider the terms 
of the series containing only even or odd powers of a, that is, the parity of the R, ,(a, it) series. 


Expanding KR, ,,(a, it) 
Bie =e. a"(i tyrD q-l-v ere. a a"(ity"4 
Ri fa, it) = py T+) q-v = (it)4 p Ti+) ¢-¥) ‘ t>0, (7.14) 
R, (4, it) 
er 1 a(it)4 a*(it)°4 a? (it)*4 a*(it)4 = 
ee (ign Ten tigen tien tier 


(7.15) 
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- : 1 Figure 7.9 Effect of a for R, Tan, (1, t) versus 
I | | | t-Time for a=0.7-1.0 in steps of 0.1, with 
| 


0.77 q=0.75,a=1.0,k=0,v=0.0. 


ReTang 75,0(a.t) 


Figure 7.10 Effect of v for R,Cos, (1, t) versus 
t-Time for v = —0.6 to 0.6 in steps of 0.6, with 
q=0.25,a=1.0,k=0. 


ReC0S8po 95, (1,t) 


t-Time 


Separating this into summations of even and odd powers of a gives 


Tr ee oe. (a2)"(it)2"4 cs) é (a2)"(it)en*4 
Ry VG, it) = (it)4 {2 (n+l) 2g-v—-q) + p> T+) 29-v , t>0, 
a(itht) 2q-1-v 


oo ait") 2q-1-v-q 2 
R400. ¥ ary eX 7.16 
ql tb cea prey) se cemprer ate) 


from which we observe 
Rays it) = Rog yrg(@’, it) + Rog (a’, it), t > 0. (7.17) 


Equation (7.16) then separates R, ,(a, it) into series with even and odd powers of a. These 
complex series are of theoretical importance and are named the Corotation and the Rotation 
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Figure 7.11 Effect of v for R,Cos, (1, t) versus 
t-Time for v= —0.6 to 0.6 in steps of 0.6, with 
q=0.75,a=1.0,k=0. 


2 


ReCoSo 75,(1,0) 


Figure 7.12 Effect of v for R, Sin, 4(1, t) versus 
t-Time for v = —0.6 to 0.6 in steps of 0.6, with 
q=0.25,a=1.0,k=0. 


RoSino 95,,(1,t) 


t-Time 


functions and are defined as 


a"(it)t) 2q—1-v—q 


RC = —_—_—___————.,_ > 0, 7.18 
2COr, (4, t) p> T+) 2q9-v-q@ vie) 
fo) at pet) 2q-1-v sh (7 19) 


R,Rot oH= ’ 
2Rot (4, 0) 4 T+ 2q-%) 


where R,Cor, (4, it) = E,{R,,(a, it)} and R,Rot, ,(a, it) = O,{R,,,(4, it)}, both with respect to 


powers of a. 
Now, the real and imaginary parts of equations (7.18) and (7.19) will be used to define four 


new real fractional R,-trigonometric functions. Continuing from Ref. [74] with permission of 


Springer: 


ReTano25,(1,t) 


7.2 R,-Trigonometric Functions: Based on Parity | 105 


r + , Figure 7.13 Effect of v for R,Sin, (1, t) versus 


t-Time for v = —0.6 to 0.6 in steps of 0.6, with 
q=0.75,a=1.0,k=0. 


ReSing 75,(1,t) 


5 ' : . + Figure 7.14 Effect of v for R, Tan, (1, t) versus 
a d eS = . t-Time for v = —0.6 to 0.6 in steps of 0.6, with 
Yer Oe v=0,0.6 v=0,0.6}/|\v=0,0.6 q=0.25,a=1.0,k=0. 
| } 
0.6 
0 v=-0.6 
v=0.0 
v=-0.6 | 
0 1 2 3 4 5 6 7 


t-Time 
From the R, Rot, ,(a, t)-function, we have 


ee alight) 2q-1-v 


R, Rot, (a, t) = py (n+ 1) 2q-v) 


co 


arly) 2q-1-v 


= Gen 2q — Vv) 


jm) 2a-l-v tS, (7.20) 


We now write 


(n+ 1)2N,D,~D,D,-D,N, _ M 


D,D, D 


(n+1) 2q-1l-v= 
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ReTang75,\1,t) 


ReCoS¢ ; 70(1,t) 


0.6, with q=0.75,a=1.0,k=0. 


a=1.0,k=0,v=0. 


t-Time 


Figure 7.15 Effect of v for R, Tan, (1, t) 
versus t-Time for v = —0.6 to 0.6 in steps of 


Figure 7.16 Effect of k for R,Cos, o(1, t) versus 
t-Time for k = 0-6 in steps of 1, with q = 6/7, 


where q = N,/D, and v= N,/D, are assumed rational, and M/D is in minimal form. 


Then, equation (7.20) may be written as 


bd atl gy) 2q-1-v 
R,Rot, (a, k, t) = ———_————- cos(A) 
7 LT) =) 


co 


arly) 2q-l1-v 


2 ae sin(A), 


where 4 = (a+ 1) 2qg-1-v) ( +2nk)) with t>0,k =0,1,---D,D, -1. 

The Coflutter function is defined as the real part of the R,Rot-function, that is, 
R,Cofl,,(a, k, t) 

ve. al gynt)) 2q-1-v 


= Tat 2q - Vv) 
es 0; ka 01gD D4, 


cos (+1) 2q-1-v) (5 +2nk)) ; 


(7.21) 


(7.22) 


RoSing o(1.t) 


7.2 R,-Trigonometric Functions: Based on Parity 


y Figure 7.17 Phase plane plot R,Sing (1 , t) 
2.57 ee | versus R,Cos, 9(1, t) for q= 0.4—2.0 in steps of 
ot q= 0.4.7 Re +  0.2,a=1.0,v=0,k=0. Source: Lorenzo and 
“id y Hartley 2004b [74]. Adapted with permission 
1.5 F of Springer. 
‘ll / 
0.5 | 
OF | 
| 
-0.5+ \ 
4 \ 
-1.5 
-2 
-2.5 | ———— 


-2 -1 0 1 2 
ReCOSq0(1,t) 


and the Flutter function is defined as the imaginary part of the R,Rot-function, namely 
R,Flut, (4, k,t) 

y qth (gy) 2q-1-v 

~ AA T(n+1) 2q-v) 

E> Ok 0,1 DDI. (7.23) 


sin (+1) 2q - 1-9 (2 +2rk)) 


In a similar manner, from R, Cor, ,(a, t), we have for t > 0 


a" (it)"tD 2q-1-v—q 


R,Corg dat) = ep agrvcp 


n=0 
an(tyarh 2q-1-—v-q 


7 eas 2q -v—q) 


n=0 


ca a aes (7.24) 


We now write 


(n+1) 2N,D,-—D,D,-D,N,-N,D, 
eT Oe ie e 
D,D, D 


where q = N,/D, and v = N,/D, are assumed rational, and M/D is in minimal form. 
Then, equation (7.24) may be written as 
R,Cor, (a, t) 


_ an (tyr) 2q-1-v-q oo a2n(t}@t) 2q-1-v-q 
= > T+) 4@-v—-@ cos(€) +i p> MGs oe sin(é), (7.25) 


n=0 


where & = ((n +1) 2q¢-1-v—@) ( + ark) ) with £>0, and k =0,1,...,D,D,-1. 
From equation (7.25), the Covibration function is defined as, Re{R,Cor, , }, that is, 
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R, Covib,,(4, k,t) 
_ a2"( tyr) 24-1-v-4 
~ 4 T(n+ 1) 2q-v-@ 
t>0, k= 0; 4,4203DD)— 1, (7.26) 
Similarly, the vibration function is defined as, Im{R,Cor,,(a, it) }, namely 
R, Vib,(4, k,t) 


cos (((n + 1) 2q-1-v-q)(4+20k)) 


£8. anger) 2q-1-v-q - 
=> i eb) 0g = 1 (5 +20k)), 
Dy rae eer Mia! Ua) 5 tons 
t>0k=0,1,...,D,D,—1. (7.27) 
By substituting g = 1, and v = 0, into the parity series definitions, we can determine the back- 


ward compatibility of these functions. Therefore, we have continuing from Ref. [74] with per- 
mission of Springer: 


R, Cos, (a, t) = cos(at), t> 0, (7.28) 
R,Sin, (4, t) = sin(at), t> 0, (7.29) 

Ry Cor, (a, t) = cosh(iat) = cos(at), t>0, (7.30) 
R,Rot, (a4, t) = sinh(iat) =i sin(at), t> 0, (7.31) 
R,Cofl, (a,k,t)=0, t>0, (7.32) 
R,Flut, )(a,k,t) = sin(at), t> 0, (7.33) 
R,Covib, )(a,k,t) = cos(at), t> 0, (7.34) 
R, Vib, (a,k,t)=0, t>0. (7.35) 


Thus, we see that complex series — the Rotation and the Corotation — revert to hyper- 
bolic functions of complex arguments. The real functions defined from the Rotation and 
Corotation are observed to either degenerate to zero or in the cases of R,Flut, o(a,k, t) 
and R,Covib, )(a,k,t), to be backward compatible with the circular functions. Thus, 
clearly, we could have defined the R,Flut,,(a,k, t)- and R,Covib, ,(a, k, t)-functions to 
be the fractional generalizations of the traditional sine and cosine functions; however, 
we have given precedence to complexity over parity in our naming conventions. 


We again use the notations as follows: E,(e) to mean the terms of (e) having even powers of 
a, and O,(°) to mean the terms of (e) having odd powers of a. Then, the following observations 
are readily made: 


R,Cos, (a, k, t) = Re(R, (a, k, it)), (7.36) 
R, Sing (a, k,t) = Im(R,,,(4, k, it)), (7.37) 


R,Covib, (a, k, t) = Re(E,(R,,,(4, k, it))) = E,(Re(R,,(4, k, it))), (7.38) 


7.2 R,-Trigonometric Functions: Based on Parity 


R, Vib, (4, k, t) = Im(E,(R,,(@, k, it))) = E,m(R, (4, k, it))), 
R,Cofl,,(a,k, t) = Re(O,(R,,(4, k, it))) = O,(Re(R,,(4, k, it))), 
R,Flut, (a, k,ph= Im(0,(R,,(4, k, it))) = O,(Im(R,, (4, k, it))), 

R, Rot, (a, t) = O,(R,,,(4, it)); 


R, Cor, (4, t)h= E,(R, (4, it)). 


(7.39) 
(7.40) 
(7.41) 
(7.42) 


(7.43) 


The commutative property of equations (7.38)—(7.41) are readily proved by taking the 
even and odd parts of equations (7.6) and (7.7) and relating them to the real and imagi- 
nary parts of equations (7.18) and (7.19), which are the functions on the left-hand side of 
equations (7.38)—(7.41). It is of interest to also write the equivalent relationships for the 


R,-functions: 
R, Cosh, (a, t) = E,(R,,(4,t)), 


R, Sinh, (a, t) = O,(R,,,(4, 6); 
R,Cos,,,(a, t) = Re(R,,,(ia, t)) = E,(R, (ia, t)) 


R, Sin, (4, t) = Im(R,,,(, it)) = O,(K, (ia, t)). 


It is noted that the R,-functions, that is, equations (7.44) —(7.47), exactly parallel the 
tional circular and hyperbolic functions with regard to complexity and parity. 


(7.44) 
(7.45) 
(7.46) 


(7.47) 
tradi- 


The principal, k=0, functions, R,Cofl,,(a,0,t), R,Flut, ,(a,0,t), R,Covib,,(a,0,t), and 
R,Vib,,(a,0,t), are presented in Figures 7.18 and 7.19 for selected q values. Observe that 
R,Cofl, (1, 0, £) = R, Vib; o(1, 0, t) = 0 as indicated by equations (7.32) and (7.35). We also see 


Ro Flutg o(1,t) 


Figure 7.18 R,Cofl, .(1, t) and R,Flut, (1, t) versus t-Time for q=0.2-1.0 in steps of 0.2 and q=0.5, with 
a=1.0,v=0,k=0. Source: Lorenzo and Hartley 2004b [74]. Adapted with permission of Springer. 
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Re Covibg o(1,t) 


q = 0.5 dashed 
q=1.0 


Ro Covibg o(1,t) 


t-Time 


Figure 7.19 R,Covib, ,(1, t) and R, Vib, (1, t) versus t-Time for q=0.2-1.0 in steps of 0.2 and q=0.5, with 
a=1.0,v=0,k=0. Source: Lorenzo and Hartley 2004b [74]. Adapted with permission of Springer. 


that R,Cofl; j2.9(1,0,t) = cos(t) and that R,Flut,;> (1,0, ¢) = R,Flut, (1,0, t) = sin(Z), t > 0. 
Figures 7.20 and 7.21 show phase plane plots for R,Cofl,,(a, k, t) versus R,Flut, ,(a, k, t) and 
R,Covib, (a, k, t) versus R, Vib, ,(a,k, t), for various values of g, compare these to Figure 7.17. 
For the parity functions we observe that for values of gq < 0.5 the functions originate at infinity, 
while for values of q > 0.5 they begin at the origin. 


Ro Flut, o(1,t) 


Ro Cofl, o(1,t) 


Figure 7.20 Phase plane plot R,Flut, .(1, t) versus R,Cofl, (1, t) for q= 0.2—-1.0 in steps of 0.2, and q=0.5, 
a= 1.0, v=0, k=0. Arrows indicate increasing t. 
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Ro Covibg,o(1,t) 


Figure 7.21 Phase plane plot R, Vib, ,(1, f) versus R,Covib, 9(1, t) for q=0.2—-1.0 in steps of 0.2, and q=0.5, 
a=1.0, v=0, k=0. Arrows indicate increasing t. 


7.3. Laplace Transforms of the R2-Trigonometric Functions 


7.3.1 R,Cos, (a, k, t) 
Using definition (7.6), we first consider 
ba qa” tar) q-\-v a 
L{R,C A O}=HL cos { n+1 -1-9(2+2 k)} : 
{R,Cos,,(a,k, t)} Pres ((n+1)q )( 5+ 2a 
$0, K=0,1; 4.4DD,—1. (7.48) 


Because the series converges uniformly (see Sections 3.16 and 14.3), we may integrate 
term-by-term; thus, 


port) q-l-v 
Ta+bq-v \ cos{na, + B,,}, 

t>0, k=0,1,...,D,D,-1, (7.49) 
where a, = q(a/2 + 2zk) and B,,, = (q—1—- v)(a/2 + 27k). Then, 


L{R,Cos,,(4,k,t)} = }\ a"L { 
n=0 


L{R, Cos, (4, k, t)} = >; a se eos na Boys 


n=0 
jo Ow leer iD D, -l,q>v. (7.50) 
Applying the cosine definition (equation (1.18)), this yields 
ePa» co qe! eo Paw bd ate il 
L{R,Cos,,(a,k,)} = > p a a 2X Carey. 
n= n=l 


q>v, k=0,1, ig 2D 1. 
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This may be written as 


= es ae a ee" 
L{R,Cos, ,(a,k, t)} = x = re : =p 
q>V, k= 0,1, .0,D,D,—1. (7.51) 
Based on equation (2.5), we write 
foe} n q 
>, ee (7.52) 
34 si+b 
Applying this relation, equation (7.51) may be written as 
iByy —1 Bay gv 
L{R,Cos,,(a,k, t)} = eS a 
: 2(s4—ae'%) 2(s1-ae'%) 
q>Vv, K=071, -.,DD,-1, (7.53) 
or inverse transforming 
R, Cos, (a, k, t) = sO OR, ai, t)+i GR, (ai4t,0), g>v. (7.54) 


After some algebraic manipulation of equation (7.53), we obtain 
(ea iBov 4 eBay v)s7 — ate = Hq) i 4 Bay ~My a?) 
824 — a(e%! + e~%')s9 + G2 


q>v, k=0,1, sgl ZO = 1. 


L{R, Cos, (a, k,t)} = 


o) 


The bracketed terms are recognized as cosine terms, giving 


s"(cos(f,,)s4 — a cos(B,,, — &, )) 


s°4 — 2a cos(a,)s? + a” 


q>v, k=0,1,...,D,D,-1, (7.55) 


? 


L{R,Cos,,(4, k, pH} = 


where f,,, = (q-1-v) ( + 2nk) ,0,=q ( + 2k) » g=N,/Dy, v=N,/D,, q> v, and 
t > 0. The following is an alternate statement of equations (7.55) and (7.53): 
s"(cos(B,,)s? — a cos(B,, — M4 )) 


GeV. k= deisel D, = 1; (7.56) 


L{R,Cos,,(a,k, t)} = 


> 


The development of the Laplace transforms of the remaining functions follows the same pat- 
tern used here; the key results are therefore presented without detailed derivation. For the trans- 
forms that follow, the general notations a, = q(x /2+ 2k) and Bay = (q-1—-vy(a /2+ 2k) 
apply. Furthermore, g = N,/D,,v = N,/D,,t 2 0,k = 0,1,...D,D, — 1,andq 2 vunless other- 
wise noted. The Laplace transforms are provided in the normal format and in a factored format. 


7.3.2 R,Sin, ,(a,k, t) 


i Bay g¥ —1 Bay gv 
L{R,Sin, (a, k,t)} = Se eae yee 
: 2i(s{t-ae'%) 2i(st-—ae*%) 


CPV, K=O peo Dy Ny (7.57) 


7.4 R,-Trigonometric Function Relationships 


s"(sin(B,,)s1 — a sin(B,, — &,)) 


s°4 — 2a cos(a,)s? + a? 


r) 


L{R,Sin, (a, ko} = 


q>v,k=0,1, ang DAD Hae 


7.3.3 L{R,Cofl, ,(a,k, t)} 


Bog yi v — Bog .yi v 
L{R,Cof,,,(a,k, t)} = —42 "= + 4" ** _ ag >, 
, 2(s°4 — are%a') — 2(s24 — are") 
as" (cos(Pp, ,)8°4 — a? COS( By, , — @5,)) 
L{R,Cofl,,,(a, k, t)} = ——_—"&—§ —____""—_ og >y, 


s#4 — 2a? cos(a,)s°4 + a4 
where a, = 2q ( + ark) and f,,,, = (2q-1-v) ( + ark). 


7.3.4 L{R,Flut,,(a,k, t)} 


1 Bogvi gv 1 ae Pravi gv 
TAR Bini py | | ee 
tt 27 \ 924 — q2e%al 2i \ 524 — qre~%! 


as" (Sin(Byq,)S°4 — a sin(Bog, — Org) 


L{R,Flut, (a, k, t)} = 54d — 2q2 COS(Ay,)574 + a4 


, wg>Y, 
where @,, = 24 ( + 2nk) and p,,, = (2q-1-v) ( + ark). 


7.3.5 L{R,Covib, ,(a,k, t)} 


eFax! gV+4 ePavt gt 
L{R,Covib, 4, k, t)} = ——————_ + ——————__., 
, 2(s24 — are%s') — 2(s24 — ae") 
s’*4(cos(B,,)8°1 — a” cos(B,,, — A4)) 
L{R,Covib, (4, k, t)} = » |r"; 


s#4 — 2a? cos(@,)s"4 + a4 
where a, = 2q ( + ark) and f,, =(q-1-v) ( + ark), 


7.3.6 L{R, Vib, ,(a,k, t)} 


Bayi V+q Bayi v+q 
L{R,Vib,,,(a,k, )} = —S (<=) -2 5 (<=), 


21 624 — qre%al 2i $24 — qre~ en! 


s’*4(sin(B,,)s4 — a? sin(B,, — &,9)) 


L{R, Vib,,(4, k, t)} = s47 — 2q2 COS(Ay,)574 + a4 


> q> V, 
where @,, = 2q ( + ark) and f,, =(q-1-v) ( +22 k). 


7.4 R,-Trigonometric Function Relationships 


(7.58) 


(7.59) 


(7.60) 


(7.61) 


(7.62) 


(7.63) 


(7.64) 


(7.65) 


(7.66) 


Various properties of the R,-trigonometric functions in terms of the fractional exponential 
functions are derived here. Among these results are identities that parallel the basic equations 
(1.18) and (1.19). Some special R-function relationships also result. The results derived in the 


following are valid only for f> 0. 
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7.4.1 R,Cos, ,(a,k, t) and R, Sin, (a, k, t) Relationships and Fractional Euler Equation 


We observe from equations (7.5) —(7.7) that 


R, (4, k, it) = R, Cos, (a, k,t)+ iR,Sin, (4, k,t), k=0,1,2,... »D,D a1 (7.67) 
This is similar to the form of equation (6.13) for the R,-trigonometry. 
Consider 


a"(—it)"*) q-l1-v a(t) 1-v 


—it) = — *\(n+1)q-1-v 
R,y(a,—it) p> TCE SITES =r CES ao (7.68) 


Now, 
(-i* = (4)" =i i? = cos |- op (= +2kr)] + isin |-# (= + kr) 
= Cos |e (5 + kr) —isin le (5 + 2kr) ; 


Thus, equation (7.68) becomes 


foe} 


an(t)tDa-1-v 


R,,(a, k*, -it) = 2, la+Da=y 
x [cost +1l)q-1- vy] (5 + 2nk* ) 


~sin{(n +g —1—v] (5 + 2nk*)| (7.69) 


where k* = 0, 1, 2,...,D,D, — 1. Although k and k* have the same range, they may not be enu- 
merated in the same direction; however, it is clear that when k=0 and k* = 0, the principal 
values are equal. Therefore, it may be seen that 


R, (4, it) = R,Cos, (a, t) — iR,Sin, (a,t), t>0. (7.70) 
Consider now the R, Cos, ,(a, k, ¢)-function as defined in equation (7.6), that is, 
hd q" rtd q-\-v 
Beane) = yy 2 { Liga (= +2ak)\, 
COS 4, (a, k, t) py T+ ba-v) cos 4 (( \q v) ak 

t>0, K=O 2 dy Dy 1s (7.71) 


Continuing from Ref. [74] with permission of Springer: 


Applying definition (1.18), we may write 
a q! pr q-\-v 
R,Cos, ,(a, k, t) = SEES mE 
2€084 4 ) p> T(n+1)q-v) 
4 a 
i[(u —1-v]( = Qak —i[(u —1-v]( = Qak 
. nS +1q-1 (5 + nk) ae [(nt+)q-1 its + nk) 


$0) RS 0/1, 255; 4D Dy 1, 


) il(n+1)q-1-v)( +2nk) 


Now, by equation (3.124), e = jl+Dq-l-vl and (3.127), we have 


foe} 
q! tat) q-\-v jl+Dq-1-7] j-l+D¢q-1-v] 
R,Cos,,(a,t) =) ——___— Sel a ae 
44 T((n + 1)q - v) 2 


7.4 R,-Trigonometric Function Relationships 


This may be written as 


2 ai tta-1-v jl@+Daq-1v] (alt da- 1) 
R, Cos, (4, t)= , €>0. 
LRG Haw 2 


Then, combining terms 


ks gq” (tlerde-1I +4 (—it)lerDa-1I 
R,Cos, (4, t) = =r a Ee ————— > 
a bras Dg= 2 
t>0, 


or 
at ai pi@tDa-1y] oe 


- i a"(-i pl@+D¢_-1-vI 
R, Cos, (a, t) 5 {> a+ bq + pa (a+ 1)q-v) \ , 


n=0 


t>0. (7.72) 
Recognizing the summations as R-functions, we write 
R, (a, it) + Ry (a, —it) 
2 


R,Cos,(a, t) = , t>0. (7.73) 


This equation exactly parallels equation (1.18) in the ordinary trigonometry. It could also 
serve as a definition of R,Cos,,(a, t). The development for the R, Sin, ,(a, t)-function follows in 
a similar manner, and thus, will not be detailed. The result for the R,Sin, ,(a, t)-function is 
R,,(a, it) — Ry (a, —it) 

2i 

This equation exactly parallels equation (1.19) in the classical trigonometry. It could also serve 
as a definition of R,Sin, ,(a, t). Continuing from Ref. [74] with permission of Springer: 


R,Sing (4, t) = , t€>0. (7.74) 


Now, squaring equations (7.73) and (7.74) yields for t>0 
Ria, it) + Rivas —it) + 2R, (4, it)R, (a, —it) 


2 Ee 
R,Cos, (a, t) = Z ; (7.75) 
—R2 (a, it) — R2,(a,—it) + 2R, (a, i)R, ,(a, it) 

R, Sin? (a, t) = —* = 7 Z f: : (7.76) 

Adding and subtracting equations (7.75) and (7.76) gives 
R, Cos? (a, t) + RySin’, (a, t) = R, (a, it)R,,(a,—it), t> 0, (7.77) 

and 

R,Cos? R, Sin? ,(a,t) = 1(R2,(a, it) + 2,(a,—i 0 7.78 
2Cos, (a, t) — R,Sing ,(a, t) = a v4, it) + Ro (a, —it)), t>0. (7.78) 


These equations parallel equations (6.23) and (6.24) and generalize the identities 
cos?(t) + sin’(t) = 1 and cos?(t) — sin?(£) = cos(2t). We rewrite equation (7.73) and 
(7.74) as 

R,,(d, it) + R,(a, —it) = 2R,Cos, (a,t), t>0, (7.79) 


and 
R, (4, it) — Ry (a, —it) = 2iR,Sin, (a, t), t>0. (7.80) 
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Adding equations (7.79) and (7.80) returns the fractional Euler equations for the 
R,-trigonometry 


R, (4, it) = Ry Cos, (a, t) + iR,Sin, (4, t), t> 0. (7.81) 


This equation is the fractional generalization of equation (1.29) and contains it as a spe- 
cial case, that is, when g = 1 and v = 0. Subtracting equation (7.80) from (7.79) gives the 
complementary equation 


R, (4, it) = R,Cos, (4, t) — iR,Sin, (a,t), t > 0. (7.82) 


7.4.2 R,Rot,,(a,t) and R,Cor, (a, t) Relationships 


As previously mentioned, R, Rot, ,(a, t) and R,Cor, ,(a, t) are complex functions. From the def- 
initions (equations (7.17) —(7.19)), we have 


R, (4, it) = R,Cor, (a, t) + R,Rot, (a, t), t> 0. (7.83) 


The summations of equations (7.18) and (7.19) are R-functions of complex arguments, 
that is, 


R, Cor, (4, t) = Rogyrg(a’,it), t> 0, (7.84) 
R,Rot,,(a,t) = aRy,,(a’, it), t>0. (7.85) 
Combining the results of equations (7.84) and (7.85) with equation (7.83) gives the following 
identity: 
R,(@, it) = Rogyrg(@’, it) + GRy,,(a’, it), > 0. (7.86) 
7.4.3 R,Cofl,,(a,t) and R,Flut, ,(a, t) Relationships 
The analysis starts from the Laplace transform of R,Cofl v4, k, t), that is, equation (7.63) 


Bog yt v Bog yh Vv 
a eP oa s ae Paw 5 
24 — 72p%aqi 24 — 72p~ Aji’ (7.87) 
2 $4 — qe 2 524 — qre-% 


L{R,Cofl, (a, k, t)} = 


where a, = 2q ( +22 k) and p,,,, = (2g —1-v) ( +22 k). Continuing from Ref. [74] with 
permission of Springer: 


Performing the inverse transform using equation (3.22), we have 


a e Poa i 


Bagi . 
R,Cofl, (a, t) =“ R (ae™!, t) + a ta R (ae, t) g 


2q,v 2q,v 


t>0. (7.88) 
Applying equation (3.118), we write 


; _ _ Qg-i-v) ’ 
Rog Aa?e', t) = (€%!) Ry, (a?, e!/4t), tt > 0, 
and 
2 typi ~a,,i\-§ 2 ,~a,,i/2q 
Roqy(4 e ' th=(e') 4 Ry, (a,c 4th), t>0. 
Now e@Pra.v—%q (24-1 Vv) /2q)i = e = land e'Paav + %2q (24-1 Vv) /2q)i = © = 1, also e%q'/24 = 
oil 542%) 


2q.v 


: a, ~i( £+22k fee . 
= ij and e~%™!/"4 =e i( $42" ) = —i. With these results, equation (7.88) may be 
written as 


7.4 R,-Trigonometric Function Relationships 


(7.89) 


2 


Ryqy(@?, it) + Ryqy(a?, —it) 
R,Cofl,,(a,t) = a (| De 0. 


The R,Flut, ,(a, t)-function is derived in a similar manner. We give the final result: 


R,,,(@2, it) — Ry, ,(a2, —it) 
a ee a ee ey 


¥ (7.90) 


R,Flut, (a, t) = a4 ( 


We now derive some additional properties of these functions. Rewrite equations (7.89) and 
(7.90) as 


Rog Ala, it) +R 


F 2 
ogy(@’, —it) = 7 RaCofly (a, t), t>0, (7.91) 


Royal, it) — Ryq,(a2, -it) = 21 Ro Flt t), t>0. (7.92) 
Adding equations (7.91) and (7.92) gives 
ARy, a”, it) = R,Cofl, (a, t) + iR,Flut, (a, t) = R,Rot,,(a, t), t> 0. (7.93) 


This equation might be considered as a “fractional semi-Euler” equation as discussed later. 
Subtracting equation (7.92) from equation (7.91) yields the complimentary equation 


& Rog (a, —it) = RyCofl,,,(a, t) — iR,Flut, ,(a, t) = R,Rot,,(a’,-it), t> 0. (7.94) 
Letting 2g = uand a’ = b in equation (7.93) gives 
+ VbR,,,(b, it) = R,Coflu (Vb, t) +iR,Fluts (+£Vb,t), t>0. (7.95) 


Alternatively, we may write 


R,,(@, it) = = (R,Cofle (Vat) +iR,Flut, (£Va,t)), t>0. (7.96) 
a Ja Zz 2 


Equating the real parts to real parts and imaginary parts to imaginary parts with the fractional 
Euler equation (7.67), namely 


R, (4, it) = RyCos, (a, t) + iR,Sin, (a, t), t > 0, (7.97) 


we have the relationships 


R,Cos,,,(a,t) = ——R,Cofl: (£Va,t), t>0, (7.98) 
+a : 
and 1 
R,Sin,,(a, t) = R,Fluts (+/a,t), t>0. (7.99) 
+a ‘ 


Forms paralleling equations (7.77) and (7.78) have also been derived for the R,Cof1, (a, t)- 
and R, Flut, ,(a, t)-functions [74]. These are 


R, Cofl;, (a, t) + RyFlut; (a, t) = a°[Roq,(@°, it)Ro,(a’, -iD)], t > 0, (7.100) 
and 


2 
R,Cofl? (a, t) — RyFlut?,(a, t) = F Rigo, it)+ R3,(a’,—-i)|, t>0. (7.101) 
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7.4.4 R,Covib, ,(a,t) and R,Vib, ,(a, t) Relationships 
This analysis also starts with the Laplace transform of the R,Covib, (a, k, t)-function. From 
equation (7.63) 

eFax! gtd e Pav! gtd 


L{R,Covib, (a, k, t)} = -, G>Yy, (7.102) 


2 924 — gre! 2 $24 — greta’ 
where a, = 2q¢ ( +22 k) and f,, =(q-1-v) ( +22 k). Performing the inverse transform 
using equation (3.22), we have 

i 


: “hy 
(ae, th +2" R 


2q,v+q 2 STE (ae t), t>0. (7.103) 


Bayi 
R,Covib,,,(a, k, t) = FR 
Applying equation (3.118), we write 
Rog vaq(@2e%, t) = (eH!) 8 Ry yp (a2, e748), > 0 
2q,v+q ? 2q,v+q ’ > , 


and ‘ 
R (ae! t) = (et! Pp 2 p-Argi/244 £36 
agvegl4 € °°", t) = (EC) Rog yy gla, € ), €>0. 


Now €9:0~@9-1-9/201 = 69 = 1 and eWPrtt(4-1-9/20i = 69 = 1, also e%!/4 = oil S42*) cen 

ent !/24 = oil $4244) = —i. With these results, equation (7.103) may be written as 

R (a, it) +R (a’, it) 
R,Covib,,(a, t) = (fee eo Ve ISU (7.104) 
The derivation for the R, Vib, ,(a, t) follows in a similar manner, giving 
R (a’,it)—R (a’, —it) 
R,Vib,,(4, t) = (eee . g>y t>0. (7.105) 
: i 


We now derive some additional properties of these functions. Rewrite equations (7.104) and 
(7.105) as 


R (a’,it) +R (a’, —it) = 2R,Covib, (a,t), t>0, (7.106) 


2q,v+q 2q,v+q 


Rogvig(@ > it) — Rogyrg(4’, —if) = 2iR, Vib, (a, t), t> 0. (7.107) 


Adding equations (7.106) and (7.107) gives an additional Euler-like equation: 
Rogviq(@ , it) = R,Covib, (a, t) + iR,Vib,,(a,t), t> 0. (7.108) 


This equation may also be considered as a “fractional semi-Euler” equation as discussed later. 
Subtracting equation (7.107) from equation (7.106) yields the complimentary equation 


Rog vig @ » —it) = R,Covib,,(a,t) —iR,Vib,,(a,t), t> 0. (7.109) 
Let 2g = uand a? = b in equation (7.108), then 
Riya (b, it) = RyCovibs (Vb, t) + iR,Viby £Vb,), > 0. (7.110) 
This may also be written as 


Raves (4,18) = (R,Covibs (Va, t) + iR,Viby (Va, t)) 


R,,(a,it) = (RoCovibs, «(eVa, t) + iR,Vibs,_«(tVa, t)) , t>0, (7.111) 


7.5 Fractional Calculus Operations on the R,-Trigonometric Functions 
another fractional semi-Euler equation. Comparing the real and imaginary parts with the frac- 
tional Euler equation (7.67) 

R, (a, it) = Ry Cos, (4, t) +iR,Sin, (4, t), t> 0, (7.112) 
we have the relationships 
Ry Cos,,(4, t) = RyCovibe ,9(+ Va,t), t>0 (7.113) 


and 
R,Sin,,(a,t) = RyVibs, s(+Va,t), t>0. (7.114) 


Gq y-4 
gi 2 


Then, using equations (7.67), (7.96) together with equation (7.111), we obtain 


R,Cos, (a, ) = £R,Cofle,(a,) =B,Covibe, (ast), #>90, (7.115) 
2 qv a oe 22 "9, 


RSW ER Ful GS Rs AEDs. FSO: (7.116) 
2 qv a 2 ad 2 35 


Forms paralleling equations (7.115) and (7.116) have also been derived for the R, Covib, (a, t)- 
and R, Vib, ,(a, t)-functions [74]. These are 


R, Covib7, (a, t) + Ry Vib; (a, t) = Rogyyq(@’s it)Rogyrg(@s—it), t > 0, (7.117) 
and 
RyCovib? (a, t) — Ry Vib? (at) = FIR yyg(@?s it) + By yyg(@s—i], £>0. (7.118) 


Many more such relationships are possible for the R,-trigonometric functions. Relationships 
such as the multiple-angle and fractional-angle formulas from the integer trigonometry and 
more are yet to be developed. The following section derives some fractional calculus relation- 
ships. 


7.5 Fractional Calculus Operations on the R,-Trigonometric 
Functions 


7.5.1 R,Cos, ,(a,k, t) 
The a-order differintegral of R,Cos, ,(a, k, t) is determined as 


ater) q-\1-v 


04; Ry Cos, (4, k,t) = od; pe M(n+1) q-¥) 


n=0 


cos { (n+ )q-1 - (2 +2nk) \ ; 


t>0, k=0,1,...D,D,-1. (7.119) 


Based on Section 3.16, we may term-by-term differintegrate 


co n Ja 4(n+1) q-1-v 
adn 4 


a k = Tf 1) 7 Wain 
04; RyCos,,(a,k, t) = ¥) Mn+) q-v) 


n=0 


cos { (n+ 1l)g-1-v) (5 +2nk)} ; 
t>0, k=0,1,...D,D,-1. (7.120) 
Applying equation (5.37), that is, 
T(pt+ lx 


‘x? = ———____ =I, 7.121 
oF x” T(p-a+1)’ p> ( ) 
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Continuing from Ref. [74], with permission of Springer: 


Thus, equation (7.120) becomes 
04; Ry Cos, (4, k, t) 


ath q-\-v-a 


est er 


50s {(n+Dq-1—v) (5 +20k) } 


q>v, t>0, k=0,1,.....D,D,—1. (7.122) 


From the sum and difference formulas for the integer-order trigonometry, the following 
identities may be derived: 


cos(x) = cos(y) cos(x — y) — sin(y) sin — y), (7.123) 


and 
sin(x) = cos(y) sin(x — y) + sin(y) cos(x — y). (7.124) 


Now, in equation (7.122), let 


x=((n+1)q-1-¥)(4+20k), K= 0d ei55D Dy 1, also, let 


y=a( 2 +2xk). 
Then, applying equation (7.123), 


atte) q-1-a 


04; R, Cos, (a, k, t) = cos(y) De cos{x —y} 
n=0 


=—T((n+1)q-—v-—a) 


q! tar) q-1-v-a 


— sin ——____- sin{x-y}, 
® Gre Dqov—w) ~-y} 
t>0,q>v, k=0,1, igh Dy 1. (7.125) 


The summations are recognized as R, Cos, ,,,.,(a, k, t) and R,Sin,,,,(d, k, t), respectively, 
yielding the final result 


04; Ry Cos, (a, k, t) = cos(y)Ry C084 4q(4, kt) — sinQ)RySing y4q(4, k, t) 
t>0, q>V, k=.0;1,..:5;D,D,—1; (7.126) 
where y = @ (F + ank). Taking a = 1, we have cos(y) = 0 and sin(y) = 1, giving 
04, Ry Cos, (4, k, t) = —R,Sing »4\(4,k, 0), 
E> OG > Vik HO 1s 43D Dy =A, (7.127) 
We may check backward compatibility by taking g = land v = 0 
04, R, Cos, (4, k, t) = —R,Sin, (4, k,t), t>0, k=0,1,... ,D,D, -l1, 


which evaluates to 
od, cos(at) = —a sin(at), t> 0, (7.128) 


as expected. 


7.5 Fractional Calculus Operations on the R,-Trigonometric Functions 


An interesting alternative development of the result of equation (7.127) is obtained as follows: 
R,y(@, it) + Ry (a, —it) 


04; Ry Cos, (4, t) = of 5 , t>0. (7.129) 
By the differentiation equation (3.114), 
PR, a q(G, it) + (—)*°R, (a, —it) 
od2R,Cos, (a, t) = —2* 5 cus . £50, (7.130) 
When a = 1, we have 
iR, ,44 (4, it) — ik, ,,,(a, —it) 
od,R,Cos, (a, t) — ooo 
Z —Ro41(G, it) e Rave, — ue 
2i 
which is recognized as 
04, R,Cos, (a, t) = —R, Sin, (a, t). (7.131) 


7.5.2 R,Sin,,(a,k, t) 

Determination of the derivative for the R,Sin qv k, t)-function proceeds in a manner simi- 
lar to that of R,Cos,,(a,k,t). The key results for the a-order differintegral of R,Sin, (a, k, t) 
follow. Using equation (7.124) with x = (a+ 1)q-—1- Vv) ( +2 k), RS 04) 5205 D2D)= 1 
q>v,andy=a (: + ank), we have 


ater) q-\-v-a 


iGri¢-cp 


off, Sin, ,(a,k,t) = cosy) ) 
n=0 


= ny(n+1) q-1-v—-a 
+ sin(y) py Rw iiyoy cw ars cos{x—y}, 
t>0,k=0,1, DD. (7.132) 
The summations are recognized as R,Sin,,,,(d, k, t) and R,Cos,,44(a, k, t), respectively, yield- 
ing the final result 
04; RSin, (a, k, t) = cos(y)RoSing y4¢(4, k, t) + sin(Qy)Ry C084 y4q(d, k, t) 


q>v,t>0, k=0,1,...D,D,-1, (7.133) 
where y = @ ( + ak). Taking a = 1, we have cos(y) = 0 and sin(y) = 1, giving 


04, Ry Sin, (4, k,t) = R,Cos, ,,,(a,k,t), t > 0,k =0,1, ... ,DP, —1. (7.134) 


q.v+ 


Backward compatibility is obtained by taking g = land v = 0; thus, 
04, RySin, (a, k,t) = R,Cos, (a,k,t), t>0, k=0,1,...,D,D,-1, (7.135) 


which evaluates to 
o@, sin(at) = acos(at), t > 0, (7.136) 


again the expected result. 
An alternative R-function-based development using equation (7.74) yields 


i#@1R (a, it)—i-*R, (a, —it) 
oA7R, Sin, (a, t) = : , = t 


qQ.v+ 


> 0, (7.137) 
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when a = 1, we have 
Rave, it) + Ra ysis —it) 


04, Ro Sin, (4, t) = 5 , t>0, (7.138) 
which is recognized as 
04, R, Sin, (a, t) = RyCos,,4;(4,t), t>0. (7.139) 
7.5.3 R,Cor, ,(a,t) 
The a-order differintegral of R,Cor, (a, t) is determined as 
a ny jf) (M+) 2q-1-v-q 
od? Ry Cor, ,(a,t) = od? Y, @) t>0, (7.140) 


T((a+1)2q-v-—q)’ 


n=0 


oo qe" ace ama prt D2q-1-v—-q 


d*R,Cor, (a, t) = , t>0. 
04, RoCorg (4, £) p> (n+ 1)2q-v—4q) 
Application of equation (7.121) to this equation gives 
a gon jtd2q-1-v—q4(nt D)2q-1-v-q-a 
d?‘R,Cor, (a, t) = , t>O0, 7.141 
04: RCo gy (4, #) p> l(a + 1)2q-v—q-a) ( ) 


with q > v. The summation is recognized as both an R-function and as an R, Cor-function, yield- 
ing the final result 


Ry Cor, (AST Ry aia th) STR Cor, (ad), g>v, E>, (7.142) 


7.5.4 R,Rot, ,(a,t) 
Similarly, the a-order differintegral of R,Rot, ,(a, t) is 


04; R,Rot, (a, t) = ai"R (a’, it) = PRROtyy4q(4,t), 2q>Vv, t>0. (7.143) 


2q,v+a 


Only key results are given for the remaining functions. 


7.5.5  R,Coflut, (a, t) 
The a-order differintegral of R,Coflut, (a, k, t) is determined as 
04; Ry Coflut, ,(a, k, t) =cos(y)R,Coflut, ,,,(4,k, t) — sin) R,Flut, 
t>0,2q>v, a>0, k=0,1,...D,D,-1, (7.144) 


(a, k, t) 


v+a 


where y = a ( + atk). Taking a = 1, 2g> v, we have cos(y) = 0 and sin(y) = 1, giving 
04, Ry Coflut, (a, k, t) = —R,Flut, ,.,(a,k,t), ¢>0, k=0,1,...,D,D,—-1. (7.145) 
Taking g = land v = 0 gives 
04; R,Coflut, o(a,k, t) =cos(y)R,Coflut, (a, k, t) — sin(y)R,Flut, ,(a, k, t), 
k=0,1, nis DP Dial; (7.146) 
and with a = 1, we have 


04 Ry Coflut, (4, k, t) = —R,Flut, \(a,k,t), t>0, k=0,1,... »D,D, —1. (7.147) 


7.5 Fractional Calculus Operations on the R,-Trigonometric Functions 


However, R,Coflut, (a, k, t) = 0; thus, 
R,Flut, (a,k,t)=0, k=0,1,... ,D PD, —1, ¢t>0. (7.148) 

The alternative R-function-based development gives 

PR iG) +1 “Ry a ip) 


04; Ry Coflut, ,(a, t) = 5 


, €>0. (7.149) 


7.5.6 R,Flut,,(a,k,t) 
The a-order differintegral of R,Flut, (a, k, t) is given as 
04; RyFlut, (a, k, t) =cos(y)R,Flut,,,,(a, k, t) + sin(y)R,Coflut, 
t>0, 2q> Vv, k=0,1,...,D,D,-1, (7.150) 


(a, k, t) 


va 


where y = @ (5 + atk). Taking a = 1, we have cos(y) = 0 and sin(y) = 1, with 2q > v, gives 
04,R,Flut, (a, k,t) = R,Coflut, 1 (4, k,t), t>0, k=0,1,... (DD, —1. (7.151) 
Taking g = land v = 0, in equation (7.150), yields 
04; RyFlut, (a, k, t) =cos(y)R,Flut, ,(4, k, t) + sin(y)R,Coflut, (4, k, t) 
t>0,k=0,1, cere oe Saas © (7.152) 
When we also have a = 1, this becomes 
04 RFlut, (4, k,pj= R,Coflut, (4, k,t), t>0, k=0,1,... ;DP, -—1. (7.153) 
However, from equation (7.33),R,Flut, o(a, k, t) = sin(at), thus indicating that 
R,Coflut, ,(a,k,t) =a cos(at), t>0, k=0,1,... ,D,D, —1. (7.154) 
The alternative R-function-based development yields 
PR op aE it) -— Roepe, —it) 


- , t>0. (7.155) 
2i 


04; RoFlut, (a, t) =a | 


7.5.7 R,Covib, ,(a,k, t) 
The a-order differintegral of R,Covib, (a, k, t) is 
04; R, Covib, (4, k, t) = cos(y)R,Covib,,,4(4,k, t) — sin(y)R Viby y4q(4, k, 0) 
GeV, C20 ha 071 ae. Dols (7.156) 
where y = a ( + ak). With a = 1, we have cos(y) = 0 and sin(y) = 1, giving 
04,R,Covib, (a, k,t)=—-R, Vid gv4i(4, kt), q>v,t>0, k=0,1,... DD, —1. (7.157) 
In addition, with g = land v = 0, we obtain 
04, RyCovib, (a, k, t) = —R, Vib, (4,k,t), t>0, kK=0,1,... ,D,D, —1. 
From equation (7.34), RyCovib, o(a, k, t) = cos(at); thus, we have 


R, Vib, ,(4,k,f) =asin(at), t>0, k=0,1,... ,D,D, —1. (7.158) 
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Alternatively, 


aR 


i (a, it) + i-*R, (a’, —it) 
od R,Covib, ,(a, t) = saat 


2 ? 


2q,v+qta 


t>0. (7.159) 


When a = 1, we have 

Rog vga s it) — Roping s —it) 

—r oor — 

= -R,Vibyyiil4,t), t>0. (7.160) 


04,R, Covib, ,(a,t) = - 


7.5.8 R,Vib, ,(a,k,t) 
The a-order differintegral of R, Vib ved k, t) is determined as 
04; Ra Vib, (a4, k, t) = cos(y) Ry Vibgy4q(d, k, t) + sin(y) Ry Covib, y4q(4, k, t) 
q>v, t>0, k= Oy1y x03 D Dy = 1, (7.161) 
where y = a (: + atk). Taking a = 1, we have cos(y) =0 and sin(y) = 1, giving 
04, Ry Vib, (4, k,t)= R,Covib, 41 (4, k,t),q>v,t>0, k=0,1,... DD, —1. (7.162) 
Now, taking g = 1 and v = 0, in equation (7.161), gives 
04; Ry Vib» ((a, k, t) = cos(y)R, Vib; (4, k, t) + sin(y)R,Covib, , (a, k, t), 
t>0, k= 0;1; 3304 DD 1, (7.163) 
With both a = 1 and with g = land v = 0, we have 
04 Ry Vib; o(4, k,t)= R,Covib, \(4, k,t), t>0,k=0,1,... »DD; —1. 
However, R, Vib, o(a, k, t) = 0; therefore, we have 
R,Covib, (a, k, t) = 0. (7.164) 


The alternative R-function-based development of the results of equation (7.105) is obtained 
as 


IPRs vequg(@2s it) — (—i)"Rop yeryq(@2s —it) 
of Ry Vib,,(a, t) = —2** 7 acs as , t>0. (7.165) 
When a = 1, we have 
Rog ynga(@2r it) + Rog yaqui(@2, —it) 
04,R, Vib, (a. t) = Ss t> 0, (7.166) 
which is recognized as 
04, Ry Viby (a, t) = R,Covib, ,.,(4,t),t > 0. (7.167) 


Tables 7.1 and 7.2 summarize the various properties of the R,-trigonometric functions. Con- 
tinuing from Ref. [74], with permission of Springer: 
7.5.9 Summary of Fractional Calculus Operations on the R,-Trigonometric Functions 


For ease of reference, the fractional calculus operations are summarized here. The derivations 
are for t>0,k=0,1, ... ,D,D, —l,andy=a ( + ak). For all cases, except the Flut and 
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7.6 Inferred Fractional Differential Equations 


Coflut, q > v, for the Flut and Coflut, we have 2q > v. 


04; R,Cos, (4, k,t) = cos(y)R,Cos (a, k, t) — sin(y)R,Sin (a, k, t), 


qv+a qv+a 


04; RSing (a, k, t) = cos(y)RoSing y4q(4,k, t) + sinQ)Ry COs, y44(4, k, t); 
off Ry Cor, (4, t) = i Rog yrgrg(@ sib) = i°R, Cor, y19(G, €); 
off RyRot, (4, t) = Ai" Rog yq(4, it) = i" R,Rot,,, (4, t), 


04; R,Coflut, (a, k,po= cos(y)R,Coflut, , 4q(4, k, t) — sin()R,Flut, , (4k, 0); 


04; RoFlut, (a, k, t) = cos(y)RFlut, y44(a, k, t) + sin(y)R,Coflut,,,4(4,k, 0); 
04; Ry Covib, (a, k, t) = cos(y)RyCovib,,44(a, k, t) — sin()Ry Vib y4q(4,k, 0); 


of Ry Vib,(4, k,t) = cos(y)R, Vib>, 4q(4, k, t) + sin(y)R, Covib,, 4q(4, k, t). 


7.6 Inferred Fractional Differential Equations 


(7.168) 
(7.169) 
(7.170) 
(7.171) 
(7.172) 
(7.173) 
(7.174) 


(7.175) 


Because the approach to obtaining special classes of FDEs for the R,-trigonometry is so similar 
to that for the R,-trigonometry, one only needs to change the functions in that analysis. We 


only point out that combinations of R,- and R,-functions may also be used. 
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The R3-Trigonometric Functions 


In the integer-order trigonometry, replacing the frequency parameter a by the imaginary 
parameter ia toggles the functions back and forth between the trigonometric and the 
hyperbolic functions. For example, 


sin@iy) >isinh(y) and sinh(iy) > i sin(y), 
and for the cosine function 
cos(iy) > cosh(y) and _ cosh(iy) > cos(y). 


Parallels to this were found for the R,-trigonometry with the R,-hyperboletry. However, this 
is not the case relative to the R,-trigonometry. This chapter develops the effect of an imaginary 
frequency parameter and an imaginary time parameter in the R-function. 


8.1 The R3-Trigonometric Functions: Based on Complexity 


The basis for definition of the R,-trignometric functions is to allowa — ia. The R,-trigonometric 
functions are based on t — it. The obvious question is: What is the nature of the results when 
both a > ia and t > it? This assumption is the basis of the R,-trignometric functions. We 
start by separating RK, ,(ia, it) into real and imaginary parts. Thus, we consider 


tani p\+Dq-1-v 
R,,(ia,it) = >) CET eon eG. (8.1) 
n=0 


ad q" t@t)q-1-v j@tDq-l-vtn 


R, (ta, ib) = > — Ta@+hq-y)” t>0. (8.2) 


n=0 
Now, for rational g and v, we may write 
AND) EN, Dy DD, ai Da 2, 


nq+q-1l-v4+n= iD = 
q-v 


Sx 


Thus, 
jt a-t-t" = cos(é) + isin(é) = cis(é), 
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M 


u ( + ank), é=(nq++q-1-v) ( + ak), and k =0,1,2,...,D,D,-1. 
Therefore, equation (8.2) may be written as 


where € = 


qttetba-l-v 


Riya, k, it) = Dy T+ bgq-n t> 0, 


n=0 
bei atetba-l-v oe qtetDaq-l-v 
R ia,k,it = ————_ Cos +i ——————- sin(é), 
aw\ ) py (n+ )q-v) 6) py (a+ 1q-v) (6) 
Pa L005 Dat (8.4) 


where k is included in the R-function argument to reflect its presence in & on the right-hand 
side. Then, by similarity to equations (7.6) and (7.7), we define 


qtetDaq-l-v 


R,Cos, (a, k, t) =o Ta@+bq—- cos (nq +1)+q-1-Vv) (= + ank) ) ; 


t>0, k=0,1,2,...,D-1, (8.5) 


a't@tba-l-v 


R3Sing (4, k, t) =), T(m+bq_-v sin (ina + 1) + q- 1- v) (5 + 2nk) ) - 


t>0, k=0,1,2,...,D-1. (8.6) 


Thus, these definitions are quite similar to those for R,Cos,,( a, t)and R,Sin, ,( a, t), differing 
from their R, counterparts only by the presence of an extra “” in the arguments of the circular 
functions. As with the R,-trigonometric functions, we define the principal functions for t> 0, 
as 


q! ttDq-1-v 


R3Cos,,(4, t) = R3Cos, (a, 0, t) = ——_______—_. 
a 4 LrG@egs) 


cos (ng + l+q-1- n=) , (8.7) 


ea att’tDa-l-v 
R;Sin,,(a, t) = R,Sin,,(a,0, t) = >) 


n=0 


i 1 
hGstig=) sin ((nq+ l)+q-1- 5) . (8.8) 


Combining equations (8.4) — (8.6) gives 
Ry (ia, it)= R;Cos, (4, k,t)+ iR; Sin, (4, kt), t>0, k=0,1,2,...,D-1. (8.9) 


Figure 8.1 shows the principal R,Cos,,- and the R,Sin,,-functions for values of g between 
q=0.2 and q=1.0, with a=1.0 and v=0. We observe from Figure 8.1 that for g=1 andv =0 
we have R3Cos, (a, t) = e~*’, and we can see that R3Sin, 9(1, £) = 0. These results are readily ver- 
ified by appropriate substitution into equations (8.7) and (8.8). The character of these functions 
changes considerably for g > 1, which is illustrated in Figure 8.2. For g = 1.495 and greater, the 
principal R,Sin, ,- and R,Cos, ,-functions also grow in oscillation amplitude. 

In Figures 8.3 and 8.4, we study the effect of changes in the a parameter on the principal 
R;Cos,,- and the R,Sin, ,-functions for values of g = 0.25 and 0.75, respectively. As seen in the 
R, and R, trigonometries, the effect of increasing a leads to faster transient responses of 
the trigonometric variables. The effect of the differintegration order variable, v, is presented 
in Figures 8.5 and 8.6 for values of g= 0.25 and 0.75, respectively. Here, we see that v not only 
changes the transient rate of response of the trigonometric functions, but also the nature of 
the response, in particular when the sign of v changes. 
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R3Cos, (1,0) 


1 L L 


0 1 2 3 4 


t-Time 


Figure 8.1 R,Cos, (1, t) and R3Sing oA , t) versus t-Time for a= 1, k=0, v=0, q=0.2-1.0 in steps of 0.2. 


R3CoSsq 0(1,t) 


RgSing o(1,t) 


t-Time 


Figure 8.2 R,Cos, (1 ,t) and R3Sing oA , t) versus t-Time for a= 1, k=0, v=0, q=1.0-1.5 in steps of 0.1. 
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s 

ry 

a 

s 0.5 

3 
oy a = 0.25, 0.50 
. a=1.0 

0 
0 1 2 3 4 


R3Sino 25,0(ait) 


0 1 2 3 4 
t-Time 


Figure 8.3 Effect of a, R3Cos, (1 ,t), and R3Sing (1 , t) versus t-Time for a= 0.25-1.0 in steps of 0.25, with 
q=0.25,k=0,v=0. 


R3COSp 75,0(a,t) 


R3Sino75,0(at) 


t-Time 


Figure 8.4 Effect of a, R;Cos, (1 ,t), and R3Sing (1 , t) versus t-Time for a= 0.25-1.0 in steps of 0.25, with 
q=0.75,k=0,v=0. 
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R3COSpo 96, (1, 


R3Sing 25, (at) 


0 1 2 3 4 
t-Time 


Figure 8.5 Effect of v, R, Cos, (1 , t), and R3Sing (1, t) versus t-Time for v = —0.6-0.6 in steps of 0.3, with 
q=0.25,k=0,a=1. 


R3CoSpo 75,,(1,t) 


R3Sing 75,,(a.t) 


t-Time 


Figure 8.6 Effect of v, R, Cos, (1 ,t), and R3Sin, (1, t) versus t-Time for v = —0.6-0.6 in steps of 0.3, with 
q=0.75,k=0,a=1. 
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5 r 


R3Sins/79(1,t) 
fo) 


Figure 8.7 Effect of k, for R,Sing ;7.(1,k, t), with k= 0-6 in steps of 1,q=5/7,a=1.0,v=0. 


2 Figure 8.8 Phase plane R,Sin, (1, t) versus 
R3Cos, (1 , t) for g= 1.0-2.0 in steps of 0.2, with 
1.5 } a=1.0,v=0,andt=0-7.0. 
1 
S 0.5 
io” 
& 
Y 0 
a 
-0.5 
-—1 E 
1.5 n n 
-2 —1 0 1 2 


R3Cosq o(1,t) 


The effect of k, for R,Sins/79(1,k,t), with k=0 to 6 in steps of 1, and g=5/7, a=1.0, 
v=0 is shown in Figure 8.7. In this case, strong symmetry is again seen. It has been 
observed that the R,Sin-function maintains this symmetry for q=1/n with n an odd 
integer. 

Figure 8.8 shows a phase plane for R,Sin, (1, ¢) versus R;Cos, (1, t) for q= 1.0 to 2.0. In this 
figure, all cases start from the origin. The cases with 1 < g < 1.4return to the origin, while those 
for gq > 1.6 diverge with increasing rates. 


8.2 The R3-Trigonometric Functions: Based on Parity 


We now consider R,,(ia, it) based on parity of the exponent of a. Then, equation (8.1) is written 
as 
in canis a" 
R, (iat = > =, #0 8.10 
gv(ta, it) = (it) La rG@+ na) (8.10) 
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The summation becomes 
1 (i4*1 a) {1 (it ay t?4 (i9*14)>t°4 (it*1a)*t4 (it*1a4)>t°4 
Tq-v) T@q-v) VGq-v) T4q-v) VP6q-v) P6q-v) 


Forming two summations by separating terms with even and odd powers of a, we may write 


oe Paerae (i4*1 4 )2"(¢9)2"41 bia (G41 gq 21 gay2m+2 
Rylan) F oP T(@ut+bq—v) p> fG@nfagen fe oe 


pee, (811) 


(8.12) 


(24+) G2 yng deqrl-v q 


+ ay ey\gel—v — ( a (Pag? yt prt b2q-l-v 
R, (ia, it) = (i)! eee > a 


(8.13) 
We note in passing the identity 
R GaSe QR OO aD) UO RE Oa. ES 0, (8.14) 
which after application of equation (3.119) becomes 
Ry (id, ib) = Rog yyg(—@, it) + iaRyy,(—a’, it), t>0. 
For t > 0, equation (8.13) is rewritten as 
R,,(ia,it) =) potas 
; 44 T((n + 1)2g —v-@) 

q2ntl ptl)2q-1-v pmqtl¥2q-V, (8.15) 


+ SS 
p> l(a + 1)2q — v) 


where the summations are separated into even and odd powers of a in (8.12). In parallel with 
the development of the R,-trigonometric functions, and based on equations (8.13) and (8.14), 
we define the R,-Corotation and R,-Rotation functions as the summations with even and odd 
powered a terms, respectively: 


ced 20G+D gq?) ng nt )2q-1-v-4 


‘g-1— ( 1- +2, DD. 
R3Cor, (4,0) =i" Sy Re ae, (8.16) 
4 2, T((4 + 1)2q -v—4q) ad 


(Pa Dg2\( t1)n+l 


= file ly Ne EY t>0, 
y Tn +1)2q-—v-—q)’ 
; PY q?)"t (n+1)2q-1-v ea ; 
R,Rot, ,(a,t) = 77a ee PrrgR, (par A). 8.17 
3Rot, ,(a,t) =i “y, T+ )2q-n it aR, i a’, t) (8.17) 
be j2G+ 1) g2)n(pqy2n+2 
= Ppt sian Na ai =aik, (—a’, it), t>0. 
py Tu + 1)2q - v) @ 


We now use the real and imaginary parts of these functions to define the four new real frac- 
tional trigonometric functions that parallel those defined for the R,-trigonometry. 
The R;Cor,,(a, t)-function is rewritten as 


<2. (a2ynttD24-1-v-q 5 me 
R,Cor, (a, t) = = ———— irre l t>0, 8.18 
srg (4, 1) 2, l(a + 1)2q-—v—q) ae-18) 
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Applying equation (3.123) to 2“@+)+¢-!-” with g and v rational, we have 
2nN_D, + 2nD,D, +N,D,-D,D,-—N,D 
Qnqg+2n+q-1-v= EE ea Ma 
D,D, D 


where g = N,/D, and v = N,/D, are assumed to be rational and irreducible and M/D is in 
minimal form. Thus, 


Pana D+I-1-v — cog (antag +1)+q-1-yv) (= + ark) ) 


+isin (ang + 1)+q-1 - (= + 2k) ) 
where k = 0, 1, 2,... B,D Then R,Cor, (a, k,t) may be written as 
R,Cor, ,(a, k, t) 
gin tt D24q-1-v-q 


Gi 


n=0 


D cos (ang + 1)+q-1-v) (= +2nk)) 


gente t)2q-1-v-4 


Hy tin (nav +4-1- (8 +2nk)), t>0. (8.19) 


The real part of the R;Cor, ,(a,k, t) is defined as the R;-Covibration function 


qo" port D2q-1-v-4q 


R;Covib, (a, k, t) -y 7) cos (ang +1)+q-1-v) (5 + ank)), 


44 T((n + 1)2q -v 


ESO LEC cD DH 1, 
(8.20) 


The imaginary part of equation (8.19) defines the R,-Vibration function 


q" port 2q-1-v-4q 


R3 Vib, (a, k, t) = sin (ang +1)+q-1-y) (= + ank)) 
7 2G =o 
t>0, k=0,1,2,... ,D,D, -1. (8.21) 


We now examine the nature of these functions when g = 1 andv = 0 


fue} 


2n 42n 
R3Covib, ((4, k, t) = p> co cos ((4n) (= + ank)), 
ae az" ten 

=) =cosh(at), t>0, k=0,1,2,...,D,D,-1, (8.22) 

4 (an)! q 

and 
; iad 2n p2n 

R,Vib, o(a,k, t) = roa (can) (5 ¢ 2nk) ) =0, 

t>0, k=0, L206 5 = ale (8.23) 


The R,Rot-function (equation (8.17)) is now written as 


2 (a2yettD24-1-v % 7 
R.Rot, (a, t) = a ¥~, ———————— in rrar tt > 0. 8.24 
;Rot,,,(a, t) 2, Gs Daw (8.24) 


8.2 The R,-Trigonometric Functions: Based on Parity 


Applying equation (3.123) to 2"4@+)*24-" with q and v rational, we have 
2nN,D, + 2nD,D, + 2N,D, —N,D 
yn 24¢ 2S" eee “ 
D,D, D 
where q = N,/D, and v = N,/D, are assumed to be rational and irreducible and M/D is in 
minimal form. Thus 


j2ng++24-Y = cog (nq +1)+2q-v) (5 + 2nk) ) 


+isin ((antq +1)+2q-v) (= + 2nk) ) 

where k = 0,1, 2,...,D,D, — 1. Then, R,Rot, ,(a,k,t) may be written as 
qonthptd)2q— 1l-v 
41a + 1)2q- v) 


q2nt) g@+))2q- 1-v 


7 ‘Lhasa Vv) 


R;Rot, (a, k,t) = ee cos (ant +1)+2q-v) (5 + ark) ) 


sin (ang +1)+2q-Vv) (= + ank)), 


t>0, k=0,1,...,D,D,-1. (8.25) 
Thus, we define the real part as the R,-Coflutter function 


qt prt )2q-1— v 


4 T+ 12g -¥) cos (ang +1)+2q-v) (5 + axk))., 


R,Cofl,,(a,k, t) “4 
t>0, k=0,1,...,D,D,-1, (8.26) 
and the imaginary part as the R,-Flutter function 


gent) ¢@4))2q- 1l-v 


GlDu—n (cng +1) +2q-¥) (F + ank)), 


R,Flut, (a, k, t) =) har = 
£20; k=O, 15525 5D,Dy = 1, (8.27) 


Again, we examine the nature of these functions when g = 1, and v = 0, then 


y qantl pont 
R3Cof l, (4, k, t) = ), ———— cos (an +2) (= +22 k)), 
441 T(Qn + 2) 
qrtl panel 
- ) ———_ =-sinhat), t>0, k=0,1,...,D,D,-1. 
= One 1)! T¥ 


and 


qth pentl 


sTQn+D +d sin (an +2) (= +21 k)) =0 


R,Flut, g(a, k, t) = “YT 


t>0, k=0,1,...,D,D,-1. 


The backward compatibility, that is, the g = 1, and v = 0 evaluation, of the R,-functions for 
t > 0, is summarized as 


Raiaip se; (8.28) 
R,Cos, (a, t) = e~*", (8.29) 
R,Sin, o(1, t) = 0, (8.30) 
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R3Cor, 9(a, t) = cosh(at), (8.31) 
R3Rot, (4, t) = — sinh(at), (8.32) 
R;Covib, ,(a, t) = cosh(at), (8.33) 
R; Vib, (a, t) = 0, (8.34) 
R;Cofl, (a4, £) = — sinh(at), (8.35) 
R3Flut, (4, t) = 0. (8.36) 


Thus, we see that these functions are backward compatible with the common exponential 
and the hyperbolic functions and indeed might be considered as the R,-hyperbolic functions. 

Here, the complexity and parity properties of RK, ,(ia, it) in terms of the R,-trigonometric 
functions are summarized; for t>0 


R,Cos,,(a, k, t) = Re(R, (ia, k, it)), (8.37) 
R,Sin, (a, k, t) = Im(R, (ia, k, it), (8.38) 
R,Covib, ,(a,k, t) = Re(E,(R,,, (ia, k, it))) = E,(Re(R, (ia, k, it))), (8.39) 
R; Vib, ,(a,k, t) = Im(E,(R, , (ia, k, it))) = E,dm(R, (ia, k, it))), (8.40) 
R;Cofl, (a, k, t) = Re(O,(R,,(ia, k, it))) = O,(Re(R, (ia, k, it))), (8.41) 
R,Flut, (a, k, t) = Im(O,(K, (ia, k, it))) = O,Um(R, , (ia, k, it))), (8.42) 
R;Rot, (a, t) = O,(R,,,(ia, it)), (8.43) 
R,Cor, (4, t) = E,(R,,,(ia, it)), (8.44) 


where E, and O, refer to the forms with terms containing the even and odd powers of a. Also 
we see that, by design, these forms exactly parallel those of the related R,-functions. Similar to 
the R, case, the commutative property of equations (8.39) — (8.42) are readily proved by taking 
the real and imaginary parts of equations (8.16) and (8.17) and relating them to the even and 
odd parts of equations (8.7) and (8.8). 

The R;Cofl, (a, k, t)-, R3Flut, (a, k, t)-, R;Cov,,(a,k,t)-, and R, Vib, ,(a, k, t)-functions are 
presented in Figures 8.9-8.12 for 0.1 <q< 0.5, with a=1, and v=O. In the figures, and 
validated by substitution in the appropriate series, we observe R;Cofl, /. (a, k, t) = a sin(a’ t) 
and R3Flut, j)9(a4,k,t) = a cos(a* t). Figure 8.13 presents a phase plane R;Flut, (1, ¢) versus 
R;Cofl,o(1,t) for g=0.5—1.5. For q>0.5, the functions spiral out from the origin with 
increasing rate as q increases. 


1.5 


Figure 8.9 R,Cofl, (1 , t) versus t-Time for a= 1, v=0, 
k=0, and q=0.1-0.5 in steps of 0.1. 
{ 


0.5 


8.2 The R,-Trigonometric Functions: Based on Parity 


Figure 8.10 R,Flut, 9(1,t) versus t-Time for a=1, 
v=0,k=0, and q=0.1-0.5 in steps of 0.1. 


Figure 8.11 R,Covib, 91 , t) versus t-Time for a= 1, 
v=0,k=0, and q=0.1-0.5 in steps of 0.1. 


RgCovib, o(1,t) 


1.5 ' Figure 8.12 R,Vib, (1 , t) versus t-Time for a= 1, 
v=0,k=0, and q=0.1-0.5 in steps of 0.1. 


t-Time 


The phase plane R,Vib,o(1,t) versus R,Covib,,(1,t) for q=0.5—1.5 is presented in 
Figure 8.14. For 0.5 < g < 1 the curves approach from infinity and are repelled before reaching 
the unit circle at g = 0.5 outward back toward infinity. For g > 1, the curves leave the origin and 
spiral out to infinity with increasing rate. The q=1 case starts at the unit circle and proceeds 
to infinity. Also, it may be shown that R3Flut, 9(1, 0, t) = R3 Vib; 9(1, 0, t) = 0. 
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Figure 8.13 Phase plane R3Flut, (1, t) versus 


R,Cofl, (1, t) for q=0.5-1.5 in steps of 0.1, a= 1.0, 


5 

+ Tl k=0,v=0,t=0-10. 
3 

2 


R3Fluty (1,0) 


Figure 8.14 Phase plane R, Vib, .(1, t) versus 
R,Covib, (1, t) for q=0.5—1.5 in steps of 0.1, a= 1.0, 
k=0,v=0,t=0-12. 


R3Vibg o(1,t) 


R3Covibg o(1 ,t) 


8.3 Laplace Transforms of the R3-Trigonometric Functions 


The development of the Laplace transform for the R,-trigonometric functions parallels that of 
the R,-functions. Thus, we state the results in normal and factored form without development. 


s"(cos(E,,)s4 — 4 cos(E,y — Hq+1)) 


L{R,Cos, (a, k, t)} = 
{R3Cos, ,( )} $°4 — 2a cos(,,;)s? + a 


? q > Vv, (8.45) 


e! ag eT! av gY 


=F ross 
2(st — ae) — 2(s4 — aea+1) 


8.4 R,-Trigonometric Function Relationships 


s"(sin(€,,)s? — a sin(€,, — Mg41)) 


L{R,Sin, (a,k,t)} = 
{R3Sing ( )} s°4 — 2a cos(H,,;)s1 + a? 


° qd > Vv, 
elfas s en Bang” 


= ———____ + ———___ >. (8.46) 
2i(st— ae) —2i(st — ae") 


AS" (COS(E9qy1)8°4 — A” COS(E 9-1 — Hog+2)) 


L{R;Cofl, (a, k, t)} = 81 — 2a? cOs( Hq 4)81 + a4 


, 2qQ>YV, (8.47) 


aeis4-15" de 2-15” 


= a 2q>v. 
2(s24 — ae!) 2(524 — a2emianr) ” 4 


as"(sin(é,,,-1)84 — a? sin(S54-1 — H2q42)) 


L{R2Flut, (a,k,t)} = , gqQ>v, 8.48 
{ 3 uk yt 547 — 2q2 COS(Hyq49)874 + a* q ( ) 
a elS2qu-1 gY a e7 2qu-1 5Y 
=— - ; : , 2W@q>v. 
21(s24 — are'ton) 2D i (824 — are Ha) 
s’*4(cos(é, ,)s°4 — a? cos(E,, — Mog40)) 
L{R;Covib, (a, k, t)} = OS eC LE Eat, q>V, (8.49) 
: S44 — 2a? COS(Hyg42)8°4 + a4 
ela git e Sav gIt¥ 
= ———_—_ + ———_.,, g¢ >. 
2(s°4 — area) 2(874 — ae 'Mar1) 
s’*4(sin(E,,)s°4 — a? sin(E,, — Hogs2)) 
L{R, Vib, ,(a,k,t)} = es q>v, (8.50) 
S41 — 2a? COS(Hy)4)8°4 + a4 
ela git e Sav gTt¥ 
q>V, 


 2i(s24 — arellon) Qi (524 — arena)” 


where é,,, = (q-1-v) ( + ak) and u, = q ( + 2k), with k = 0,1,2,...,D,D, — 1.Com- 
parison of these transforms with the parallel results for the R,-trigonometric functions shows 
that the transforms are structurally the same and vary from each other primarily in the coef- 
ficient of the s74 term in the denominator. We will later see that this influences the damping 
behavior of the transform. 

Note that most of the figures presented in this and previous chapters are of results in 
the stable domain that is of trigonometric order, 0 < q <1 for the complexity functions. 
The reader is encouraged to numerically explore values of g>1 as many important applica- 
tions are found there; see, for example, Chapters 17-20. For the parity functions, explore 
q> 1/2. 


8.4 R3-Trigonometric Function Relationships 


This section determines expressions for the R,-trigonometric functions in terms of the frac- 
tional exponential functions. These expressions parallel the basic equations (1.18) and (1.19). 
Some special R-function relationships also result. The organization of the subsections of this 
section has been set by the ease of development of relationships. 
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8.4.1 R,Cos, ,(a,t) and R;Sin, ,(a, t) Relationships and Fractional Euler Equation 


This section develops some important properties of the R,-trigonometric functions. We 


observe from equations (8.4) — (8.6) that 


R, (ia, k, it) =R;Cos, (a, k, t) + iR;Sin, ,(a, k, t), 
> 0; S01, Oc, DDS: 


(8.51) 


This equation parallels the form of equations (6.15) and (7.12) for the R, and 
R,-trigonometries, respectively. Consider now the R,Cos,,(a,k,t)-function as defined in 


equation (8.5), that is, 

a q! potDq-l-v 1 

R3C koj=) — — { +1)+q-1- (S42 k)}, 

3 OS 4.(4 k,t) py T@+baq-» cos 4 (n(q )+q v) 9 awk 
t= 0,.kS 01,2) GD, Di = 1: 


Applying definition (1.18), we may write 


R; Cos, (4, k, t) 
& 24 ata 
5 a" plrtl)q-1-v 7 iad ae ( 5) + 2nk) is [n(q+1)+q-1-v] ( 5) + 2nk) 
44 (n+ Dq - v) 2 


£S0) F20,152,5..5D.D,=1, 
Now, by equation (3.124), Pie ae ($+20K) _ jl@+)+4-1-¥] | and (3.127), we have 


q" tutDq-1-v jin@t+)+q-1-¥] + j-ln@+)+q-1-v] 
R,Cos,.,(a, t) = ASO 


(n+ Dq-v) 2 


This may be written as 


y qrimatDtq-1-y)( pyl@tbq-1-v] 
Lat Dq-9) 


R,Cos, ,(a,t) = 4 
av 2 qtj- Mat Dt+4-1-v)( gle Dq-1-¥ 


+) T(u+ lq -v) 


q+l)n( pl Da-1-vI 


;q—l-v . (ai 
= p> T+ bq —v) 


R,Cos,,(a,t) = 
: 2 a+ Dyn( pl+Dq-1-¥] 


ee 8 Ci 
+ (q-1-v) NaS 
, pe T+ bq-” 


Recognizing the summations as R-functions, we have 
1 pget= ; GS = 
R3Cos, (a, t) = 5 {if 1 "RAG 3 t) Ly (q-1 R, (ai @)) | t)\ ; t> 0, 


or applying equation (3.119) 
R,y(ia, it) + R, (ia, —it) 
9 ° 


R,Cos, (a, t) = t>0. 


(8.52) 


(8.53) 


(8.54) 


(8.55) 


(8.56) 


(8.57) 


(8.58) 


8.4 R,-Trigonometric Function Relationships 


This equation generalizes equation (1.18) in the ordinary trigonometry. It could also serve as 
a definition of R,Cos, ,(a, t). 
The development for the RSin, ,(a, t)-function follows in similar manner, yielding 


R, Sin, (4, t) = oF 


» €>0. (8.59) 


This equation exactly parallels equation (1.19) in the ordinary trigonometry. It could also 
serve as a definition of R; Sin, ,(a, t). Solving for R, (ia, it) using both equations (8.58) and (8.59) 
yields equation (8.51) and subtracting (8.59) from (8.58) gives, for £>0 


R,,(—ia, —it) = R,Cos, (a, t) — iR,Sin, (a, t), (8.60) 
the companion to equation (8.51). Now, squaring equations (8.58) and (8.59) yields 
Ri via, it) + R2(—ia, —it) + 2R,, (ia, i)R, ,(—ia, —it) 
4 bs 
Ri via, it) + R2,(—ia, —it) — 2R,, (ia, it)R, ,(—ia, —it) 
—4 


R3 Cos’, (a, t) = is0, (8.61) 


» €>0. (8.62) 


R,Sin’,,(4, t) = 
Adding and subtracting equations (8.61) and (8.62) gives 
R3Cos?,,(a, t) + R3Sin?,,(a,t) = R, (ia, it)R, (ia, —it), t > 0, (8.63) 


and 
R? (ia, it) + R? ,(—ia, —it) 
> - 


R3Cos?, (a, t) — R,Sin (a, t) = t>0. (8.64) 


These equations parallel equations (6.23) and (6.24) and provide additional generalizations of 
the equations cos?(t) + sin?(t) = 1 and cos?(t) — sin?(t) = cos(2t). 


8.4.2 R,Rot,,,(a,t) and R,Cor, ,(a, t) Relationships 
As previously mentioned, R,Rot, ,(a, t) and R,Cor, ,(a, t) are complex functions. From the def- 
initions (equations (8.15)—(8.17)), we have for t>0 

R, (ia, it) = R,Cor,,(a, t) + R,Rot, (a, t). (8.65) 


We observe that the summations of equations (8.16) and (8.17) are R-functions of complex 
arguments, and using equation (3.118), we may write 


R,Cor, (a, t)= GPR ee ae, t)= jt-1-YR (-4a”, t) 


2q,v+q 
= Ry yig(-@ tt), t> 0, (8.66) 
R;Rot, (4, t) = aV4R,, (POV a’, t) = ait”R,, (—i4a’, t) 
= aiR,,,(-@,it), t>0. (8.67) 
Combining the results of equations (8.66) and (8.67) with equation (8.65) gives the following 
identity: 
R,, (ia, it) = Rog ysq(—@, it) + 4iRy, (—-a’, it), t>0. (8.68) 
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8.4.3 R,Cofl, ,(a,t) and R,Flut, ,(a, t) Relationships 


The analysis starts by replacing the cos function in the definition of R,Cofl,,(a,k, t) 
in equation (8.26). Then, using logic similar to the process used for the R,Cos, that is, 
equations (8.53) to (8.57), we have for t > 0 


—Soqy-1b a 
Rag le te t), (8.69) 


Logual 
aeouw-1 . 
Rog (a ee", £) + 


R;Cofl, (a, k, t) = 5 


where pyg49 = (2g + 2) ( + ark), Soqv-1 = (29 - V) ( + ark) with ¢>0, and k= 

0,1,2---D,D,—1. Applying equation (3.124) to the exponential functions, we have 

ebgat = Pat? = 774 and eur! = eal F28k)3 = (74-’, Thus, we have 

ai-@4q") 
2 


Applying equation (3.119) to these R-functions, we write the final result as 


airt-’ : oe 
R;Cofl, (a, t) = Real ai, t)+ Ry cat.) 2 > 0. 


Ry, (—a*, —it) — Ry, ,(—a’, it) 
R;Cofl, (a, t) = a ea , t>0. (8.70) 
The R;Flut, ,(a, t)-function is derived in a similar manner. We give the final result 
Ry, (—-@’, it) + Ro, ,(—-a’, —it) 
R,Flut, (a, t) =a (eae , t>0. (8.71) 


We now derive some additional properties of these functions. Rewrite equations (8.70) and 
(8.71) as 


Ry,(—a@, —it) — R 


ke 208 
2g ®t) = *R,Cofl, (a, 0), t>0, (8.72) 


Rog (—@, ~it) + Rog, (—a?, it) = = Ry Flt, t), t>0. (8.73) 
Adding equations (8.72) and (8.73) gives 
aRy,,(—a’, —it) = R3Flut, (a, t) + iR3Cofl,,(a,t), t> 0. (8.74) 


This equation may be considered as a fractional “semi-Euler” equation. Subtracting 
equation (8.72) from equation (8.73) and using (8.17) yields the complimentary equation 


aRy,(-a’, it) =R,Flut, (a, t) - iR;Cofl, (a, t)=—iR,Rot,,(a,t), t>0. (8.75) 
Now, in equations (8.74) and (8.75), let 2¢ = u; then, 
aR,,,(—a’, —it) = R,Flut» ,(a, t) + iR3Cofl» (a, t), 


and 
aR,,,(—a’, it) = R3Fluts ,(a,t) — iR;Cofl» ,(a,t), t > 0, (8.76) 


which may be considered as fractional “semi-Euler” equations. Replacing a — ia? in 
equation (8.9) gives 


R,,(-@ it) = R3Cos,,(ia’, t) + iRSin, (ia’,t), t> 0. (8.77) 


8.4 R,-Trigonometric Function Relationships 


Comparing the real and imaginary parts of this equation with equation (8.76), we observe 
that 


R,Cos,,,(ia?, t) = ~RyFluts (a, t), t>0, (8.78) 


and 
R,Sin,,,(ia?, t) = -=R;Cofll a, t), t>0. (8.79) 


8.4.4 R,Covib, ,(a, t) and R; Vib, ,(a, t) Relationships 


This analysis starts by rewriting equation (8.20), the R,Covib, ,(a, t)-function, as 


R,Covib,,(a,t) = )° 


qin eet2q-1-v—-4 ( ell 2g42+ Bay) + eNO 942 + By) 
n=0 


T(n+1)2q-v—q) 5 ), t>0, (8.80) 


where @y,49 = (2g + 2)a/2 and f,,, = (q — 1 — v)a/2. This becomes 
. eFaw! 2 jy 491 e Fas! 2 5A 9 
R;Covib, (a, t) = Z Reavtq(4 er! t) + a Raavta(@ er! t), t>0. 


z ‘ i(q—-1—v){ =+22k ae oe i, i 
Since ef» = e4 iG ) = i1-" and em = —i74, we have 
jt} 


~y ja) 
5 Rogvag 24, t) + 


R;Covib, (a, t) = Rogvig( -@i 4,0), €>0. 


Applying equation (3.119) to both terms gives 


Rog yrg(—@, it) + Rog v4 -@, it) 
R,Covib,,(a,t) = ———— , t>0. (8.81) 
The derivation for the R, Vib ved, t) follows in a similar manner; thus, 
Rog yrg(—@, it) — Rog yg —@, —it) 
R,Vib, (a, t) = (fee , t>0. (8.82) 


Additional properties of these functions are now determined. Rewrite equations (8.81) and 
(8.82) as 


Rogvig(—@ it) + Rog yy g(a’, —it) = 2R,Covib, (4, t), t > 0, (8.83) 


Rogyig( 4s it) — Rogysqg(—-@ , —it) = 2iR, Vib, ,(a@,t), t> 0. (8.84) 
Adding equations (8.83) and (8.84) gives 
Rogvig( 4» it) = R,Covib, (a, t) +iR,Vib,,(a,t), t>0. (8.85) 


This equation may also be considered as a fractional “semi-Euler” equation. Subtracting 
equation (8.84) from equation (8.83) yields the complimentary equation 


Rogviq( 4» —it) = R,Covib, (a, t) —iR3Vib,,(a,t), t> 0. (8.86) 
Now, in equation (8.85), let 2g = u; then, 
Riypt(—a’, it) = R;Covibs ,(a,t) + iR3Vib: (at), t>0. (8.87) 
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Alternatively, we may write 


Ryas(—@?, it) = (R,Covibs ,(a, t) + iR,Vibs (a, t)) £30) 


2 


Ryg(-a?, it) = (RyCovibs (a, t) + iR,Vibs (a,t)), t>0. 


Replacing a in equation (8.51) by ia? gives 
R,,(—a’, it) = R3Cos, (ia, t) + iR,Sin, (ia’,t), t>0. 
Comparing this result with equation (8.88), we observe that 
R3Cos, (ia, t) = R,Covib: ,«(a,t), t>0, 
and 
R3Sin,,(ia’, t) = R3Vibs,«(a,t), > 0. 
Rewrite equation (8.85) as 
Ryq,(—@’, it) = R3Covib,,_,(4,t) + iR,Vib,,_,(a,t), t>0. 
Relating the real and imaginary parts of equations (8.92) and (8.75), we obtain 
R3Flut, ,(a, t)= aR;Covib, ,_4(4, t), t>0, 


R;Cofl, (a, t) = aR; Vib,,_,(4,t), t>0, 


(8.88) 


(8.89) 


(8.90) 


(8.91) 


(8.92) 


(8.93) 
(8.94) 


exposing relationships between the parity functions. It should be remembered, because of the 
role of the v as an order variable, that these relationships also represent fractional differintegra- 


tion relationships. 


These are but a few of the many relationships possible for the R,-trigonometric functions. 
Many other relations paralleling the multiple-angle and fractional-angle formulas from the 


integer-order trigonometry and more are yet to be derived. 


8.5 Fractional Calculus Operations on the R3-Trigonometric 
Functions 


8.5.1 R,Cos, ,(a,k, t) 
The a-order differintegral of R,Cos, ,(a, k,t) is determined for ¢ > 0 as 


oo 
q" t@tDq-1-v 
oA R,Cos, ,(a,k, t) = od Y 


n=0 


T(n+lq-v 


5 cos {(n(q+ 1) +q—1-(F + 20k) }, 


t>0, k=0,1,...,D,D,-1. 


Based on Section 3.16, we may differintegrate term-by-term: 
foe} aa eee 


a k = Tyv/.1.41\,3r 
04; R3Cos, (a, k, t) by T(n+ Dq-v) 


n=0 


cos { (nq + 1)+q-1-v) (= +2rk) \, 


(8.95) 


t>0, k=0,1,...,D,D,—1. (8.96) 


Applying equation (5.37), that is, 
Tp + 1x? 
dx? = ——_—_., > -1, 
fat = Tipe ety 


(8.97) 


8.5 Fractional Calculus Operations on the R,-Trigonometric Functions 


valid for all a. Differintegrating equation (8.96) term-by-term yields 


Cc 
q?tetbq-l-v-a 
04; R3Cos,,(a,k, t) = ys 


n=0 


Fore bg cya Oat Dt 4a-1- (F + 20k) J, 


q>v, t>0, k=0,1,...,D,D,-1. 
(8.98) 


From the sum and difference formulas for the integer-order trigonometry, the following iden- 
tities are derived: 


cos(x) = cos(y) cos(x — y) — sin(y) sin(x — y), (8.99) 
and 
sin(x) = cos(y) sin(w — y) + sin(y) cos(x — y). (8.100) 
Now, in equation (8.98), letx = (n(q+1)+q-—1-V) ( + ank), k=0,1,...,D,D, — 1, also, 
lety=a ( + 2nk), then applying equation (8.99) 


04; R3Cos, (a, k, t) 


alttDaq-l-v-a 


= cos(y) Dy Meir So) cos{x — y} 


| »» ee t>0k=0,1,...,D,D,—1. (8.101) 
; (4+ 1)q-v—a) - a 2 > = ° pete ni : : 
sin(y ma Tn 4 1)q =a a) sin{x y} q>v k D, 


The summations are recognized as R;Cos,,,,(4,k,t) and R3Sin,,,,(4,k,t), respectively, 
yielding the final result 
04; R3Cos, (a, k, t) = cos(y)R3 C084 y4q(d, k, t) — sin(y)R3Sing y49(a,k, t), 
q>v, t>0, k= 0,1,5-:;D,D)— 1, (8.102) 


where y = @ ( + ak). Taking a = 1 we have cos(y) = 0 and sin(y) = 1 giving 


04, R;Cos, (a, k,t) = —R,Sin, ,.,(4,k,t1), g>v,t>0, k=0,1,... ,D,D, —1. (8.103) 


qv+ 
Now, taking g = land v = 0 gives 
04,R3Cos, (4, k, t) = —RSin, (a,k,t), t>0, k=0,1,...,D,D,—1, (8.104) 
which evaluates to 
(ae Ss=4ae",. F>0. (8.105) 
An alternative development of the result of equation (8.103) is obtained as follows: 


04; R;Cos, (a, t) = od 5 , t>0, (8.106) 
by the differintegration equation (3.114) 
PR a ye q(ia, it) + (—)"R, ,44(—ia, —it) 
od! R,Cos,,(a, t) = = Tan q>v, t>0. (8.107) 
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When a = 1, we have 
iRg 41a, it) > iRg y41(—ia, —it) 


04,R; Cos, (a, th= 5 
See Oe ea a ae, , g>v, t>0, (8.108) 
i 
which is recognized as 
04,R,Cos, (a, t) = —R;Sin,,,,(4,t), g>v, t>0. (8.109) 


8.5.2 R,Sin, ,(a,k, t) 


Determination of the differintegral for the R,Sin, ,(a, k, t)-function proceeds in a similar man- 
ner to the R;Cos, ,(a, k, t). Then, the a-order differintegral of R; Sing ,(a, k, t) is determined as 


i : - 2 attetDa-l-v . a 
04; R3Sing (4, k, t) = od; pa Ta@+bq—- sin {n(q +1)+q-1-Vv) (5 + ark) \, 


t>0, k=0,1,...,D,D,—1, (8.110) 


io) nN Ja4(n+1)q-1-v 
a dntty4 


a ’ k = ee Gb a, 
04; R3Sin, (a, k, t) > ee =p 


n=0 


sin { (n(q + 1)+q-1 -4(= +2nk)}, 
t>0, k=0,1, iney DD —1. (8.111) 


Application of equation (8.97) to this equation gives 


a : oe a'ttbaq-l-v-a . a 
04; R3Sin, (4, k, t) = p> ros iy=v =e) sin { n(q +1)+q-1-Vv) (= +22 k) \, 


q>v, t>O0, K=O Assn D DL 
(8.112) 
Now, in equation (8.112), let x = (n(q+1)+q-1-Vv) ( + atk), k=O; Leni = 1 
also, let y = a (: + ak) ; then applying equation (8.100), we have 
04; R3Sin, (a, k, t) 


q?tetbq-l-v-a 


= cos(y) Dy T+ Dq—v—a) sin{x — y} 


. — a't’tDaq-l-v-a ie 0.1 DD 1 
+ — — y}, >v, t>0, k=0,1,..., yal. 
sin), T+ ig-v—a) cos{x—y}, g>v. k - 


The summations are recognized as R;Sin,,,,(a, k, t)and R,Cos, (a, k, t), respectively, yield- 
ing the final result 


04; R3Sin, (a, k, t) = cos(y)R3 Sing ,,4(a, k, t) + sin(y)R; Cos, ,.4(4,k, t), 
gov, 620, = 0,1) 03D, = 1, (8.113) 


where y = a ( + atk). Taking a = 1, we have cos(y) = 0 and sin(y) = 1, giving 


04, R3Sin, (4, k,t)= R3C08 4 y41(4; kt), q>v, t>0,k=0,1,... ,D,D, —1. (8.114) 


8.5 Fractional Calculus Operations on the R,-Trigonometric Functions 
Taking gq = land v = 0 yields 


04 R3 Sin, o(4, k,t) = R3Cos, (4, k,t), t>0, k=0,1,... eo ey —1, (8.115) 


which evaluates to 


94,0 = a-0 


again the expected result. 
The alternative R-function-based development of the result of equation (8.114) is obtained 
based on equation (8.59), as 


04; R3Sin, (a, t) = dt oF , t>0, (8.116) 
by the differintegration equation (3.114) 
Ro y4q(ia, it) — (—I)"R, ,44(—ia, —it) 
oA R, Sin, ,(a,t) = —_ er q>v, t>0, 
Rj (ia, it) — i? +R, ,, ,(—ia, —it) 
oR Sin,,(a,t) = —™ __ , a>, t>0. 
When a = 1, we have 
Ra (ia, it) + R, 4 (—ia, —it) 
o4,R,Sin, (a, t) = eo" *—— , g>v, t>0, (8.117) 
which is recognized as 
04, R3Sing (4, t) = R3Cos,,4,(4,t), @>v, t>0. (8.118) 


8.5.3 R,Cor, ,(a,t) 


Determination of the derivative for the R;Cor,,(a, t)-function proceeds in similar manner to 


R,Sin, (4, k, t). Then, the a-order differintegral of R,Cor, ,(a, t) is determined, using definition 
(8.16), as 


a a2n( pyar V2q-1-v-4 j2nqt)+q-1-v 


pd R;Cor,,(a,t) =o? Y, 


JT ———., > 0, (8.119) 
= T(u+1)2q-—v-—q) 


co ly aks mses cs an A: a | 
d°R;Cor, (a, t)= > ———_______*_—,_ ¢>0. 
04: RgCorg (4, £) p> T'((n + 1)2q-v-4q) 
Application of equation (8.97) to this equation gives 
SO 2n 72n #(n+1)2q—1—v—q ¢(n+1)2q—1-—v—q-a 
04; R;3Cor, (a, t) = »y ae E , |Q>v, t>O0. (8.120) 


T(u+1)2q-v-q-a) 


n=0 


The summation is recognized as both an R-function and as an R,Rot-function, yielding the 
final result 


ja—1 
04; R3Cor, (a, t) = i*Rog yy grq(—@ it) = ——RsR0bg ss gpal ts t), gq>v, t>0. (8.121) 
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8.5.4 R,Rot, ,(a,t) 


Determination of the derivative for the R, Rot, ,(a, t)-function proceeds in a manner that is sim- 
ilar to R, Cor, (4, t). Then, the a-order differintegral of RRot, (a, t) is determined as 


PRD g2)n (ger D2q-1-v 


T(n+1l)2q-v) ’ t>0, (8.122) 


‘ dann 
of R3Rot, (4, t) = od yi a> 
n=0 


2n ;2ngq+2q-—v Ja 4(n+1)2q—1-v 
i od t 


eine 
oF ReRot, la, = 4), aya = 


Application of equation (8.97) to this equation gives 


2p j2ng+2qg—-1—v—a pnt L)2g-1—v—a 


, 2g>v, t>O0. (8.123) 
(n+ 1)2q -—v-a) 


: ari St (=a 
04; R3Rot, (a, t) = ai sy 
n=0 


The summation is recognized as both an R-function and as an R,Rot-function, yielding 


04; RRot, (a, t) = ai™*'R (—a’, it) = i*R,Rot,,,,(4,t), 2q>v, t>0. (8.124) 


2q,v+a 


8.5.5 R,Coflut, ,(a,k, t) 


In this section, we determine the derivative of the R,Coflutter-function. The a-order differin- 
tegral of R,Cofl, (4, k, t) is determined as 


04; R3Cofl, (a, k, t) 
a qantl pt )2q-1-v 


=e 2, T((n+ 1)2q—v) 


=0 


cos { (2n(q + 1)+2q-yv) (5 +2nk)}, 


£> 0. RS 0M 50D De T, (8.125) 
Differintegrating term-by-term, 


04; R3Cofl, (a, k, t) 
2n+1 1)2q—1- 
oo qt a as )2q v 


= TureDagay 081 nat 1) +2q-v) (4% +22k) }, 


n=0 


$5.0) REO, Lyaiy DD): 
Application of equation (8.97) to this equation gives 


04; R3Cofl, (a, k, t) 

oe gant) pnt 1)2q-1-v—a - 
= — 2 1)+ 2g - (= 2x k ) \ - 
era aera n(q+1)+2q-v) gt ak 


2q>v, t>0,k=0,1,...,D,D,-1. (8.126) 


8.5 Fractional Calculus Operations on the R,-Trigonometric Functions 


Now, in equation (8.126), let « = (2n(q + 1) + 2g — v) ( + ank), k=0,1, ...,D,D, — 1, also, 
lety=a ( + ank)) then applying equation (8.99), we have 


qrth gut 1)2q-1-v—a 


iorbuw—w 


oA R;Cofl,,,(a,t) = cos(y) >) 
n=0 


qznth port Dq-1-v—a 


sin{x —y}, 


> sino) ) T+ 2q—v—a) 
2q>v, t>0,k=0,1, el Dy 1. 


The summations are recognized as R;Cofl,,..(a4,k,t) and R;Flut,,,,(a,k,t) yielding the 
desired derivative form 


od; R,Cofl vids k, t) =cos(y)R,Cofl (a, k, t) — sin(y)R,Flut, ,, +q(4,k,t), 24 > v, 


$50, KEM 1p. DD, 18127) 


qv+a 


where y = @ ( + ak). Taking a = 1, we have cos(y) = 0 and sin(y) = 1, giving 


04, R3Cofl, (a, k, t) = —R,Flut 


qv, kt), 2q>v, t>0,k=0,1, ... ,D,D, —1. (8.128) 
Taking g = 1 and v = 0, in equation (8.127), gives the derivative as 
04; R3Cofl, (a, k, t) =cos(y)R3Cofl, ,(a, k, t) — sin(y)R3Flut, ,(a,k, £), 
t>0, k=0,1,... ,D,D, -1, (8.129) 
and with a = 1 we have 
04, R3Cofl, (4, k, t) = —R;Flut, \(a,k,t), t>0, k=0,1,...,D,D,-1. 
However, R;Cofl, 9(4, k, t) = — sinh(at), thus 


04, R3Cofl, o(4, k, t) = —R3Flut, ,(a,k,t) = —a cosh(at), t>0, k=0,1,... DD, 1 
(8.130) 
The alternative R-function-based development uses equation (8.70) to obtain 


Rew, —it) 7 Rog l-a, it) 


04; R;Cofl, (a, t) = dia ¥ 


, t>0, (8.131) 


by the differintegration equation (3.114) 


(“i)"Ryp yuq(—@2, it) — i Ry, 44.,(—A2, it) 
oA R;Cofl,, (a, t) = a ware x “ans , 2q>v, t>0, 
I" Roo yuq(—A2s—it) — i* Rog y4q(—A2, it) 
oR; Cofl, (a, t) = ee — eS 2q>v, t>0. (8.132) 


When a = 1, we have for t>0 
Rog wi @, i) — R, e (—a?, —it) 
04, R3Cofl, (a, h= a = —R;Flut, (4, t), 2q>vV, 


as seen in equation (8.128). 
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8.5.6 R,Flut, ,(a,k,t) 
The a-order differintegral of R;Flut, ,(a, k, t) is determined as 
04; R3Flut, (a, k, t) 


quit potl)2q-1-v 


= off 2 Fare Digzw ih{ Ona 1) +2q- (F +2nk)}, 


£20) K=0,1).010,D,D,— 1, (8.133) 
04; R3Flut, (a, k, t) 
= y sin {coma + 1) + 2q - (4 +2nk)}, 
44 D((n+ 1)2q-v) 


t>0, k=0,1,...,D,D,-1. 
Application of equation (8.97) to this equation gives 
04; R3Flut, (a, k, t) 


qenth port b2q-1-v—a 


-> | Fare Dagy aw Sin { Oma + 1) +2q-9 (F +2rk)}, 


2q>v, t>0,k=0,1,... ,D,D, —1. 
Now, let x =(2n(q+1)+2q-V) ( + 2nk) ,k=0,1,...,D,D,—-1, also let 
y=a ( + 2nk); then, applying equation (8.100), we have 
qintlgln+1)2q-1-v-a 


4 0(n + 1)2q-v—- a) 


qznth port 2q-1-v—a 


i sing) = 4 Tn + 1)2q -v—a) 
2g>v, t>0,k=0,1,...,D,D,-1. (8.134) 
(a,k,t) and R,Cofl 


04; RyFlut, (a, k,t)= cost 34 sin{x — y} 


cos(x —y}, 


The summations are recognized as R,Flut, (a,k, t), respectively, 


yielding the final result 
09; R3Flut, (a, k, t) = cos(y)R3Flut, y.4(a,k, t) + sin) R3Cofl, y4(4, k, t), 
2G > Vf >0, k=051, 25D D1, (8.135) 


ba, v+a qvt+a 


where y = a (: + atk). Taking a = 1, we have cos(y) = 0 and sin(y) = 1, giving 
04, R3Flut, (a, k,t) = R3Cof lg y41 (4, k,t), 2g>v, t>0,k=0,1,... (DP; —1. (8.136) 
Taking g = land v = 0, in equation (8.135), we obtain 
04; R3Flut, (4, k, t) = cos(y)R3Flut, ,(a,k, t) + sin(y)R3Cofl, ,(a,k,t), > 0. 
When we also have a = 1, this becomes 
04 R3Flut, o(4, k,t) = R,Cofl, (a,k,t), t>0. 
However, R3Flut, (a, k, t) = 0, thus indicating that 
R3Cofl, (4,k,t)=0, t>0,k=0,1,... ;D DP, —1. 


8.5 Fractional Calculus Operations on the R,-Trigonometric Functions 


The alternative R-function-based development uses equation (8.71) to obtain 


04; R3Flut, (a, t) = dja fae) , t>0, (8.137) 
by the differintegration equation (3.114) 
04; R3Flut, (4, thh=a Aas , 2Wg>v, t>O0. 
When a = 1, we have 
ee [face aul E Rog yx (—@; " eee 
which is recognized as 
04, R3Flut, (a, t) = R3Cofly (4,0), 2q>v, t > 0. (8.138) 


8.5.7 R,Covib, ,(a,k, t) 


In this section, we determine the derivative of the R,Covib, ,(a, k, t)-function. The a-order dif- 
ferintegral of R,Covib, ,(a, k, t) is determined as 
04; R3Covib, (a, k, t) 
= oft, a 008 { Ont + 1)+q-1-v) (F +20k)}, 
t>0, k=0,1, ere oe Stee! (8.139) 
Differintegrating term-by-term gives 
04; R3Covib, (a, k, t) 
= . oe 00s {oma + 1)+q-1 - (2 +2nk)}, 
44 D((n + 1)2q —v -@) 2 
t>0, k=0,1,...,D,D,-1. 
Application of equation (8.97) to this equation gives 
04; R;Covib, (a, k, t) 
= D rig opr OOM Y+q-1-y(F +2rk)}, 


q>v, t>0, k=0,1,...,D,D,-1. (8.140) 
Now, in equation (8.140), let x = (2n(q+1)+q—1-v) ( + ak), KE 0.45 30 gD Dyes Ii 
also let y =a ( + ank); then, applying equation (8.99), we have 


04; RCovib, (a, k, t) 
a gen ptent)2q-1-v-q-a 
= cos(y) ). ———_—___—_—_——_ cos{x — y} 
Des aera 
2h ttD2q-1-v-q-a 


— si ———__—____________ sin{x-—y},  q>v, £>0, k=0,1,...,D,D,-1. 
sin”) rt yag—sv aq yy}, G>y k - 


153 


154| 8 The R,-Trigonometric Functions 
The summations are recognized as R;Covib,,,,(4,k,t) and R;Vib,,,,(a4,k,t), respectively, 
yielding the final result: 
04; R; Covib, (a, k, t) = cos(y)R; Covib, ,,,(4, k, t) — sinQ)R; Vib, 4.4(4, k, 0), 
q>v, t>0, k=0,1,...,D,D,-1, (8.141) 
where y = a@ ( + atk). Taking a = 1, we have cos(y) = 0 and sin(y) = 1, giving 
04, R; Covib, (a, k,t) =—-R; Vid avail, k,t), q>v, t>0, k=0,1,... iD, —1. (8.142) 
Setting g = land v = 0, we obtain 
04 R3Covib, (4, k,t)=—R, Vib, (4, kt), t>0, k=0,1,... »D,P, —1. 
Because R3Covib, (a, k, t) = cosh(at), we have 
R3Vib, (4, k,t) =—a sinh(at), t>0, k=0,1,... ,D,P, —1. (8.143) 
The alternative R-function-based development of the results of equation (8.82) is obtained as 


Roavig(—@2,i8) + Rog yg(—@?, ~it) 
od" RyCovib, (a, t) = gat | SE ar 


, t>0. (8.144) 
2 
By the differintegration equation (3.114) 
i Rog vagra(—4s it) + (—i)" Rog va qta(—@’, —it) 
04; R; Covib, (a, t) = a ee q>v, t>0, 
UP Rog vrgrqh sit) FIA Rog wr gig(—@, —it) 
od? R;Covib,,,(a,t) = —“"" 5 cui , q>v, t>0. (8.145) 


When a = 1, we have 
Ragu e, it) — Reteilae —it) 
2i 
= —-R,Vib,,,,(4,0), g>v, t>0, (8.146) 


and the equation is the same as equation (8.142). 


04, R;Covib, (a, t) = — 


8.5.8 R,Vib, ,(a,k,t) 


The a-order differintegral of R; Vib, ,(a, k, t) is determined as 


04; R3 Vib, (4, k, t) 
q@nentb2q-1-v—-4q a 
= dt yo {@ +1 +gG=is (S42 k)t, 
dt) a+ Dgovp Qn(q+1)+¢q v) 5 + 2ek 
PSO k=0 he DD (8.147) 
04; R; Vib, (a, k, t) 


co 2n a +(n+1)2q—1-v-q 
an" dit 


= : nes ‘ 
= Drange Degen {ona td +4 1 (ZF +2ark)}, 


t>0, k=0,1,...,D,D,—1. 
Application of equation (8.97) to this equation gives 
04; R; Vib, (a, k, t) 
q2nttl2q-1-v-q-a 


Gs Sosa 


sin {nla + +q-1-9(F42rk)}, 


q>v, t>0, k=0,1,...,D,D,-1. (8.148) 
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Now, in equation (8.148), let x = (2n(q+1)+q-—1-Vv) ( + ank), k= 0; 1505.4 D1, 
also let y = a@ ( + ak) ; then, applying equation (8.100), we have 


q" port )2q-1-v-q-a 


04; R; Vib, (a, k, t) = cos(y) >) sin{x — y} 
n=0 


= T((n + 1)2q-—v—q-a@) 
2h tt D2q-1-v-q-a 


+ si OE ~y}, 
sino) Jy Ces cos{x — y} 
q>V, t>0,k=0,1,...,D,D,—1. 


The summations are recognized as R, Vib, ,,,(a,k, t) and R,Covib,,,,(4,k, t), respectively, 
yielding the final result: 


04; R3 Vib, (4, k, t) = cos(y)R3 Vibg y4q(4, k, t) + sin(y)R3Covib, 4q(d,k, t), 
q>v, t>0, R= 0) 1) oD Dd, (8.149) 
where y = @ ( + ak). Taking a = 1, we have cos(y) = 0 and sin(y) = 1, giving 
04. R3 Vib,(4, k,t)= R;Covib,,4(4, k,t), q>v, t>0, k=0,1,... DD, —1. (8.150) 
Now, taking g = land v = 0 in equation (8.149), 


04; R3 Vib; (a4, k, t) =cos(y)R3 Vib, 4 (a, k, £) + sin(y)R3Covib, ,(a,k, t), 
t>0, k=0,1, ae 1. (8.151) 


With a = 1,q = 1, and v=0, we have 
04, R; Vib; o(a,k, t) = R,Covib; (a,k,t), t>0, k=0,1,...,D,D,—-1. 
However, R; Vib, (a, k, £) = 0; therefore, we have 
R3Covib, (a, k, t) = 0. 


The alternative R-function-based development uses equation (8.82) giving 


Ry q yr g(—@, it) — Rog y44(—-a", —it) 
oR Vib, (a, t) = yt | 24 > eta {ES (8.152) 
by the differentiation equation (3.114) 
UP Roq vrgrg—@s it) — (—i)" Rog prgiq(—@’, it) 
sf Ry Vib (at) = ere OE Rrprr  g> vs > 0. 
When a = 1, we have 
Rog vaqai(— 4s it) + Rog v4g41(-@, —it) 
04,R; Vib, (a, t) = —————— q>v, t>0, (8.153) 
which is 
ib, (a, t) = ovi a,t), q>v, t>0. : 
04, R; Vib; ) R3C Dg vi ) 0 (8 154) 


Tables 8.1 and 8.2 summarize the various properties of the R3-trigonometric functions. 
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Table 8.2 Summary of R,-functions 


Function R-Function equivalent Relation to R, ya, it) q=1,v=0,k=0 


R, (ia, if) — R,, ,(—ia, -it) 


R,Sing (a, k, t) a Im(R,,,(éa, k, it)) 0 
R, (ia, it) + R,,y(—ia, ~it) — 
R,Cos, (ak, t) 5 Re(R, (ia, k, it)) ent 
Roo yuq(—@2, it) — Ry, ,,,(—@2, -it) 
R,Vib,,,(a.k,t) ie si cc liak Im(E, (R,,(ia,k, it))) 0 
: = E,(1m(R,,(ia, k, it))) 
Rog yaq(—-@", it) + Ry, (— a”, —it) 
R,Covib,,(a,k, t) sls 5 za Re(E, (R,,,(ia, k, it))) cosh(at) 
= E,(Re(R,,, (ia, k, it))) 
Ry, y(—@’, it) + Ry, (—a?, — if) : ; 
R,Flut, (a, k,t) a 5 Im(O,(R, , (ia, k, it))) 
= 0, (Im(R, (ia, k, if))) 
Rog (—@, —it) — Ry, (—a”, if) es ; 
R,Cofl, (a, k,t) a oe Re(O,(R,,, (ia, k, it))) sinh(at) 
; = O,(Re(R,, ,(ia, k, it))) 
R,Rot, (4, t) a IR, (-@, it) O,(R, a, it)) — sinh(at) 
R,Cor, ,(4,t) Reka, it) E,(R,,,(ia, it) cosh(at) 


For this table, t > 0,k = 0,1,2,... DD, -1. 


8.5.9 Summary of Fractional Calculus Operations on the R,-Trigonometric Functions 


For ease of reference, the fractional calculus operations are summarized here. The derivations 
are fort >0,k =0,1, ... ,DD, —l,andy=a ( + aak): 


04; R3Cos, (a, k, t) = cos(y)R3C08, ,44(4,k, t) — sin) R3Sin, ,,_(4,k,t), g> Vv, (8.102) 


qvta q.vta 


04; R3Sin, (a, k, t) = cos(y)R3Sing y4q(4, k, t) + sin(y)R3 C084 y4q(4,k, 0), G>v, (8.113) 
je-} 
a 


(—a’, it) = i*"R,Rot,,,,(4,t), 2q>, (8.124) 


o@ Ra Cory (ast) =P Rog yeni —@ tb) = 


R3ROtgyigta(4st), >, (8.121) 


04; R;Rot, (a, t) = ai*R 


2q,v+a 


04; R3Coflut, (a, k, t) = cos(y)R,Coflut, ,,.4(a, k, t) — sin(y)R3Flut,,,4(a,k,t), 2q>v, 


(8.127) 

09; R3Flut, (a, k, t) = cos(y)R3Flut, ,4q(d, k, t) + sinQ)R3Cofly y4q(4,k, 0), 2g > v, (8.135) 
04; R;Covib, (a, k, t) = cos(y)R3Coviby 444, k, 0) — sinQ)R3 Vibgyiq(4k,t), g>v, (8.141) 
04; R; Vib, (4, k, t) = cos(y)R3 Vib y4q(4,k, t) + sin()R3Covibs ,4q(4,k, 0), g>v. (8.149) 
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The Fractional Meta-Trigonometry 


In the previous four chapters, fractional generalizations of the integer-order trigonometric and 
hyperbolic functions have been developed. In Chapters 5 and 6, we have seen the relationship of 
the R,-trigonometry to the R, -hyperboletry. Such a direct relationship for the R,-trigonometry, 
however, has not been found. After some study of this problem, it has become apparent that 
more complicated relationships exist between the bases for the various trigonometries. This 
chapter presents a generalization that helps explore these connections. Furthermore, the 
chapter contains the hyperboletry! and all! of the trigonometries that we have explored to 
this point. This chapter also presents new trigonometries (Lorenzo [82, 83]) not previously 
available and potentially allows the solution of linear fractional differential equations in terms 
of these special functions. The result then is the master fractional trigonometry based on the 
R-function. 
The bases of the trigonoboletries that we have considered to this point are as follows: 


R,,(4, t) => R,-Hyperboletry — Chapter 5 
R,,(ai,t) > R,-Trigonometry — Chapter 6 
R,,(4, it) > R,-Trigonometry -— Chapter 7 
R,,(ai, it) > R,-Trigonometry -— Chapter 8. 


Clearly, trigonometries can be created for, or associated with, all of the indexed forms of the 
R-function presented in Table 3.2, which is a total of 16 integer-valued bases. Many of these 
bases will likely have important application in the fractional calculus and in the solution of 
fractional differential equations. However, a more global approach is considered here. This 
chapter considers fractional meta-trigonometries based on 


R,,(ai*, Pt), t>0. 


With a and # ranging between 0 and 4, all of the integer-valued bases are considered together 
with infinitely more noninteger possibilities. 

Multiplication of the a or t variables by i* rotates the variable in the complex plane by the 
amount az/2 radians. This is shown graphically in Figure 9.1. These rotations can have pro- 
found effects on the real and imaginary projections, which relate to the generalized functions. 
This chapter is adapted from Lorenzo [82, 83], with permission of ASME. 


1 Only for the principal functions for the R, -trigonometry and hyperboletry. 


The Fractional Trigonometry: With Applications to Fractional Differential Equations and Science, First Edition. 
Carl F. Lorenzo and Tom T. Hartley. 

© 2017 John Wiley & Sons, Inc. Published 2017 by John Wiley & Sons, Inc. 

Companion Website: www.wiley.com/go/Lorenzo/Fractional_Trigonometry 
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i Figure 9.1 Graphical display of i* for 0 < a < 4 in steps of 
a = 1/2. Source: Lorenzo 2009a [82]. Reproduced with 


[3/2 permission of ASME. 


je 


j2< -jr=i 
j5/2 jv 


9.1 The Fractional Meta-Trigonometric Functions: Based 
on Complexity 


We start by separating R, ,( ai", i’ t) into real and imaginary parts. Thus, we consider 


eo bss (ait )"(iP t)t Ya 
R a Bt = —— t>0, 9.1 
ait, Pt) 2, TEES TEr (9.1) 


oe np(nt+1q-l—-v jant Plt 1q-1-v] 
R,,( ai’, ft) = aa Sie ED t>0. 9.2 
oats) = ye Dea) a 


n=0 
Now, for rational g, v, a, and f, we may write 


an+ B[(n+1)q-—1-vV] 


=an+Ppnq+Ppq-—B-fPv 
_ nN,,D,D,D, +nN,N,D,D,+N,;N,D,D —N,D,D,D, —N,N,D,Dy 


q-v-a q-v-a 


D,D,D.D; 


=" (9.3) 


where q = N,/D,,v=N,/D,, 4 = N,/D, and B = N,/D,. Then, we may write 
gant Plt Da-1~v] = cos(€) + isin(é) = cis(é), 
uM (: + 2k) oré = (an + pl(n + 1)q—1-v)) ( +2nk) and k=0,1,2,...,D- 


landk =0,1,2,..., D—1,and M/D is rational and in minimal form. 
Therefore, equation (9.2) may be written as 


where € = 


qhtetDa-lv 


ARs ai", iP Hh= ¥ Ta+ig-n t>0, (9.4) 


n=0 
2 np(ntDq-1—v 29 qittDa-l-v 
R_(ai’,k, i? t) = Se cos(é) +i —————- sin 
aah = Lier dg OD Terngsy HO 


t>0, k=0,1,2,...,D-1, (9.5) 


where k is included in the R-function argument to reflect its presence in € on the 
right-hand side. Then, similar to the earlier definitions, we define the generalized fractional 


9.1 The Fractional Meta-Trigonometric Functions: Based on Complexity 


functions as 


Cos,,(a, &, B,k, t) 
qipmtDa-1-v 
eS (n+ )q- 
= Re(R,,,(ai* Jt), t>0, k=0,1,2,...,D-1, (9.6) 
Sin, (a, a, B, k, t) 
2 qipmtba-1-v 
eS (n+ )q- 
= Im(R,,(ai*, it), t>0, k=0,1,2,...,D—1. (9.7) 


a cos ((n(a + Bq) + Blq-1 —v) (3 +22k)), 


55 ein (na + Bq) + Bla - 1-y)) (F +2nk)), 


These definitions generalize those for the trignoboletries that were developed in previous 
chapters. The notation is changed, and here drops the preceding R and its subscript. These 
fractional meta-trigonometric functions are discriminated from the traditional trigonometric 
functions by the capitalization and the subscripted order variables. Continuing from Ref. [82] 
with permission of ASME: 


As with the previous trigonometric functions, we define the principal functions for t > 0 
as 


Sa a,p,th= Cos, (a, a, B, 0, £) 
qitmtDa-1-v 

ao 4 (a+ 1q-v) 

Sin, (4, @, B, t) = Sin, (a, a, B, 0, b) 


cos ((an +B[m+Dq-1- w=) , t>0, (9.8) 


_ os) a ptbe 1-v ; - 
=D rere ac Sin (an + Ble + 9-1-5). t>0. (9.9) 


Combining equations (9.5) —(9.7) gives 
R,,(ai*,k, i t) = Cos,,(a, a, B,k, t) 
+ iSin, (4, a,p,k,f), t>0,k=0,1,2,...,D-1, (9.10) 
where D is the product of the denominators of Ds D,, D,,and D, in minimal form. This 


is the generalized fractional Euler equation. A complimentary fractional meta-Euler 
equation is derived later as equation (9.173). 


9.1.1 Alternate Forms 


It should be noted that the form of equation (9.1) was chosen for the convenience that it 
allowed either the “a” and/or the “t” variables to be made complex. The cost of this convenience, 
however, was to introduce two new variables, a and f, into the defining summation. Complexly 
proportional forms with one less variable in the summation are possible and are discussed in 
Appendix E. 


9.1.2. Graphical Presentation - Complexity Functions 


A complete graphical presentation for the Cos,,(4, a, B, k, t)- and Sin, (a, a, B, k, t)-functions 
is, of course, impossible. There are seven parameters and variables, and the possible number of 
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1.5 


oS 0.5 fF 
S 
3 0 
3 
oa 
jo) 
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t-Time 


Figure 9.2 Effect of a on COS; 95,9(1 , a, 0, t) with a= 1.0-3.0 in steps of 0.2, with q= 1.05,a=1, 8 = 0, v=0, 
k=0. 


COS4,99,9(1,@,0,t) 


t-Time 


Figure 9.3 Effect of a on Cos, o9.9(1, @, 0, t) with a = 1.0-3.0 in steps of 0.2, with q= 1.00,a=1, B = 0,v=0, 
k =0. Source: Lorenzo 2009a [82]. Adapted with permission of ASME. 


charts is limitless. In previous chapters, the effects of variations of gq and v have been presented 
with a and f values of zero and one. Therefore, the emphasis here is on the new variables intro- 
duced in this chapter, namely a and f. 

Figures 9.2—9.5 show the effect of varying a in the Cos,,(a, a, B, t) for q = 1.05, 1.00, 0.75, and 
0.50, with a= 1.0, v = 6 = k = 0, and with a variations from 1.0 to 3.0. For the Cos, 9-function 
in Figure 9.3, we see that Cos, (1, 2 — Aa, 0, 0, t) = Cos, (1, 2 + Aa, 0, 0, £) over the range 
shown. 

The study is repeated for Sin, (a, a, P,t) in Figures 9.6—9.9. For the Sin, functions, 
in these figures, it can be seen that the behavior is symmetric around a = 2.0; that is, 
Sing o(1, 2 — Aa, 0, 0, t) = —Sing (1, 2 + Aa, 0, 0, ¢) for 0 < Aa <1. 

In Figure 9.7, the fractional trigonometric functions appear to be quite similar to exponen- 
tially damped sinusoids or cosinusoids. The common feature of these figures is the selection 
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Figure 9.4 Effect of a on Cosy 7..4(1,@,0, ft) 0.5 
with a = 1.0-3.0 in steps of 0.2, with g=0.75, 
a=1,8 =0,v=0,k=0. 


COS .75,0(1,0,0,t) 
oO 


0 2 4 6 8 10 


Figure 9.5 Effect of a on Cosy 55.4(1,@, 0, t) 0.25 
with a = 1.0-3.0 in steps of 0.2, with 
q=0.25,a=1, B = 0,v=0,k=0. 0.2 F 


CoSp9 50,0(1,4,0,t) 
oO 
(=) 
ol 


Figure 9.6 Effect of a on Sin, 9; (1, @, 0, t) ; 
with a = 1.0-3.0 in steps of 0.2, with q= 1.05, a= 1.0 
a=1, 8 =0,v=0,k=0. Ty 

= 05+ ZEN 


SiN4.05,0 qd ,a,0,¢ 
oO 
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Figure 9.7 Effect of « on Sin, y9 (1, @, 0, t) 
with a = 1.0-3.0 in steps of 0.2, with g = 1.00, 
a=1,f =0,v=0,k=0. Source: Lorenzo 
2009a [82]. Adapted with permission of 
ASME. 


SiN4.05,0 (4) ,a,0,t) 


Figure 9.8 Effect of a on SiNg 75,9(1, @, 0, t) 
with a = 1.0-3.0 in steps of 0.2, with q=0.75, 
a=1,fh =0,v=0,k=0. 


Sing 75,0 a! ,a,0,t) 


Figure 9.9 Effect of a on Sing 55 9(1, @, 0, t) 
with a = 1.0-3.0 in steps of 0.2, with q=0.50, 
a=1,fh =0,v=0,k=0. 


SiNo.50,0 qd ,a,0,t) 
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of variables, that is, g = 1 andv = f = k = 0. Continuing from Ref. [84] with permission of 
ASME: 


Relative to Figure 9.7, we have from equation (9.7) 


Sin,oaaP.0.)= J” Fee 5a (ua +0 ($)). 
n=0 


vat)" . 1 
Pre sin ((wa+ 6) ()), t>0. (9.11) 
Now, from Ref. [56], pp. 118-119, #632, 


. b., b? 
bsinO+ 57 in 28 + aise Pe 
— b" bao 
= > a sin 10 = exp(b cos 6) sin(b sin @). (9.12) 
n=0 °° 


Thus, 
Sin, (4, a, B, 0, t) = exp(at cos((a + f)x/2) sin(at sin((a + f)x/2), t>O0, (9.13) 
a closed-form summation. Also, based on Ref. [56], pp. 116-117, #631, we can determine 
Cos, o(4, a, B, 0, £) 
= exp(at cos((a + P)z/2) cos(at sin((a+ f)z/2), t>0. (9.14) 


Because ((a + f£)a/2) is simply a constant for any individual curve, we see that for 
these special cases the functions are indeed exponentially damped sinusoids under the 
q=1landv=f=k = O constraints. 

The effects of variations in f on Cos, (1, 0, B, t) with 6 = 1.0-3.0 in steps of 0.2, is 
shown in Figures 9.10a—9.13. Symmetry around f = 2, similar to that observed for the 
a variations, is seen in Figure 9.11 for Cos, 99 (1,0, B, t). The effect of # variations on 
the fractional Sin, .-functions is presented in Figures 9.14—9.17. For values of q< 1, an 
increase in f increases the apparent damping as seen in Figures 9.16 and 9.17. 


Phase plane plots of Figures 9.18—9.21 study the effects of variations in a for values of 
q = 1.05, 1.00, 0.95, and 0.50. A significant change in the nature of these cross plots is seen with 
small variations of g around q=1.0 in Figures 9.18—9.20. We notice in Figure 9.21 the loss of 
oscillation due to the small value of q. 

Figures 9.22 and 9.23 show the effect of a on the phase plane behavior of Sin, 991,9(1, a, 0, £) 
versus CoS, 991. 9(1, @, 0, £) with g=1, 6 = 0, a=1, and k=0. By comparing these two figures, 
the effect of v, v = +1.0, is seen to have a strong effect on the function behavior. 

Figures 9.24 and 9.25 show the effect of # on the fractional Sin, for q=1.15 and q=0.95. 
Note, for g>1 the functions depart from the origin and for g<1 the functions arrive from 
infinity. Figure 9.26 shows the phase plane, Sing 55 9(1, 0, B, £) versus Cosq g5.9(1,0, B, £), for 
fB =1-2. Here, all the functions arrive from infinity with increasing t. However, for Bf < 1.5 
the functions are captured by the origin, while for 6 > 1.5 the functions are repelled by the unit 
circle. 

Because of symmetrical occurrences in some physical processes, Figures 9.27—9.31 present 
the Sin, (a, a, B,k,f)- versus Cos, (4, a, B,k, t)-functions together with their symmetric 
partners —Sin, (a, a, B,k,t) versus —Cos, (4, a, B,k, t). Figure 9.31 shows an instance of a 
barred spiral. Such spirals are of interest in astrophysics; see Chapter 18. The various other 
special cases are self-explanatory. 
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C08495,0 (1,0,8,0) 


C08495,0 (1,0,8,0) 


Figure 9.10 Effect of # on Cos, 9. 9(1, 0, B, t) with (a) @ = 1.0—2.0 and (b) # = 2.0-3.0 in steps of 0.2, with 
q=1.05,a=1,a =0,v=0,k=0. 
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Continuing from Ref. [82] with permission of ASME: 


We now consider R, ,(ai*, i? t) based on parity of the exponent of a. Then, equation (9.1) 
is written as 

_ ste (ait (PHY 

R, (ait,f#j = ) ————___ 

awl ) p> (a+ 1)q-v) 


os spiny Oey 
R (at fps ee : 
“ Drs tga) 


t>0, (9.15) 


t>0, (9.16) 


Figure 9.11 Effect of B on Cos, o9.9(1, 0, B, t) 
with f = 1.0-3.0 in steps of 0.2, with g = 1.00, 
a=1,a=0,v=0,k=0. 


Figure 9.12 Effect of f on C059 75,9(1, 0, B, t) 
with £ = 1.0-3.0 in steps of 0.2, with 
q=0.75,a=1,a =0,v=0,k=0. 


Figure 9.13 Effect of # on COS 9 50,9(1 , 0, B, t) 
with £ = 1.0-3.0 in steps of 0.2, with q =0.50, 
a=1,a=0,v=0,k=0. 
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C0S4.95,0 (1,0,8,t) 
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2 : + Figure 9.14 Effect of # on SIN, 95,9(1, 0, B, 0) 
with f = 1.0-3.0 in steps of 0.2, with q = 1.05, 
a=1,a=0,v=0,k=0. 


SiN1.50,0 (1 0,f,t) 
oO 


2 Figure 9.15 Effect of £ on Sin, o9.9(1,0, B, t) 
with £ = 1.0-3.0 in steps of 0.2, with q= 1.05, 
1.5 > -  a=1,a=0,v=0,k=0. 


SiN4.00,0 (1 0,/,t) 
fo} 


2 Figure 9.16 Effect of f on Sing 75 (1,0, B, t) 
with £ = 1.0-3.0 in steps of 0.2, with q=0.75, 
a=1,a=0,v=0,k=0. 
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Figure 9.17 Effect of 8 on Sing s9.(1, 0, B, t) with f = 1.0-3.0 in steps of 0.2, with q=0.50,a=1,a = 0,v=0, 
k=0. 
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Figure 9.18 Phase plane Sin, 99.9(1, a, 0, t) versus COS, 99 9(1, @, 0, t) for a = 1—3 in steps of 0.2, with a= 1.0, 


q= 1.00, 6 = 0,k=0, v=0. Arrows indicate increasing function. Source: Lorenzo 2009a [82]. Adapted with 
permission of ASME. 
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Figure 9.19 Phase plane Sin, 95 9(1, a, 0, t) versus Cos, 9s 9(1, @, 0, t) for a = 1-3 in steps of 0.2, with a= 1.0, 
q= 1.05, k=0, 6 = 0, v=0. Arrows indicate increasing function parameter. 


Sing.95,0(1,2,0,t) 
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Figure 9.20 Phase plane SiNg 95,001 , a, 0, t) versus COSp 95,9(1 , a, 0, t) for a = 1-3 in steps of 0.2, with a= 1.0, 
q=0.95,k=0, B =0,v=0. 
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Figure 9.21 Phase plane SiNg 59,9(1, @, 0, t) versus COS, 59 (1, a, 0, t) for a = 1-3 in steps of 0.2, with a= 1.0, 
q=0.50, k=0, Bf = 0, v=0. Arrows indicate increasing function parameter. 
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Figure 9.22 Phase plane Sin, 991 (1, @, 0, t) versus CoS, 99 4,9(1, a, 0, t) for a = 1-3 in steps of 0.2, with v = 1.0, 


a=1.0,q= 1.00, k=0, B = 0. Arrows indicate increasing function parameter. Source: Lorenzo 2009a [82]. 
Adapted with permission of ASME. 
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Figure 9.23 Phase plane SIN, 99,-1.0(1 , a, 0, t) versus 
COS, 99,-1.9(1, a, 0, t) for a = 1-3 in steps of 0.2, with 
v=-1.0,a=1.0,q= 1.00, k=0, B = 0. 


SiN4.99-1.0(1,@,0,t) 


Sin445,0(1,0,8,t) 


Cosy. 45,0(1,0,8,t) 


Figure 9.24 Phase plane Sin, ,< (1, a, 0, t) versus Cos, ,59(1,@, 0, t) for 8 = 1-1.5 in steps of 0.1, with q= 1.15, 
v=0,a=1.0,k=0,a=0. 
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Figure 9.25 Phase plane Sing 95 9(1, 0, B, t) versus COSq 95,9(1, 0, B, t) for B= 1-3 in steps of 0.25, with q=0.95, 
v=0,a=1.0,k=0,a=0. 
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Figure 9.26 Phase plane Sing 9. 9(1, 0, B, t) versus CoS, 9; 9(1,0, B, t) for 6 = 1-2 in steps of 0.2, with a= —1.0, 
q=0.85,v=0,k=0,a = 0,t=0-12. 
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2 . Figure 9.27 Phase plane SiN, 49-1 (1, 1, 0.2, t) versus 
COS, 19,-1(1, 1, 0.2, t) and —Sin, j9_,(1, 1, 0.2, t) versus 
+/+ —COS, 49-41, 1, 0.2, t) for 6 =0.2, with a= 1.0, q=1.10, 
15 - v=-1,k=0,a = 1,t=0-18. 
1 - 
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+/+ Figure 9.28 Phase plane Sin, 95 _o.6(1, 0.71, 0, t) versus 


: ] C05, 95 -o6(1,0.71,0, t) and for Sin, 95 _g¢(1,0.71,0, f) 
08 | versus —CoS, 95 9 6(1,0.71, 0, 6 =0, with a= 1.0, 
q=1.05,v=0.2,k=0,a@ = 1,t=0-20. 
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SiN4.95,0(1,1,0,1,f) 


COS4.5,0(1,1,0.1,0) 


Figure 9.29 Phase plane Sin, 9. 9,(1, 1, 0.1, t) versus CoS, 95 9(1, 1, 0.1, t) and for —Sin, 95 ,(1, 1, 0.1, t) versus 
=COS, 95 9(1, 1, 0.1, t), 6 =0.1, with a= 1.0,q=1.05,v=0,k=0,a = 1,t=0-20. 
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Figure 9.30 Phase plane Sin, 9.9 (1, 1, 0.1, t) versus COS, 95 9.(1, 1, 0.1, f) and for —Sin, 9¢.9.9(1, 1, 0.1, t) versus 
—COS, 95 93(1, 1, 0.1, t) B=0.1, with a= 1.0, q= 1.05, v=0.2,k=0,a = 1,t=0-20. 


The summation becomes 


1 attier’D §—_q2p2aj2athq) —_q@3f3qj3(at+Pq) —_ gt ¢4ajMat+ba) (9.17) 
wf fp ; 
Iq@-v) PQq-v) TGq-v) P(4q —v) P(Sq — v) 

Forming two summations by separating the even and odd powers of a, we have 
co a2" (t1)rn PmatbD 
=o (2 + 1)q- v) 
“a <P — (76 yq-1-v J” 0 
Ril ai*,i' t) = (ib) © g2ntl(gq)2nt1 j2ntV(a+hq) : (9.18) 


+ 2 F@nt2q=0 
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Figure 9.31 Phase plane Sin, 9¢ 9 95(1, 0.7, 0, t) versus COS; 95,0,95(1; 0.7, 0, t) and for —SIN, 95,9,95(1, 0.7, 0, t) 
versus —COS, 95,0,05(1 , 0.7, 0, t), B =0, with a= 1.0, q=1.05, v=0.05, k=0, a = 0.7, t=0-10. 


i) q" port D2q-1—v—q j2n(a+fq)+B(q-1-v) 


n=0 T'((a + 1)2q-v-4@) 


a By) 
Ry, ai OD = > qintlzlat1)2q-1-v jQnt (a+fq)+B(q-1-¥) e Shee (9.19) 
+ ————————— 
n=0 P(n + 1)2q — v) 
This also may be expressed as 
R,( ai", Pt) = Rog yg @ i", Pt) + ai"R,, (i,t), t>0. (9.20) 


The summations of equation (9.19) contain the even and odd powers of a, respectively. 
In parallel with the previous development of the R-trigonometric functions, we define 
the generalized or meta-Corotation and Rotation functions as 


a a" port D2q-1-v—g 72n(a+ 6q)+Pq-1-v) 


Cor, (4, a, B,t) = > T((n+ 1)2q-—v-4q) 


n=0 


=F (RG. i), £20, (9.21) 


’ 


= jpg» y ala ead 
4 T(+1)2q-v-9) 
= Rog v4 Oia a it), t>0, co 


= jPq-1-) Rye DQ, t) 


where the nomenclature E(x) means the terms with even powers of a in (x). 
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Similarly, 


ba antl gn+1)2q-1-v jQn+1)(a+hq)+Bq-1-v) 


Rot, (a, 4, ft) = T((n + 1)2q - v) 


n=0 


eee, (9.23) 


2 ‘2(a+B q) 72\n -(n+1)2q-1— 
= je+Qq-1-v) > a(t PDg?)netb2q-t—v = gitPOIp  (ia+PDg? t) 
T((m + 1)2q - v) ae : 
n=0 


= ai"R,, (P*a’, Pt) = O,(R,,(ai*, it), t> 0, (9.24) 


and where the nomenclature O,(x) means the terms with odd powers of a in (x). 
As in the previous trigonometries, the generalized Corotation and Rotation functions 
are also, in general, complex. Clearly, we may also write 
R,,(ai*, i? t) = Cor, (a, a, B, t) + Rot, (a, a, B,t), t>0 
=Ryju (CE) Fal Ry (aE bt) (9.25) 
= jfq-1-») Rae ( ag POrho | t) 
ea OE IMR, ak Po) ESO, 
The real and imaginary parts of these functions are now used to define the four new 
real fractional meta-trigonometric functions. The Cor, (4, a, B, t)-function is given in 
equation (9.21) as 


iad gine D2q-1-v—-q j2n(a+hq)+ Bq-1-¥) 


Cor, (4, a, B, t) = > (n+ 1)2q-—v-q) 


n=0 


» €>0. (9.26) 


Now, applying equation (3.123) to 2"¢+/9+4@-1—™) with q, v,a, and f rational, we have 
2n(a + Bq) + B(q-1-Vv) 
_ 2nN,,D,D,D, + 2nN,N,D,Dy + NpN,D Dy — NpDDDa — NpN,D Pu 
7 D,D,D,Dp 
= — (9.27) 
with M/D a rational number in minimal form. Thus, the Cor, (4, a, B, t) may be written as 


Cor, (a, a, B,k, t) 
= © qe tent)2q-1-v—-4q oe x 
7 2 Ta+i2q-v-g (ma + Bq) + B(q-1-¥)) ( ae 2nk) ) 


q" port D2q-1-v-4q 


oD T((a + 1)2q-—v—-q) 
x sin (ana + Bq) + Bq-1-V) (F + 2nk) ) , t>0, (9.28) 


where k = 0,1,2,...,D—1. The real part of the Cor, ,(a, a, B,t) is now defined as the 
generalized or meta-Covibration function 


Covib, (4, @, B,k,t) 


_ , gant 2q-1-v-q 

= ce 1)2q —v—q) 

= Re(E,(R,,(ai*, i*t))), (9.29) 
with t>0, andk = 0,1,2,...,D—1. 


cos ( (2n(a + fq) + Bq 1») (< +2nk)), 
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The meta-Vibration function, Vib, (4, a, B,t), is defined as the imaginary part of the 
Cor, (a, a, B, t)-function; thus, 


Vib, (4, a, B,k, t) 
q" port D2q-1-v—-q 


= 2 atl 6 


sin (ana + Pq) + B(q-1-V)) (= + 2nk)) . 


= Im((E,(R,,,(ai*, i°t))), (9.30) 
with t>0, and k =0,1,2,...,D— 1. Then, we have 
Cor, (4, a, B,k,t) 
= Covib, (4, a, p,t)+i Vib,,(a, a,p,t), t>0, k=0,1,2,...,D—1. (9.31) 


The generalized or meta-Rotation function similarly defines two new functions based on 
its real and imaginary parts; these are the meta-Flutter and meta-Coflutter functions, 
that is, 

qanth port D2q-1-v 


Cofl, (a, a, B,k, t) = > T+ l2q—-v) 


n=0 
X cos (an + 1(a+ Bq) + B(q—-1-)) (= + 2nk) ) 
= Re(O,(K,,(ai", it), t > 0, k=0,1,2,...,D-1, (9.32) 


and 
qt port )2q-1-v 


Fi k,woj= ——— 
lut, (a, a, B,k,t) 2, l(@+Dag-/ 


x sin (en + 1(a+ Bq) + B(q—-1-¥)) (= + 2nk) ) 
= Im(O,(R,,(ai",))), t>0,k =0,1,2,...,D-1, (9.33) 
and where D is the product of the denominators D DDD gs 


In parallel with equation (9.31), we also have 


Rot,,(a, a, B,k,H = Cofl, (a, a, B,t)+ i Flut, ,(a, a, B,t), t>0, k=0,1,2,...,D—1. (9.34) 


Table 9.1 presents special values for the fractional meta-trigonometric functions when q = 1 


and v = 0. The row a + f = 0 can apply to the R,-hyperboletry, while the row a+ 6 = 1 can 


Table 9.1 Special values of the generalized trignobolic functions 


+B COS, o(-**) Sinyo(e**) Cor g**) Rot g(***) COV, g(***) Viby (++) Cofly (++) Flut, (+++) 


FwN fF CO 


et 0 cosh(at) sinh(at) cosh(at) 0 sinh(at) 0 
cos(at) sin(at) cos(at) isin(at) cos(at) 0 0 sin(at) 
ew 0 cosh(at) — sinh(at) cosh(at) 0 —sinh(at) 0 
cos(at) sin(at) cosh(—iat) sinh(-—iat) —_cos(at) 0 0 — sin(at) 
et 0 cosh(at) sinh(at) cosh(at) 0 sinh(at) 0 


- - cosh(i!/2at) sinh(i'/2at) — - - - 


For this table (a, a, B,k, t) > (---), also g = 1, v =0, t > 0, — indicates only series description found. 
Source: Lorenzo 2009a [82]. Reproduced with permission of ASME. 
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apply to the R,- and R,-trigonometries. The R,-trigonometry is a special case of the a + f = 2 
row. Of course, any of these rows may also be applied to noninteger values of a and #. Contin- 
uing from Ref. [82] with permission of ASME: 


Some observations may be made from the table. For example, for the Cor, )(q, a, f, t)- 
function column all terms are of the form cosh(ai“*”t), This may be shown as follows: 


= qa g2n j2matB) 
Cor, o(a,a, B,t) = EOneir (9.35) 
n=0 
(a+B) ¢ 2n 
= -> a - = cosh(ai“*'t), t>0. (9.36) 


Similarly, for the Rot, 9(a, a, 6, t) column, all terms are of the form sinh(ai‘**£), since 


oe gant pnt] jQnt1\(atp) 


Rot (4, a, B, t) = , t>0, (9.37) 
he T'(2n +2) 
oe) (ailetP)g)2"41 : —T 
ay Ont DI = sinh(ai*"’t), t>0. (9.38) 


n=0 


Thus, we see that these functions are backward compatible with the hyperbolic functions 
with imaginary arguments. Other relationships are observed for the remaining columns. 


9.3 Commutative Properties of the Complexity and Parity 
Operations 


In this section, we demonstrate that the operations of determining the real/imaginary parts 
and even/odd parts of the parity functions may be interchanged. We start with the real part of 
R, ai", it) from equation (9.6); then, for t > 0, we have 


a tetba- 1-v a"t"4 


— —l-v 
Re {R,,, (ait, Pt)} = eens Gn cos(é,) = t4 2, WEEE cos(é,), (9.39) 


where €, = (n(a + Bq) + Blg —1-v)) ( + atk). Expanding the summation yields 


giv f C08) | (at?) cos(é) _ (at?) cos(g,) _ (at4)* cos(é3) 
ar lige * TQqg- * T@q-y * Taq-y +f 


Collecting even and odd powers of a gives 


(9.40) 


qa" — q 


Li T'((1 + 1)2q—v—q) 


qentt port D2q-1-v 


Ta + 1)2q - v) 


COs(Ey,) + Lr 


COS(E9441)> 


q" tt))2q-1-v-4q 


; cos (2na + Pq) + B(q-—1-V)) (F + ark) ) 


qlntlz@t)2q-l-v 


“ ay 4T(n+12q—v °° ((2n+ Ia + Bq) + Bq -1-v) (4 +20k)), 


~ 4+ 1)2q-v—4q 
ae. “(Re (R,y (ai*, ’t))) + O, (Re (R,, (ai*, 7t))) . (9.41) 
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However, we also observe that 
E, (Re (R,, (ai*, i’t))) = Covib,,(a,a,B,k,t), t> 0, (9.42) 


and that 
O, (Re (R,,, (ai*, it))) = Cofl,,(a,a,B,k,t), t> 0. (9.43) 


Now, from equations (9.29) and (9.42), we have 
Covib, ,(a, a, Bk, t) = Re (E, (R,, (ai*, #t))) =, (Re (R,, (ai*,i?t))), t>0, (9.44) 
and from equations (9.32) and (9.43) 
Cofl,,(a, a, B,k, t) = Re (O, (R,, (ai*, it) )) = O, (Re (R,, (ai*,#t))), t>0, (9.45) 


proving the assertion for these functions. 
For the remaining functions, we begin with the imaginary part of Rae, from 
equation (9.7) 


attetba- 1l-v md 


ee a’t"4 : 
Im {R,,, (ai?, Pt) } = eS nema sin(é,) = t4 p> aD sin(é,), (9.46) 


where €,, = (u(a + Bq) + Blq-— 1 -v)) ( + ak) and ¢ > 0. Expanding this summation yields 


_ ply { sin(E,) 7 (at?) sin(é,) “ (at?) sin(é,) x (at?)> sin(é3) as 1 0.47) 
T(qq-v) TQq-yv) I'(3q - v) T(4q - v) 
Again, collecting even and odd powers of a gives 
oe 2n ¢(n+1)2q-1-v—q ssh gant p+ 1)2q-1-v 
D2 ae Dag cyag “Mean + 2 TGA DE sin (E41) 
py eee sin (ana + Bq) + Bq-—1-Vv)) (= + 2nk) ) 
3 Ss sin (an + 1a + Bq) + B(q-1-v) (= id ank)), 
= E, (Im(R,,,(ai*, i°t))) + O,(Im(R,,,(ai", i*t))). (9.48) 
Here, we observe 
E,(m(R, ,(ai", i°t))) = Vib,,(a,a,B,k,t), t> 0, (9.49) 
and 
O,(Im(R,,,(ai*, i°t))) = Flut, ,(a,a,B,k,t), t> 0. (9.50) 
Now, using equations (9.30) with (9.49) 
Vib, (a, a, B, k, t) = Im(E,(R,,(ai*, Pt) = E,dm(R, ,(ai*,i°t))), > 0, (9.51) 
and from equations (9.33) and (9.50), 
Flut,,(a, a, B,k,t) = Im(O,(R, ,(ai*, i°t))) = O,m(R,,,(ai*, it))), > 0, (9.52) 


completing the demonstration of the complexity—parity commutivity properties of 
R, Cat si t). These properties are summarized for the meta-trigonometric functions 


9.3 Commutative Properties of the Complexity and Parity Operations 


with t > 0 [83]: 


Cos, (4, a, B, k, t) = Re(R,,,(ai%, it)), (9.53) 
Sin,,,(a, a, B, k, t) = Im(R,,(ai*, i*t)), (9.54) 
Covib,,(a, a, B, k,t) = Re(E,(R,,,(ai*, i*t))) = E,(Re(R,, ,(ai*, i*t))), (9.55) 
Vib, (a, a, B, k, t) = Im(E,(R,,,(ai*, i°t))) = E,(Im(R,,,(ai*, i°t))), (9.56) 
Cofl,,(a, a, B, k, t) = Re(O,(R,,,(ai*, i*t))) = O,(Re(R,,(ai*, i°t))), (9.57) 
Flut,,(a, a, B, k,t) = Im(O,(R,,,(ai*, it))) = O,(Im(R,,,(ai*, i*t))), (9.58) 
Rot, (a, @, B, t) = O,(R,,(ai*, it)), (9.59) 
Cor, <a a, 8 kt) = BR, (ae Poy (9.60) 


where O, and E, refer to terms containing the odd and even powers of a, respectively. 


9.3.1. Graphical Presentation - Parity Functions 


Once again, it is not possible to show a representative display of the parity functions. The 
problem is exacerbated because the number of functions is doubled. Thus, the focus is on the 
effect of the generalizing variables a and f. 

Figures 9.32—9.35 show the effect of the primary order variable, q, on the parity functions, 
Covib,o(4, a, B, k, t), Vib, (a, &, B, k, t), Cofl,o(a, a, B,k, t), and Flut, o(a, a, B,k, t) as a function 
of t time, with a =0.5 and f = 0.5. Because a = 1, § =O corresponds to the R,-trigonometry and 
a =0, f =1 corresponds to the R,-trigonometry, the choice of a =0.5 and f =0.5 examines a 
new trigonometry sharing aspects of both R,- and R,-trigonometries. An observed feature of 
these figures is that increasing the order q increases the oscillatory behavior of the function in 
most cases. Note that the reversal of the first peak amplitude for q >~ 0.8 for the Vib, 9- and 
Cof1,-functions. 

The effect of a and f, where a+f=1, for Covib,o(4, a, B,k,t), Vib, (4, a, B,k,t), 
Cof L,0(4, a, B,k,t), and Flut, (4, a, B,k,t) functions is shown in Figures 9.36—9.39. For 


Figure 9.32 The effect of qg for 

Covib, (a, a, B,k, t),q=0.1-1.0 in steps of 
0.1, with a= 1, v=0,k=0,a=0.5, 

p=05. 


Covibg (a,0.50,0.50,t) 


181 


182 | 9 The Fractional Meta-Trigonometry 


Figure 9.33 The effect of g for 

Vib, o(a, a, B,k, t),q=0.1-1.0 in steps of 0.1, 
with da=1,v=0,k=0,a=0.5, 

p=0.5. 


Vib, o(a,0.5,0.5,t) 


Figure 9.34 The effect of q for 

Cofl, (a, a, B,k, t),q=0.1-1.0 in steps of 0.1, 
with a= 1,v=0,k=0,a=0.5, 

p=05. 


Cofla o(1,0-5,0.5,t) 


Figure 9.35 The effect of g for 

Flut, \(a, a, B,k, t),q=0.1-1.0 in steps of 0.1, 
with a=1,v=0,k=0,a=0.5, 

p=05. 


Flut,,o(1,0.5,0.5,t) 


Figure 9.36 The effect of a and f,a+ f= 1, 
for Covib, (4, a, B,k, t), with a = 0.0-2.0 in 
steps of 0.2, and with q=0.5,a=1,v=0, 
k=0. 


Figure 9.37 The effect of a and f,a+ f= 1, 
for Vib, .o(4, a, B,k, t), with a = 0.0-2.0 in 
steps of 0.2, and with q=0.5,a=1,v=0, 
k=0. 


Figure 9.38 The effect of a and f,a+ f= 1, 
for Cofl, (a, a, Bk, t), with a = 0.0-2.0 in 
steps of 0.2, and with q=0.5,a=1,v=0, 
k=0. 
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Covibg 5 o(1,a, 1-a,t) 


Vibo.5,0(1,01, 1-a.,t) 


Coflo 5,0(1,a,1-a,1) 


° 
a 


fo) 
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Figure 9.39 The effect of a and f,a+ Pf = 1, 
1 for Flut, (a, a, B,k, t), with a = 0.0-2.0 in 
steps of 0.2, and with q=0.5,a=1,v=0, 
k=0. 
— 0.5 
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Figure 9.40 The effect of a for 
Vib, (4. a, B, k, t), with a=0.25-2.0 in steps 
of 0.25, and with q= 0.5, a=0.5, B=0.5, 
v=0,k=0. 
MI 
oO 
re) 
oO 
Ss 
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0 1 2 3 4 5 6 7 
t-Time 
these figures, a = 0.0—2.0 in steps of 0.2, and g=0.5,a=1, v=0, k =0. Note that the responses 
for the Vib, o(4, a, B, k, t),- and Cofl 04s a, 6, k, t)-functions are symmetric around a = 1, and 
the Covib, .(4, a, B, k,t)- and Flut, (4, a, B,k, t)-functions overlay themselves for a = 1 + Aa, 
where Aa = 0.2. 

Figures 9.40 and 9.41 study the effect of a for Vib, (4, a, B,k,t)- and Flut, (4, a, B,k, t)- 
functions with a =0.25- 2.0 in steps of 0.25, and with g=0.5, a=0.5, § =0.5, v=0, k=0. 

Figures 9.42 and 9.43 study the effect of the differintegration variable, v, for the 
Vib,,(a, a, B,k,f)- and Flut, ,(a, a, B,k,t)-functions with v=—1.0 to 1.0 in steps of 0.25, 
and with g=0.5,a=1, a=0.5, 6 =0.5, k=0. 

Figure 9.44 considers the effect of the index variable k, for k=0-—4, with g=3/5, a=1, 
a=0.5, 6=0.5, v=0. Note again the untypical symmetric responses resulting from the 
particular choice of q. 

The remaining figures (Figures 9.45—9.52) are phase plane plots chosen to expose a few of the 
many varied possibilities. Figures 9.45 and 9.46 are phase planes showing the effect of a and f, 
where a + f = 1, for Vib, (4, a, B,k, t) versus Covib, (a, a, B, k, t). For Figure 9.45, a = 0.0—1.0 
in steps of 0.1, and with g=0.5, a=1, v=0, k=0. For Figure 9.46, a = 1.0 to 2.0 in steps of 
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Figure 9.41 The effect of a for 

Flut, (4, a, B,k, t), with a=0.25-2.0 in steps 
of 0.25, and with q= 0.5, a=0.5, 6 = 0.5, 
v=0,k=0. 


Fluty s,o(1,0.5,0.5,t) 


Figure 9.42 The effect of v for 1 
Vib, (a, a, PB, k, t), with v=—1.0-1.0 in steps 
of 0.25, and with g=0.5,a=1,a=0.5, 
p=0.5,k=0. 
& 05 
w 
fo} 
toy 
So. 
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g 0 
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Figure 9.43 The effect of v for 

Flut, (4, a, B, k, t), with v=—1.0-1.0 in steps 
of 0.25, and with q=0.5,a=1,a=0.5, 
p=0.5,k=0. 


Fluty 5 ,(1,0.5,0.5,t) 
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10 


Figure 9.44 Effect of k, for k=0-4, with 
q=3/5,a=1,4=0.5, B =0.5,v=0. 


Cov 60(1,0.5,0.5,t) 
[o) 


10 
: : : : Figure 9.45 Phase plane showing the effect 
44 of aand f,a + B = 1, for Vibg (a, a, B,k, t) 
versus Covib, (a, a, B,k, t) with a=0.0-1.0in 
OG steps of 0.1, and with q=0.5,a=1,v=0, 
0.6 + k=0,t=0-9. 
0.4 | 
= 0.2 | 
S 0 
wW 
& 0.2; 
S 
-0.4 + 
-0.6 + 
-0.8 + 
—1+ 


-1 -0.5 0 0.5 1 
Covibo 5,0(1 ,a,f,t) 


0.1, also with g=0.5, a=1, v=0, k =0. All cases arrive from infinity and spiral into the origin 
except a = 2.0, which is attracted to the unit circle. From Lorenzo [83]: 


A particularly interesting, and important, pair of plots is found in Figures 9.47 and 
9.48 for the Flutys (a, a, B,k, t) versus Cof ly; (a, a, B,k,£) phase plane. For both cases, 
a=1.0-2.0 and g=0.5, a=1, v=0, k=0. While it is not obvious because of the change 
of scale between the pair, in Figure 9.47 as a@ is varied over the range 0 < a < 1, with 
fB = 3, the responses start from the unit circle and diverge to infinity. In Figure 9.48 
with # = 1 and all other variables the same, the responses start from the same identical 
points as in Figure 9.47 but are attracted to the origin. Furthermore, the slopes across 
the unit circle are preserved for each response. This behavior and its interpretation are 
discussed in more detail in Section 9.12. 


9.3 Commutative Properties of the Complexity and Parity Operations 


Figure 9.46 Phase plane showing the effect ¥ 
of aand f, a + f = 1, for Vib, .(a, a, B,k, t) 4b 
versus Covib, (a, a, B,k, t) with a= 1.0-2.0 in 
steps of 0.1, and with q=0.5, a= 1,v=0, 0.8 F 
k=0,t=0-9. 0.6 + 
0.4 } 
< 0.2 
S& 0 
fe) 
g -0.2 
S 
-0.4 | 
-—0.6 + 
—-0.8 + 
-1} 


-1 -0.5 0 0.5 1 


Figure 9.47 Phase plane showing the effect 
of a for Fluty 5 (a, a, B, k, t) versus 

Cof ly 5.o(4, a, B,k, t) with a= 1.0-2.0 in steps 
of 0.1, and with g=0.5,a=1,v=0,f=1, 
k=0. Source: Lorenzo 2009b [83]. 
Reproduced with permission of ASME. 


Flutg 5,9(1,0,,t) 


-2 -1 0 ‘ 
Cofly 5,o(1,,8,t) 
0 


Figure 9.49 shows an interesting spiral converging to the origin that is similar to some 
of the classical spirals [64], pp. 188, 189. Figures 9.50-9.53 are phase plane plots of 
several barred spirals based on the parity functions. Figure 9.51 presents a phase plane for 
Flut, o4,0.3(4, a, B,k,t) versus Cofl; o493(4,0,8,k,t) and —Flut, 94 93(4,a,8,k,t) versus 
—Cof 1, o4,03(4 @, B,k,£) with a =0.5—0.8. The spirals start at the origin and spiral out to 
infinity with increasing rate as a@ increases. 

Figure 9.52 is a very interesting phase plane plot for Vib, 9, _93(a,a,f,k,t) versus 
Covib) o4,-0.3(4, a, B,k,t) and —Vib, o4,93(4, a, B,k,t) versus —Covib, o4 _03(4, a, B,k,t) with 
a =0.5—0.8. The unusual feature here is that the departure is from the end of the spiral bar 
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: : : Figure 9.48 . Phase plane showing the effect 
{ of a for Fluty (a, @, B,k, t) versus 

Cofly s,o(4, a, B,k, t) with a= 1.0-2.0 in steps 
of 0.1, and with qg=0.5,a=1, v=0, f =3, 

| k=0. Source: Lorenzo 2009b [83]. 
Reproduced with permission of ASME. 


Flutg 5 0(1,0,8,0) 


-1 -0.5 0 0.5 1 
Coflo 5, o(1 ,a,f,t) 


Figure 9.49 Phase plane for 
Fluty 5 o(d, a, B, k, t) versus 
| Coviby.,o(a, a, B, k, t) with a = 0.16, B = 1.25, 
— and with q= 0.80, a=0.8, v=0, k=0, 
a t=0-40. 
7 O57 
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Coflo g,o(0-8,0.16, 1.25,t) 


as @ increases. Such barred spiral behavior is of particular interest in the astrophysics of the 
galaxies. More such behaviors are studied in Chapter 18. 


9.4 Laplace Transforms of the Fractional Meta-Trigonometric 
Functions 


The development of the Laplace transform for the generalized functions parallels that of the 
previous trigonometries. 


ne ny(n+1)q—1-v 
L {Cos,,,(a, Gp kD) =L { py T(CEST Ea cous} ; (9.61) 
n=0 


where & =n(a+ fq) ( + 2nk) + Blq-—1-v] ( + 2nk) =not+dA, k=0,1,2,...,D—1, 
and where D is the product of the denominators D,, D,, D,,D,, in equation (9.3), in minimal 


9.4 Laplace Transforms of the Fractional Meta-Trigonometric Functions 


Figure 9.50 Phase plane for : 
Flut, o9 (4, &, B, k, t) versus 10. P 
Covib, 99 9(4, a, B,k, t) with a = B=0.5, and 
with q=1.09,a=1.0,v=0,k=0,t=0-19. 
5 - 
wo 
oO 
ww «OF 
o 
Ss 
8 
3 
Te 
-10; 
-15} . 
-15 -10 -5 0 5 10 
Covib499,0(1 ,0.5,0.5,t) 
Figure 9.51 Phase plane for 5 


Flut, o4-93(4, @, B, k, t) versus 

Cofl, 94 -0.3(4, @, B,k, t) and 

—Flut, o49.3(4, a, B,k, t) versus 
—Cofl, 4, 93(4 & B, k, t) with a = 0.5-0.8, p 
= 0.6, and with q = 1.04, v=—0.3,a=1.0, 
k=0,t=0-4.8. 


Flut,o4,-0.(1,2,0.6,t) 
=) 


6 -4 ao 0 2 4 6 
Cofly.o4,-0.3(1,0,0.6,t) 


form. Because the series converges uniformly (see Sections 3.16 and 14.3), we may transform 
term-by-term. Thus, 


tt+Dq-1-v 


L {Cos, (4, a, B,k, t)} = py a"L { T@+Dq—-v) \ cos(no + A), (9.62) 


Continuing from Ref. [83]: 


= gq? ellnotd) 4. e-ilnotd) 
L {Cos, (a, a, B, k, t)} = 2 Crs) q>V, (9.63) 
n=0 
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Figure 9.52 Phase plane for 

Vib, o4,-0.3(4, @, B, k, t) versus 

Covib, o4 9 3(4, a, 8, k, t) and 

—Vib, 94-934, a, B, k, t) versus 

—Covib, o4_o3(d, a, B, k, t) with a = 0.5-0.8, 8 
= 0.6, and with g= 1.04, v= —0.3, a= 1.0, 
k=0, t=0-4.8. Source: Lorenzo 2009b [83]. 
Reproduced with permission of ASME. 


Vib .o4,-0,3(1,4,0.6,t) 


Reals Complexity functions Imgs Evens Parity functions Odds 


Cos, (a,a,f,t) Sing, (a,a,f,t) Cor, (a,a,f,t) Rot, , (a,a,f,t) ® 
a De ee 


[Covey Coflyy|| Vibgy | | Flutgy || Covgy| | Vibgy || Coflyy 


Fluty y 


Real & Even Real&Odd Img&Even Img&Odd Even&Real Even&lmg Odd&Real Odd &Ilmg 


Figure 9.53 Taxonomy of the fractional meta-trigonometric functions. Source: Lorenzo 2009b [83]. 
Reproduced with permission of ASME. 


iA a nN pine iy H p—ino 
e a"e e a"e 
L { Cos, (a, a, B,k, t)} a y + y ; 
ad er 1 er 
n= n= 


eh we (ae™\" ec SG (aeio\" 
L {Cos,,,(@, @, B, k,£)} = i p> ay oa p> wf a> 


Recognizing the summations using equation (7.52) gives 


e4 sf ei 5 
L {Cos,,,(a, a, B,k, t)\ = w—ner + as” ae (9.64) 
J sY el4 eA 
L 4 Cos, (a, a, B,k,t) + = = | ———— + ——_ |, 9.65 
{ al a B y} 2 | as ( ) 


s” [| e4(s4 — ae~?) + e754 — ae!) 
L Cos, (a, a, B,k,t)} = - j 
{ awl e dy 2 84 — ge's1 — ae-"s1 + a? 


9.4 Laplace Transforms of the Fractional Meta-Trigonometric Functions 


v [s4(e4 + ei) — q(ei-2) 4 e-iU-0) 
Naan ghia |e ee) 


874 — 2a cos(o)s? + a? 
s? cos(A) — acos(A — 0) 


L}Cos, (a, a, B,k,t)} =s" 
{C05 9(4, a, Brkt} | s°4 — 2a cos(o)st + a? 


>|>Y), (9.66) 


where o = (a + fq) ( + ak), A=Blq-1-v] ( + ank), and k=0,1,2,---D—1. 
The two forms, those of equations (9.65) and (9.66), are particularly useful. 


The derivation for the Laplace transform of Sin, ,(a, a, 8, k, t) proceeds in a similar manner: 


iad n4(n+1)q—-1-v 
L {Sin, (a, a, Bk, t)} = L {> TEES Ee ane} ; (9.67) 
n=0 


with € = n(a + fq) ( + 2nk) + Blq-—1-v] ( + 2nk) =not+A, k=0,1,2,...,D—1 and 
giving the results 


| s’ el4 eA 
L 4 Sin, (a, a, B,k,t); = — | ————- - ————_— 9.68 
{ qv(4s a B dy 2i|st-—ae®™ st1—ae-® ( ) 
and 
; s? sin(A) — a sin(A — o) 
L4 Sin, (a,a, B,k,t)} = s” | ————_—_—_——__ | , q--v > 0, 9.69 
{ aul p dy | 84 — 2a cos(o)s1 + a” 4 Sa 
where o = (a + fq) (: + 2nk) ,A=Bplq-1-V] ( + 2k) andk =0,1,2,...,D—1. 
The Laplace transform for the Covib,,(4, a, B,k,t) follows. 
Continuing from Ref. [83]: 
ee tt)2q-1-v-4q 
L 4 Covib, (a, a, B,k,t)} = a"L < ——__________ § cos(2no + 4), 9.70 
{Covib, (a, a, Bk, t)} 2 \aoioost ( ) (9.70) 
oo qr ei@no+d) 4. p-i(2no+A) 
L {Covib, (a, a, Bk, t)} = p> as ; ,q>; 
ie 
eiA ee qineine eid = qa" en iano 
L { Covib, (a, a, B,k, t)\ = ay p> or + em p> oy? 
. e4 524 ei 524 
L{Coviby sla, BD} = 965 a — gighta * Deamv Sa qhe-Be" 
f 1 el gatv 1 eA saty 
L{Covib, (a, a, B, k, t)} = 3 34 — gels + 3 j4— gente’ q>V, (9.71) 
; stv e4(524 = a°e7°) eh e74 (574 a ae") 
L{ Covib, (a, Qa, B, k, t)} = a J SS , 
; sit? s°4(el4 + eV) = a?(el4-20) + e4-20)) 
L{ Covib, (4, a, B,k,t)} = 5) jee eee , 
874 cos(A) — a* cos(A — 20) 
L{Covib, ,(a, a, B, k, t)} = st*” | ————__—__-  , vy, 9.72 
gold a, B,K,1)} | s*4 — 2a? cos(20)s74 + a* O72) 


where k = 0,1,2,..., D— 1, and D is the product of the denominators Dp Py Pos: Dg in 
minimal form and where o = (a + fq) ( + 2nk) and /A = p[q-1-v] ( + ak). 
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Similarly, for the Vib, (4, a, B, k,t), we have 
el4gatv eT saty 


oe ay, 9.73 
2i(s°4 — are?>) 21 (84 — e720) : el 


L { Vib,,(a, a, B, k, t)} = 


; s°4 sin(A) — a? sin(A — 20) 
L4Vib , a, B,k,)} = st” | ————____—__—- , >, 9.74 
{Vib g(a, a, Bk, O} | s* — 2a? cos(20)s74 + a* " vue 
where o = (a + fq) ( + 2nk) ,A=flq-1-V] ( + atk), andk=0,1,2,..., D-1. 
The Laplace transform for the Cof 1, Aa, a, B, k, t) follows: 
elAto) gv a e ito) sv 
L {Cofl,,, (a, @, B,k,0)} = 5 Sipe * Gl gig te 2q > ¥, (9.75) 
_ _, [84 cos(A + 0) — a’ cos(A — 0) 
L {Cofl, (a, a, B, k, t)} =a4s ESS ‘i 2q > V; (9.76) 


where o = (a + fq) ( + 2nk) ,A=flq-1-V] ( + ank), andk=0,1,2,...,D—1. 
The derivation for the Flut, (a, a, B, k, t) is similar to that for Cof La; a, B,k, t) and yields 
elAto) v a eiAto) ov 
L {Flut, (a, a, B,k, t)\ = = < 54 — qlee = yi 34 — pee’ (9.77) 
8-4 sin(A +0) — a’ sin(A — 0) 


L 4 Flut, (a, a, B,k,t)} = as" 
{ se a das ae | s* — 2a? cos(20)s*4 + a4 


, 2q>V, (9.78) 
where o = (a + fq) ( + 2nk) ,A=pl2Qq-1-V] ( + 22k ),andk =0,1,2,...,D-—1. 

This collection of Laplace transforms generalizes those derived for the previous trigonome- 
tries. Comparison of these transforms with the parallel results for the R,-trigonometric 
functions shows that the transforms are structurally the same and the R, results may be 
had by the substitutions a = f = 1. Table 9.2 summarizes the Laplace transforms of the 
meta-trigonometric functions. 


9.5 R-Function Representation of the Fractional 
Meta-Trigonometric Functions 


The fractional exponential or R-function representation of the trigonometric functions is useful 
for analysis and numerical computation. Continuing from Ref. [83]: 


Now, from the definition of Cos,,, we have for t>0 


Cos,,(a, @, Bk, t) 


qv’? 


lS ed a 1-v 
T((n + lq - 
t>0, k=0,1,2,...,D-1. (9.79) 


5 cos (ma + Pq)+ Plq-1-v]) (5 + 2nk) ) , 


Now, 
cos (ma + Bq) + Plq-—1-v]) (= + 2nk) ) 
el((n(a+Bq)+ Bq-1-v))(x/2+2rk)) + e (at Bq)t B-1-v) (a /2+2zk)) 
2 


poeyeadar YIM 4 aa “Gq aaa jo SioyeuTUTOUAp ay} Jo onposd ay} s1g ‘0 <7‘IT-C‘ 


“FJWSY jo uotsstursed yyIM paonpoiday *[¢8] q600Z OZUEIOT :20M0S 


‘paaoural sratfdyjnur 


—erosy (wets) 4-1-bid =r ‘ (x27 + $) bg +0) =0 


Aa< bz‘ 


? + beS(9T)8O9 7VT — By 
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Applying equation (3.124), namely i”/" = ef(/m(4/2+2zh) 


cos (ma + 6q)+Bblq-—1-v]) (= + 2nk) ) 


jnatbq)+P(q-1-v) 4 j-(u(a+hq)+B(G-1-v)) 


, yields 


eee 9.80 
; (9.80) 
Then, 
a 1-v) (ailat PD yn grt Da-l-v 
Cos, (a, a, B, t 
ane > M+ 1q-¥) 
j-ha- 1-v) —(a+fq) np(nt+1q l-v 
a) ee t>0. 
Tn + lq -v) 
The summations are recognized as R-functions giving the result 
jB(q-1-v) j-B(q-1-v) 
Cos,,(a,a,B, t) = * R, (ait, t) + —R, (ai #0, t). (9.81) 
Applying equation (3.121) simplifies the result to 
Ret POR: Gi 0") 
Cos,,(4, a, B, t) = —————_—__—_,,_t>0. (9.82) 


2 
The remaining functions are determined in a similar manner and are listed in two forms, 
t real and complex; thus, we have 


jPq-l-») R, (air, t) — i-Pq-1-") Rlat ere, t) 


Si a, B, t) = , 9.83 
in, (a, a, B, t) ¥ (9.83) 
or 
R,,(ai®, Pt) — R, (ai, i *t) 
Sin, ,(a, a, B, t) = a E> 0: (9.84) 
Covib, (a, a, B, t) = sit eR ola P ed) 
+ tg tet t), t>0, (9.85) 
or 
Rog vig (ait), Pt) + Rog vq (ai-*)*, iF t) 
Covib, (a, a, B, t) = SS £>0, (9.86) 
jPq-l) R ‘. (a2 i2'¢+P), £) — j-Fa-1-/)R . (a2i-2+ PD), t) 
Vib,,(a, &, B, t) = —ra ss 3 oo (9.87) 
or 
Rog vq (ai®), Pt) — Rog vq (ai-*)’, iF t) 
Vib, (a. a, B, t) = or t>0, (9.88) 
Cofl,, (a, a, B, t= a we 1- Ry, Wai -2(a+fq) ,t) 
+ 1 peep, rae, t), t>O0, (9.89) 
or 
i" Ry, y((ai")”, Pt) + i *Ry_ (ai *), i Pt) 
Cofl,,(a, a, B, t) = a ii (9.90) 
Flut,,(4,@,8, 0) = =P PCO OR, (@ PO", t) 
i 
- Bicep (ang ete, t), t>0, (9.91) 
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or 
i Ry, ((ai®)?, Pt) — i-* Ry, ((ai-*)?, i) 


Flut, (a, a, B, t) = - (9.92) 
aN 2i 
Finally, summarizing the results of equations (9.22) and (9.24) 
Cor, (a, a, Bt) = Rog ya i, it) 
SOR UO Oy (ESO, (9.93) 
Rot, (4, a, B,t) = ai Ry, ai 2%, it) 
Sar rR east. tO. (9.94) 


9.6 Fractional Calculus Operations on the Fractional 
Meta-Trigonometric Functions 


For the fractional differintegrations that follow, it is assumed that the integrated function, and 
all of its derivatives, are identically zero for all t <0. Continuing from Ref. [83]: 


9.6.1 Cos, ,(a,a, B,k, t) 
The w-order differintegral of Cos, (a, a, B, k, t) is determined for t > 0 as 
04; Cos, (a, a, B,k,t) 

“; a'ttDa-l-v 

= od Drew gay 8 {ma + Ba) + la 1 - ) (F +2nk)}, 
$20; K=0)1,....3D0,D,D,D, = 1. (9.95) 

We may differintegrate term-by-term (see Section 3.16); thus, 
04; Cos, (4, a, B, k, t) 

q" PR sala 1l-v 


SS ern +2nk)}., 


£20, 3K =0515. 44D 2D DD = (9.96) 
Applying equation (5.37), that is, 
Tip + xr 
a? = ,p>-l. 9.97 
07% le—74 1) P ( ) 


Thus equation (9.96) becomes 


04; Cos, (4, a, B, k, t) 
oo att Da-l-v-u : ay) 
: 2, Recreate + A -)(Z+20k)}, 
q>v, t>0,k=0,1,...,D,D,D.D, eas 


q-v-a 


From the sum and difference formulas for the integer-order trigonometry, the following iden- 
tities may be derived: 


cos(x) = cos(y) cos(x — y) — sin(y) sin( — y), (9.99) 
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and 
sin(x) = cos(y) sin(w — y) + sin(y) cos(x — y). (9.100) 


Now, in equation (9.98), letx = (n(a + Bq) + B(q -1—Vv)) (: + ark), andy = pu ( + ak), 
with k = 0,1, ...,D,D,D,D, — 1; then applying equation (9.99) gives 
atte bDaq-l-v-u 


cos{x — y} 


u k = Pf nd aa 
tp OSs GBs Kyl) COSY) py T(n+ lq-v-w) 


: aid anttDaq-l-v-u P 
— sin SIN - 5 
OL Gea {~—y} 
G > tet > 0k $01, 3:5 D,D,D,D,= 1. (9.101) 


The summations are recognized as CoS, 4y4(4, a, B,k, t) and Sing, +,(4, @, B,k, t), respectively, 
yielding the final result 


04; Cos, (a, a, B,k,t) = cos(y) Cos, ,4,(4, a, B,k,t) 
— sin()Sin, ,,,(4, %,B,k,t), q>v, t > 0, 
k=0;1,.:.;D,D,D,D,=1, (9.102) 


qov-a 

where y= fu ( + 2nk). Taking u=(1/f)>0, we have cos(y)=0 and sin(y)=1 
giving 

ods!" Cos, y(a, a, Bk, t) = —Sittyy41/9(a, a, Bk, b), 
G>V,€>0,K=0,1,0:9,D,D,D,D9— 1. (9.103) 
Now, taking g = landv=0 
od!" Cos, o(a, a, Bk, t) = Sin, 1 9(a, 0, Bk, 0), 
t>0,k=0,1,...,D,D,D 


LDS Dy A (9.104) 
An alternative development of the result of equation (9.103) is obtained as follows: 


R, y(ai®, Pt) + R, (ai-*®, it) 


04; Cos, (a, &, B, t) = od? ; , t>O0, (9.105) 
by the differentiation equation (3.114) 
UR GV wii, tae eo) 
04; Cos, (a, @, B,t) = SS (9.106) 


2 
When u = 1/8, we have 
Ig var pp(ai®, Pt) — IR 41 ;p(ai-®, it) 
9 e 
Raver sp(4e*, Ft) — Ra yar sp(@i*, i *t) 


= OO. ,, g >, t > 0, (9.107) 
2i 


od!" Cos, (a, a, B, t) = 


which is recognized as 
od!" Cos,.,(a, Qa, B, t) a — Sing y41 664; Qa, B, t), q >v, b> 0, (9.108) 


which is identically equation (9.104) when k = 0, g =1, andv=0. 
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9.6.2 Sin, (a,c, B,k,t) 


Determination of the differintegral for the Sin,,(a, a, B,k,t)-function proceeds in a manner 
similar to that of the Cos, (a, a, B,k, t). Then, the u-order differintegral of Sin qv a, B,k, t) is 


determined as 


sss “ me a'ttDa-l-v 
04; Sing (a, a, Bk, t) = od; p> a+ Dq—-v) 
x sin { (ula + Bq) + B(q-1-V)) (5 +2rk) \ ‘ 
b>0, k= 03150 4D,0,D,D, —1, (9.109) 


co ee a a 
di Si ,a, B,k,t)= —————— 
Ot Ng (a a B K ) > T(n+1q—-v) 


n=0 
x sin { (n(a+ Bq) + B(q-—1-V)) (= +2rk) \ 5 
t>0, k=0,1,...,D,D,D,D,-1. 
Application of equation (9.97) to this equation gives 
qittDaq-1-v-u 


uC k = a aT 
odtSing SOE YG gw) 


x sin { (n(a + pq) + B(q-1-v) (¥ +20k)}, 
GOV. 150. KE 01 45, DD, DDy= Is (9.110) 


In equation (9.110), let x = (n(a + Bq) + B(q-—1-Vv)) ( + 2nk) and y= fu ( + atk), 
k=0,1, ...,D,D,D,D, — 1; then applying equation (9.100), we have 


q-v-a 
a't’tDaq-l-v-u 


of; Sin,,(4a, a, B,k,t) = cos(y) py [a De sin{x — y} 


atet)q-l-v-u 


+ sin(y) 2, T(n+Dq—-v—A) cos{x —y} c) 


q>v, t>0,k=0,1,...,D,D,D,D,-1. (9.111) 


The summations are seen to be Sing, 44(4, @, B,k,t) and Cos, +(4, a, B,k, t), respectively, 
yielding the final result 
04; Sin, (a, a, B,k,t) = COS(Y)SiN1g 44 (4; a, B,k, t) 
+ sin(y)Cos, ,4,(4, a, B, kt), 
q>v, t>0,k=0,1,...,D,D,D,D,-1, (9.112) 


where y = pu ( + ak). Taking u = 1/8, we have cos(y) = 0 and sin(y) = 1, giving 


od!” Sin, (a, a, B.K, £) = CO8 4441 /9(4, &, BK, £), 
q>v, t>0,k=0,1,...,D,D,D,D,—-1. (9.113) 
Furthermore, taking g = land v = 0 gives 


od! Sin, o(a, a, B, k, t) = Cos, 1/(a, a, Bk, 1), 
t>0, k=0,1,...,D,D,D,D,-1. (9.114) 
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The R-function-based development of the result of equation (9.113) is obtained based on 

equation (9.84) as 

R,(ai*, Pt) — R, (ai, it) 


04; Sing (a, &, B, t) = od? | i 


| q>v, t>0, (9.115) 


by the differentiation equation (3.114) 
: “R ayay (Git, Pt) — iP", (aint, ~] 


04 Sing (a, a, B, t) = », |q>v,t>O0. (9.116) 
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When u = 1/f and k=0, this yields the same result as equation (9.113). 


9.6.3 Cor,,(a, a, B,t) 


The u-order differintegral for the Cor, (4, a, f,t)-function is determined, using definition 
(9.2.8), as 


i a2n(fyetl24-1-v-9 j2n(a+8q)+ B(q-1-v) 


akC ,a, B,t) = od? , t>d, 9.117 
0d Cores ts Bl) = oft 2 Te Wg =v =a) men 
oo q2n j2n(a+bq)+ Bq-1-v) d¥(t)@+)2q-1-v-4 

0 Cor, ,(a, a, B,t) =)’ ——_____“*_____,_ ¢>0. 


oar (n+ 1)2q-—v-—4q) 


Application of equation (9.97) to this equation gives 


oP q2n j2ma+Pq)+ Bq-1—v—u) (gy) (0+1)2g-1-v—-q-u 


déC , a, B, t) = iP » ES, 9.118 
od Cor,,(a, a, B, t) =i p> ICES re (9.118) 
jd Core Pt) =" Cor, (Gi hd), t=, (9.119) 


with q > v, and where the summation has been recognized as an Cor, ,, ,(a, a, B, t)-function, to 


qv+u 
yield the final result. In terms of the R-function, we have 


off Cor, (4, @, B,t) = odfRogy,q((ai")”, t), > 0, (9.120) 


2q,v+q 


or 
df Cor, (4.0, 8.0) =F Ry (ary ft), £>0,q>v. (9.121) 


9.6.4 Rot, , (a, a, B, t) 


Determination of the differintegral for the Rot, (a, a, B, t)-function proceeds in a manner sim- 
ilar to that of Cor, ,(4, a, B, t). Then, the u-order differintegral of Rot, (a, a, B, t) is determined 
as 


°° gant) prt 1)2q-1-v jn+1)(at Pq)+B(q-1-v) 


d' Rot, , a, B,t) = od} , t>d, 9.122 
HAGA EPO oft D Mn+ 12q-%) O22) 
CO glntl qu p(ntl)2q-1—v j2n+)(at+hq)+B(q-1-v) 
od Rot, (a, a, B,t) = Y —"* ___________ ¢>0. (9.123) 

be ae fo (nm + 1)2q - v) 


Application of equation (9.97) to this equation gives 


ltt) pt+l)2q-1-v—u f2n+1)(a+hq)+ BqG-1-V) 


04; Rot, (a, a, Bt) = » P((n + 1)2q-v—u) 


n=0 


, t>0, 2q>v. (9.124) 
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The summation is seen to be i“Rot, ,.,, 


oj Rot, (4, a, B, t) = iP “Rot, ,,,(4,a, B,t), t>0, u2>0, 2q>v. (9.125) 


(a, a, B, t), yielding 


In terms of the R-function representation, we have 
04 Rot, (4, @, B, t) = odfai"Ry, (ai, i*t) 
= PGi Rat tO) Sai OR a r,t 02g >. (9.126) 


9.6.5 Coflut, ,(a, a, B,k, t) 


In this section, we determine the differintegral of the Coflutter function. The u-order 
differintegral of Coflut, (a, a, B, k, t) is determined as 
gent) @t+l2q-1-v 


04; Coflut, (4, a, B, k, t) = of > T(@+12q—v) 


n=0 
x cos {(@n +1)(a+ Bq) + B(qQ—-1-V) (= + 2nk) \ 
t>0, k=0,1,...,D,D,D,D,-1, (9.127) 


ce 2n+1 Juz(n+1)2q—1-v 
an dit 


04; Coflut, (a, a, B,k,t)= > Ti+ )2q-) 


n=0 
x cos {(2n +1)(a+ Bq) + B(qQ—-1-V) (F + 2nk) \ 
t>0,k=0,1,...,D,D,D,D,—-1. 
Application of equation (9.97) to this equation gives 


qrtth gat 1)2q-1-v—-u 


u k = iA ain a Le 
oft Coflut, (a, a, B, K, t) by T(n He 1)2q — y= U) 


n=0 


x cos { (2n + 1a + Bq) + Bq -1—v)) (F +2nk)}, 
t>0,k=0,1,...,D,D,D,Dy 1, (9.128) 


with 2q — v > 0. Now, in equation (9.128), let y = Bu ( + aak), K20,1,..cD:D,DjD;=4, 


also, let x = ((2n+ 1)(a+ Bq) + B(q-—1-V)) ( + ank then, applying equation (9.99), 
we have 


qzth port D2q-1-v—u 


(a+ 1)2g-—v—-u) 


04; Coflut, ,(a, a, B,k, t) = cosy) > cos(x — y) 
n=0 


ise y qintl pt D2q-1-v—u 
44 (n+ 1)2q-v—-u) 
k=0,1,... ,D,D,D,D; — 1. (9.129) 


sin(«—y), t>0, 2q> v, 


The summations are recognized as Cof1,,,,,,(a, a, B, k, t) and Flut, ,,,,(a, a, B, k, t), yielding the 
desired differintegral form 


04; Coflut, (a, a, B, k, t) = cos(y)Coflut,,,,(a, a, B, k, t) 
— sin(y)Flut, ,, 4,(4,4,B,k,t), t>0, 2q> v, 
k =0,1, ...,D,D,D,Dy-1, (9.130) 
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where y = pu ( + ank). For the special case with f = 1/u, we have cos(y) = 0 and sin(y) = 1, 
giving 
od? Coflut, (a, a,1/u,k,t) = —Flut,,,,(4, a, 1/u,k, t), 
q>v, t>0, k=0,1,...,D,D,D,D,-1. (9.131) 
Taking g = land v = 0 in equation (9.130) gives the general form for the differintegral of the 
Coflutter function as 
04; Coflut, (a, a, Bk, t) = cos(y)Coflut, (a, a, B, k, t) 
— sin(y)Flut, (4,4, B,k,t), t>0,k=0,1,...,D,D,D,D, —- 1. 
(9.132) 


Furthermore, with f = u = 1, we have 


04, Coflut, (4, a, 1,k, t) = —Flut, ,(a, a, 1,k, £), 
t>0,k=0,1,...,D,.D,D 


q-v-a 


D,-1. (9.133) 
The alternative R-function-based development of the results of equation (9.90) is obtained as 


i® Rog y (ait), Pt) + i-*Ry_((ai-®)?, it) 


of; Coflut, ,(a, a, B, t) = oda | p) 


| ; (9.134) 


by the differentiation equation (3.114) 


POURS yy (ai2)?, PE) + i 8-PYRy, , ((ai-*)?, it) 


04; Coflut, (a, a, B, t) =a4 | 2 


| 2q > v. 


(9.135) 
For the case f = u = 1, 


Gi Rog yy ((ai2)?, PC) — b6-* Rog yy ((ai-*)?, i) 


04,Coflut, ,(a,a,1,t)=a | 5 


| , 2q>v, (9.136) 
04, Coflut, (a, a, 1,t) = —Flut,,,,(4,0,1,0), 2g>v, t>0. (9.137) 


9.6.6 Flut, (a, a, B,k,t) 
The w-order differintegral of Flut, (4, a, B, k, t) is determined as 


lee} 
quth port D2q-1-v 


UP k = UU 
oF: lut, (4, a, B,k,t) = od; by T@+Dag-v 


n=0 
x sin ((2n +a + Bq) + Bq-1-Vv) (F + ark) ) ESOS Oe DAA, 
(9.138) 
where D = D,D,D,D, is in minimal form. 


6. 2n+1 Ju 4(n+1)2q-1-v 
an "dita 


UE kpj= ee ee 
oft lut, (a, a, B,k,t) >, T+ Dag-) 


n=0 


x sin ((an+ L(a + fq) + B(q-1 -» (4 +2nk)), ka01,9. 2D =a: 
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Applying equation (9.97) to this equation gives 
a quntl port D2q-1—-v—u 

ad‘ Flut 14, P,k,t)= ea 

er Las 12q—v—n) 


x sin ((an +1)(a+ Bq)+ B(¢g-—1-Vv)) (= + 2nk) ) , 2g>y, 
k=0,1,2,...,D-—1. (9.139) 
Now, in equation (9.139), let y= pu ( + atk), k= 051, .3.,D,D,D,D;—1 and let 
x = ((2Qn+1)(a+ fq) + B(q-1-v)) ( + aak); then, applying equation (9.100), we have 
eee 1-v-u 
Ta + 1)2qg - u) 


qznth port D2q-1-v—u 


a >< T(n+12q—v—w) 
t>0, k=0,1,...,D,D,D,D, (9.140) 


qv a 


04; Flut,, (4, a, B,k,t) = cos) 3 sin(x — y) 


cos(x — y), 


with 2g — v > 0. The summations are recognized as Flut,,, ,(a, a, B,k,t) and ices a, B,k, t), 
respectively, yielding the final result 

04; Flut, (a, a, B,k, t) = cos(y)Flut, (a, a, B,k,t) 
+ sin(y) ee a, B,k, : 2q >, 


k= 0 dee, DID = (9.141) 


where y = pu (4 + atk). For the special case where f =1/u, we have cos(y) =0 and 
sin(y) = 1, giving 
04; Flut, (a, a,1/u,k,t) = Cof lg vu, &, 1/u, k, t), 
2q>v, t>0,k=0,1,...,D,D,D,D,-1. (9.142) 
The alternative R-function-based development of the results of equation (9.92) is obtained as 
follows: 
ogv((ait)?, Pt) — i-*Ro, ((ai-*), i Ft) 
2i 


04; Flut, (a, a, ft) = dia E | , t>0. (9.143) 


Application of the differentiation equation (3.114) gives the result 
04; Flut, (a, a, B, t) 
~ E ‘Ry eae) eo ee “Rog veu((ai*)”, i? "| ee er 
2i 
With 6 = 1/u, we have 
04; Flut, (a, a, 1/u, t) 
=a ee ree Ee ees — , 2g>v, t>0, (9.144) 
i 


or 
04; Flut, (4, a,1/u,t) = Cof ly yiu(a, &, 1/u,t), 2q>v, t>0. (9.145) 
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9.6.7 Covib, ,(a,a, B,k,t) 


The u-order differintegral of the Covib, (4, a, B, k, t) is determined as follows: 


gon tut b2q-1-v-q 
(n+ 1)2q-—v-q) 


od Covib, (a, a, B,k,t) = od! Y 


n=0 


X cos { (2nca + Pq) + B(q-—1-V)) (= + ark) \ ; 
$20, k=O aD DDD 7 (9.146) 


co 2n u+(n+1)2q—-1-v-q 
a” ditt 


iu ; k — Ae awa & 
od Covib, (a, a, B,k,t) = YY T(n+1)2qg-v—-q) 


n=0 
x cos { (2n(a + Bq) + Bg - 1-v)) (= +2rk)}, 
E> 0, k= 0)1,...,0,Dj;D/Dy= 1, 


Application of equation (9.97) to this equation gives 


gen pent)2q-1-v-q-u 
d!Covib ,a,P,k,t) = a 
Wee OU May AGB Kt) Lirias 1)2q—-v—q-—u) 
X cos { (2nca + Pq) + B(q-—1-V)) (5 + ark) \ ‘ 
GOV. KAVA, 3245), D Dg. (9.147) 


Now let y= fu ( + ank), k=0,1,...,D,D,D,D,;—1 in equation (9.147) and let 
x = (2n(a+ Pq) + B(q-1-v)) ( + ank), k=0,1,...,D,D,D,D,;—1; then, applying 
equation (9.99), we have 


qo" port 2q-1—-v—q-u 


04; Covib, (a, a, B,k, t) = cos(y) >, cos(x — y) 
n=0 


=—T((n+ 1)2qg-v—q-—u) 
a gen ert)2q-1-v-q-u 
— sj ee —y), >v, t>0. 
nO) 2 Gaia sinw—y), q>Vv 
(9.148) 


The summations are seen to be Covib,, 4y(4, @, Bk, t) and Vids, 44(4, a, B,k, t), respectively, 
yielding the key result 


04; Covib, (a, a, B,k,t) = cos(y)Covib,,,,(a, a, B, k, t) 
— sin(y) Vibgy4i(4,%, BK, 0), G>v, 
t>0, k=0,1,...D,D,D,D,-1, (9.149) 


where y = pu ( + atk). When f = 1/u we have cos(y) = 0 and sin(y) = 1; thus, 
of Covib, (4, a, 1/u,k,t) = —- Vibpviu(4, 4, 1/u,k, t), 
GV; CEQ. k= 0,1, 5.590, Ds = 1, (9.150) 
The R-function-based differintegral is obtained as 


Rogntq( (Ai), Pt) + Rogyeq( (ain), i) 


od Covib, (a, a, B, t) = dt | 2 
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By the differentiation equation (3.114) 
PUR ((ai%)?, Pt) + i-“R 
2 


(ait) 


2q,vt+qtu 2q,v+qtu 


04; Covib, (a, a,p,t)= ,qg>v, t>0. 


When f = 1/u, we have 
Ry, (ait), bt) + Ry i Gi") 
od Covib,,(a, a, 1/u,t) = —“" 5 es , (9.152) 
(a, a, 1/u, t), thus validating equation (9.150). 


The right-hand side is seen to be —Vib 


qvtu 


9.6.8 Vib, (a, a, B,k,t) 
The w-order differintegral of the generalized vibration function, Vib gv a, B,k, t), is derived as 
follows: 


qa" port D2q-1-v—-q 


Uys k — u — 
of; Viby (a, a, B,k, t) = o, os Ta + 1)2q-v—-4@) 


n=0 
x sin {2n(a+ Pq) + B(q-1-V)) (5 + ark) \ ; 
i200, k= 01,243,000) Dea; (9.153) 


00, 2n Juz(n+1)2q—1-v—q 
an dit 


“Yj koO= ) ——____ 
of; Vib, (4, a, B,k, t) aeMG+ Dy y=@) 


n=0 
x sin { ena + Pq) + B(q-—1-V)) (5 + ark) \ ; 
t>0, k=0,1,...,D,D,D,D,-1. 
Application of equation (9.97) to this equation gives 
qin tt D2q-1-v-q—-u 


“ys a —————— 
of; Vibg (4s a, B,k,t) De (n+ 1)2qg-v-—q-u) 


n=0 
x sin { 2n(a+ Pq) + B(q-1-Vv)) (F + ark) \ : 
$20, “k= 0,1,535DD,D,Dy—1, (9.154) 


with q-—v>0. Now, let y= fu A + atk), x = (2n(a + Pq) + B(q-—1-v)) ( + ank), 
k=0,1, ...D,D,D,D, — 1, in equation (9.154). Then, applying equation (9.100), we have 


q-v-a 
az" port )2q-1-v—-q—-u 


U * k = 1 _ 
04; Vib, (a4, a, B,k, t) = cos(y) pa RES ee =a sin{x —y} 


. < qinpent2q-1-v-q-u 
+ sin cos{x —y}, 
2, ashy 72 
q>v, t>0, k=0,1,... ,D,D,D,D5 —1. (9.155) 


The summations are recognized as Vida 4(4, a, B,k,t) and Covib,, 4y(4, a, B,k,t), respec- 
tively, yielding the key result 
04; Vib, (a, a, B,k,t) = cos(y) Vib,,4,(4, a, B, k, t) 
+ sin(y)Covib, ,4(4,4,B,k,t), g>v,k=0,1,...,D,D,D,D,; -1, 
(9.156) 
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where y = pu ( + atk). When f = 1/u, we have cos(y) = 0 and sin(y) = 1, giving 


od Vib,,(a, a,1/u,k,t) = Covibsyiu(4, a,1/u,k, t), 
q>v, t>0,k=0,1,...,D,D,D 


DDD, - 1. (9.157) 
Now, taking g = 1 and v = 0 in equation (9.156), 
od Vib; (4, a, Bk, t) = cos(y) Vib, (a, a, B,k, t) 


+ sin(y)Covib, ,(4,a,8,k,t), t>0,k=0,1,... ,D,D,D,Dz —1. 


(9.158) 
With both u = 1 and with g = 1 and v = 0, we have 
04, Vib; (a, @, B,k, t) 
= cos(y) Vib, (a, a, B,k, t) + sin(y)Covib, ,(a, a, B,k, 6), 
t>0, k=0,1,...,D,D,D,D, - 1. (9.159) 
However, if additionally a + 6 = 1, Vib, \(a, a, 1 — a, t) = 0; therefore, we have 
Vib, (a4, a,1—a,t) = —tan(y)Covib, ,(a,a,1—a,t), t>0, (9.160) 


where y=(1-—a)az/2. The alternative R-function-based development of the results of 
equation (9.88) is obtained as 


Rogyg((ait)?, it) — Rog yyq((ai-*)?, iP) 
od" Vib, (a, a, Bt) = od | 2q,v+q 2q,v+q : 


2i 
t>0, q>y, (9.161) 
by the differintegration equation (3.114) 
i? Rigg ghar) Pt) — iP "Re scuiilat*) 5 ~] 
2i : 
q>v, t>0. (9.162) 


od; Vib, (4, a, B, t) = | 


When u = 1, we have 


2i 
q>v, t>0. (9.163) 


i Rog yaaa (ai2)?, Pt) — iP Ror yng ((ai-*)?, iP) 
04, Vib, (a, a, B, t) = Ae ; 


Tables 9.2 and 9.3 summarize the various properties of the meta-trigonometric functions. 


9.6.9 Summary of Fractional Calculus Operations on the Meta-Trigonometric Functions 


For ease of reference the fractional calculus operations are summarized here. The derivations 
are fort >0, andy = pu ( + 2nk) andk =0,1, ... ,D,D,D,D5 —1: 


04; Cos, (a, a, Bp, k,p = cos(y) COS, ,4.4(4, a, B,k,t) 

— sin(y) Sin, ,4,(4, @, B, k,t), q>v, (9.164) 
04; Sin, (4, a, B,k,p = cos(y) Sing y44(4; a, B,k,t) 

+ sin(y)Cos,,4,(4, a, B,k,t), q>v, (9.165) 
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04 Cor, (4, @, B,t) = iY Con Jala a,B,t), a>, (9.166) 
oj Rot, (a, a, B, t) = Rot, (a, a, B,t) , 2g > v, (9.167) 
04; Coflut, (a, a, B,k,t) = cos(y)Coflut, ,..,(4, &, B, k, t) 
— sin(y)Flut, .,(a,@, B,k,t), 2q > v, (9.168) 
04; Flut, (a, a, B, k, t) = cos(y)Flut, ,,,(a, a, B,k, t) 
+ sin(y) Cofl,,4,(4, @, B,k,t), 2q > v, (9.169) 
04; Covib, (a, a, B,k,t) = cos(y)Covib,,,,(4, a, B, k, t) 
— sin(y) Vibgy4u(4,0,B,k,o), q > Vv, (9.170) 
ody Vib,,(a, a, B, k, t) = cos(y) Vibgy44(4, &, B,k, t) 
+ sin(y)Covib,,4,(4, a,p,k,t), q>v. (9.171) 


9.7. Special Topics in Fractional Differintegration 


In this, and previous chapters, fractional differintegrals of the fractional trigonometric func- 
tions have been derived. In all cases, the fractional differintegration has started from t=0. 
Because the functions are zero for t <0, initialization or history effects have not been an issue. 
However, when a function does not start from zero or is segmented, such as 


o= {1 b=0<t<c 


Cos, (a, a,p,k,th) t>c 


and preceded by another different function, fractional differintegrations must consider the 
initialization effects caused by the preceding function. Clearly, there will be times when it is 
desired to start a fractional differintegration at times other than t=0. The reader is cautioned 
that fractional differintegration differs from integer-order integration in this important regard. 
Detailed analysis of these important differences is addressed in Appendix D. 


9.8 Meta-Trigonometric Function Relationships 


This section determines generalized identities for the fractional meta-trigonometric functions 
in terms of the fractional exponential functions. These are parallel to the very basic identities 
presented in equations (1.18) and (1.19). The results will, of course, apply to all particular 
fractional trigonometries that may be derived by specializing the results of this chapter. 


9.8.1 Cos, ,(a, a, B, t) and Sin, ,(a, a, B, t) Relationships 
The generalized fractional Euler equation, with k=0, for the Cos, ,(a, a,f,t)- and 
Sin, (a, a, B, t)-functions was determined in Section 9.1 as 


foe} 


Vib,,(a, a, B,k,t) = 


n=0 


qe" pt )2q-1-v-4¢ 


i a 
l+)D2q-v-9 (ana + Bq) + Bq-1- DES) » (9,172) 


The complementary generalized fractional Euler equation, with k=0, can be determined by 
expanding R, (ai, i-* t), ina manner similar to the expansion from equation (9.1) to (9.5), or 
by subtracting equation (9.84) from (9.82), which gives 
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R,, (ai-*,i-* t) = Cos, (a, a, B, t) — iSin,,(a,a,B,t), t>0. (9.173) 


Continuing from Ref. [83]: 


Squaring equations (9.82) and (9.84) yields 


Cos’, (a, a, B, t) 
_ Ri (ait, k, Pt) + Ry (ai-®, it) + IR, (ai, Pt) Ry ai", 7 Pt) 


= SJ _-_ J oi —., £0. (9.174) 
4 


Sinz (a, a, B, t) 
_ Ri (ait, Pt) — Ri (air%, it) + 2, (ai%, Pt) Ry (ai-*, i Pt) 


» €>0. (9.175) 
4 


Adding and subtracting the resultant equations provides the following two identities: 


Cos, (a, a, B, t) + Sin? (4, a, B,t) = R,,(ai*, POR, (aii), t>0, (9.176) 
R2 (ai®, if t) + R2,(ai-*, i? £) 
9 > 


Cos.,,(a, a, B, t) — Sin’,,(a, a, B, t) = t>0. (9.177) 


From the result of equation (9.176), it is clear that because Cos; (4, a, B,t) and 
Sin, (a, a,B,t) are real, the product R, (ai, iP, t)R,(ai-*,i? t) must also be real. 
Thus, we note that Rebate t) is the complex conjugate of Rae t). These 
identities (9.176) and (9.177) are broad generalizations of cos?(x) + sin’(x) = 1 and 
cos2(x) — sin?(x) = cos(2x) from the ordinary trigonometry. This may be shown by 
taking g =a =a =1, andf = v = 0 in equations (9.176) and (9.177). 


9.8.2 Cor,,(a,a, B,t) and Rot, ,(a, a, B, t) Relationships 


Consider, from equation (9.124) with u = q 


aq" pot D2q-1-v—g j2n(a+fq)+Bq-1-v) 


foe} 
of! Rot, (a, a, B, t) = ai**" 


» €>0. (9.178) 
hon T'((n + 1)2q-v-4@) 
The summation is recognized as Cor, ,(a, a, f, t) yielding 
o@; Rot, ,(4, a, B, t) = ai***1Cor, (4, a,p,t), t>0. (9.179) 
From equation (9.125), we have 
of; Rot, (4, a, B, t) = i? Rot, ,,,(4,a,B,t), t>0, 2q > v. (9.180) 
Therefore, 
Rot, y4q(4, &, B,t) = ai"Cor, (a,a,B,t), t>0, 2q>v. (9.181) 


Continuing from Ref. [83]: 
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9.8.3 Covib, ,(a,a, 8, t) and Vib, ,(a, a, B, t) Relationships 
Equations (9.86) and (9.88) are rewritten in the following form: 


Rog veg (ai), Pt) + Rog yyq (ai *), i *t) = 2Covib,,(a,a,B,t), t> 0, (9.182) 
Rog vig (ai), Pt) — Rog yyq( (ai), it) = 2iVib, (4, a, B,t), t>0 (9.183) 


Adding these equations gives the generalized fractional semi-Euler equation for the Vibration 
functions as 


Rogueg (ai), Pt) = Covib,,(a, a, B, t) + iVib,,(a,a,B,t), t>0 (9.184) 
or 
Ra vig/2(ai*)”, Pt) = Covibyiy (a, a, B, t) + iVibs)r,(a,a,B,t), t>0. (9.185) 
While subtracting yields the generalized complementary semi-Euler equation 
Rog vag (ai *)’, i *t) = Covib, (a, a, B, t) — iVib, (a, a, B, t), t> 0, (9.186) 
or 
Ravag((ai*)?, i Pt) = Covibs jy (4, a, B, t) — iVib,j»,(a,a,B,t), t>0. (9.187) 


The terminology semi-Euler is used because of the g to q/2 relationship between the right- and 
left-hand sides of the equations. Squaring equations (9.86) and (9.88) yields 


Covib; (a, a, B, t) 


- Roa vig Git). Ht) + Roa yg (ai *), Ht) 


4 
i WRog yng (ai), PL) Rog yy q((ai-*), i) 


, t>0, (9.188) 
4, 


Vib?.,(a, a, B, t) 
-R2 ((ai*)?, Pt) — R2... ((ai-*)?, i? t) 


_ 2q,v+q 2q,v+q 
7 4 
2Roq y. ((ai*)’, Pt)R is ((ai~*)*, iP t) 
—_ ooo, t>0. (9.189) 


Adding and subtracting these equations give 
Covib; (a, a, B, t) + Vib (a, a, B, t) 
Rian (Ge id Dear ey ae Oy BO; (9.190) 
Covib;, (a, a, B, t) — Vib, (a, a, B, t) 
Rogvegaty, Pt) + Roaveq (ai *y, it) 
2 


meta-identities relating the Covib, ,(a, a, B, t) and Vib,(a, a, B, t)-functions. 


, t>0, (9.191) 


9.8.4 Cofl, ,(a, a, B,t) and Flut, ,(a, a, B, t) Relationships 


The Cofl,,,- and Flut, ,-functions can also be related. We rewrite equations (9.90) and (9.92) as 
follows: 


2Cof 1, (a, @, B, t) = ai* Ry, ,((ai*)”, Pt) + ai “Ry, (aii? t), tt > 0 (9.192) 
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and 
2iFlut, (a, a, B, t) = ai"R,,, 
Adding equations (9.192) and (9.193) gives 


(ait), ft) — at Ry (Gi *y 4 *),. 1>0: (9.193) 


Ryqy((ai")’, Pt) = (CofA, a, Bp, t)+ iFlut, (a, a,p,t), t>0. (9.194) 
Alternatively, 
R,,(ai")’, it) = — (Cofla Aa. a, B, t)+ iFlut, jy (a, a,p,t)), t>0. (9.195) 


the generalized fractional semi-Euler equation for the Flutter functions. Subtracting 
equation (9.193) from (9.192) yields 


Rog (ai*)?, Pt) = = - (Cofl,,,(a, 0, B, t) — iFlut,,(a,a,B, t)), t>0, (9.196) 
or “ 
R, (ai), Pt) = —(Cofl, py, B, t) — iFlut,),(a,a,B,t)), t> 0, (9.197) 


the generalized complementary fractional semi-Euler equation for the Flutter functions. The 
functions as represented in equations (9.90) and (9.92) are squared to give 


Cofly (a, a, B, t);= a? 
PAR, ((ait)?, Pt) + i >*R2,, (ait), Pt) 
>< ———_$_———_—<—<— SSS 


2q.v 
4 
2R,, ((ai®)2, iPt) Ry, ,((ai-*)?, iP) 
as Ea Ga t>0, (9.198) 


Flut;, (a, a,p,th=a 
: —P#R ay, Pt) — i**R5,, (ai *y, iPt) 
4 
QWRogy((ai*)”, Pt) Rog ((ai-*)”, i Ft) 
" 4 
The sum and difference of these equations yield 
Cofl; (a, a, B, t)+ Flut; (a, a, B, t) 
=@#R,, (Gl), f)R, (ai "7 *t), -t > 0, (9.200) 
Coflt (a, a, B, t) — Flut;,(a, a, B, t) 
; PR (Gry ey rt Ry Gi ye) 


=a 7 t>0, (9.201) 


generalized identities relating the Cofl,,, and Flut, ,-functions. 


, €>0. (9.199) 


9.8.5 Cofl, (a, a, B, t) and Vib, ,(a, a, B, t) Relationships 
Taking u = g and k=0 in equation (9.139) gives 
q2it) pint 1)2q-1-v-q 
= (4+ 1)2q—-v—@) 
xX sin(((2n + 1)(a + Bq) + B(q-—1—v))z/2), t>O0. (9.202) 


oj Flut, (a, a, B,t) = )° = 
n=0 
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Now, 


= quit pt )2q-1-1-4 
aVib, (a,a, B,t) = 
al A, t) py I(u+1)2q-v-q) 


X sin((2n(a + Bq) + B(q-—1-v))x/2), t>0. (9.203) 
Let x = (Qn(a + fq) + B(q -—1—-—v))a/2 and y, = —(a + Bq)x/2 with 
sin(x) = cos(y,) sin(w — y,) + sin(y,) cos(* — y,). (9.204) 
Then, we may write equation (9.203) as 


; ss quntlglrtD2q-1-v-4 
avi a, a, B,t) = cos ——_—_——  sin(x -— 
gv(4. @, Bt) ov MGE Dp 


q2ttlpt1)2q-1-v—-q 


+ sin(y,) py GER ED cos(x— 3), t>0. (9.205) 


More succinctly, 
aVib, (a, &, B,t) = cos(y,) od Flut, (4, a, B, t) 
+ sin(V,)od/Cofl,,(4,a,B,t), t>0. (9.206) 
Taking 6 = 1.0, and k =0 in equation (9.204) gives 
a 2n+1 ¢(n+1)2g-1-v—-q 
d'C t (5a, P,t)= i Sate ee ee 
o“t oflut, (a, a, B ) 2 G@awiawe 
x cos{((2n + 1)(at+ Bq) + B(q-—1-—v))x/2}, t>0. (9.207) 
Now, 
; qt lglat)2q-1-1-4 
o= —— 
BOO BBD 2 rcenog wi) 
xX cos((2n(a + Bq) + B(q—1-—Vv))x/2), t>0. (9.208) 
Using the same substitutions x = ((2n(a + Bq) + B(¢g —1—v))a/2) andy, = —(a + Bq)a/2 with 
cos(x) = cos(y,) cos(x — y,) — sin(y,) sin(@ — y,) into equation (9.208) gives 
aCovib, (a, a, B,t) = cos(y,)od; Coflut, ,(a, a, B, t) 
+ sin(y;)od/Flut, (a, a, B,t). (9.209) 
Adding equations (9.206) and (9.209) yields the interesting result 
od! (Coflut,,,(a, 0, B, t) + Flut,,,(a, a, B, t)) 
(Covib, (a, a, B, t) + Vib, (a, a, B,t)), t>0, (9.210) 


a 
~ cos(y,) + sin(y,) 
where y, = —(a + fq)a/2. Subtracting equation (9.206) from (9.209) gives the complementary 
result, which may be combined into the single identity 


of! (Coflut,,,(a, a, B, t) + Flut, (a, a, B,t)) 
a 
~ cos(y,) + sin(y,) | 211 
cos(y,) + Gp re a, B,t) + Vib, (a, a, B,t)), t>0, (9.211) 


where again y, = —(a + fq) /2. 
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9.8.6 Cos, ,(a,a, B, t) and Sin, ,(a, a, B, t) Relationships to Other Functions 


The following relationships are presented without proof. They may be easily shown by substi- 
tution into the defining series and with the use of equations (9.99) and (9.100): 


Sinyg y4q(@’, 2a, B,k, t) = Vib,,(a,a, B,k,t), t > 0, (9.212) 
COS x9 yuq(As 20, B.k, t) = Covib, (a, a,B,k,t), t>0. (9.213) 
For the principal functions, we have 
ASiNy, ,(a”, 2a, B, t) = cos(y)Flut, ,(a, a, B, t) + sin(y)Cofl, (4, a, B,t), t> 0, (9.214) 
where y = —aa/2. 
AC0Sy4,(a°, 2a, B,t) = cos(y)Cofl, (a, a, B,t) — sin(y)Flut, ,(a,a,B,t), t>0, (9.215) 


where y = —aa/2. 

These are but a few of the many relationships possible for the meta-trigonometric func- 
tions. Many other relations paralleling the multiple- and fractional-angle formulas from the 
integer-order trigonometry and more are yet to be derived. 


9.8.7. Meta-Identities Based on the Integer-order Trigonometric Identities 


Because the series definitions of the meta-trigonometric functions contain the periodic 
cosine and sine functions, inter-relationships may be determined for these functions. This 
section determines meta-identities based on these relationships for the Cos, (4, a, B, t)- 
and Sin, ,(a, a, f, t)-functions. Identities such as cos(—x) = cos(x) and sin(—x) = —sin(x) 
are possible bases, as are the following identities provided by Spanier and Oldham [116], 
pp. 298-299 from the integer-order trigonometry: 


cos(x) m = 0,4, 8,... 


ma\ _ )Fsin@x) m=1,5,9,... 
oo (« = ) ~ )—cos(x) m= 2,6,10,... (9.216) 
+sin(v) m= 3,7,11,... 
sin(x) m = 0,4, 8,... 
man\ _ \+cos(x) m=1,5,9,... 
“ (« a nT) ~ )—sin(x) m= 2,6,10,... (9.217) 


Fcos(x) m= 3,7,11,... 


Identities for the Cos,,(4, a, B, t)-functions are considered first. 


9.8.7.1 The cos(—x) = cos(x)-Based Identity for Cos, ,(a, «, B, t) 
The question to be answered is: For given values of g and v what values for a, and f, will provide 
an identical function with parameters a, and f,? In other words, under what conditions will 


Cos, (4, @), By, t) = Cos, (a, &, By, t), t>0. (9.218) 
From the definition of Cos,,(4, a, B, t), 


q" t@t)q-1-v 


Cos, (4... 1) = Ya 


n=0 


cos ((an +Aln+Dq-1- v=) . t>0. (9.219) 


This will occur when for all 


cos ((a, n+, [n+l)q-1- v=) = cos ((a,n +p, [m+lq-1- vb) ‘ (9.220) 
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Now, from the classical trigonometry using cos(—x) = cos(x), this requires 
(a,n+ Pp, [(m+)q—-1-v]) =—-(a,n+ p, [n+ Dq-—1-V)). (9.221) 
This equality must also hold for m =0; thus, 
By lq-1—-v]=—-hyl[q-1-v]) > fp, = hy. 
This result substituted into equation (9.221) yields 
ant Bp, [n+1)q—-—1—v] =-a,n+ fp, [n+ lq-1-V] (9.222) 


from which 
A = —ay. 


Thus, the final result is 
Cos,,(4, a, B;, t) = Cos, (4, —a,,—f;, f). (9.223) 
9.8.7.2 The sin(—x) = — sin(x)-Based Identity for Sin, ,(a, a, B, t) 
Here, we wish to find conditions under which 
Sing (4, 0), B,, t) = Sing (4, O, Bt), t>0. (9.224) 
From the definition of Sin, ,(a, a, B, t), 


q" ttDq-1-v 


Sin, (a, 4,8, t) =D) = sin ((an +A [(n+1qg-1-v)=), ¢>0. (9.225) 
n=0 


= (1 + lq -v) 2 
Considering the sine arguments 
(a.nt+f, [(at+1)q-1-—v])=—(@,n + p, [4+ Dq—-—1—-v)). (9.226) 


This equality must also hold for 1 =0; thus, 
A lq-1-v])=—-f,[g-1-v]) > fy =—-f,. 
This result is now substituted into equation (9.226) giving 
ajnt+p, (m+ )q-1—v] =—-a,n+ fp, (n+Dq-1-v] > a, =-ay,. 
Combing the argument result with the sign change for sin(—x) = — sin(x) yields the final result 


Sing, (4, @, B, t) = —Sin, (a, —a,, —f}, t). (9.227) 


9.8.7.3 The Cos, (a, a, B, t) <=> Sin, (a, a, B, t) Identity 
Selected arguments of the classical cosine and sine functions in the Cos, (a, a, B, t)- and 
Sin,,(a, @, B, t)-functions also lead to identities. For this study, we consider 


foe} 


Cosy,a, 0, 6.t) = y, 


n=0 


att Da-l-v 


SS oa 
Fore bgon CS (ant hl +Dg-1-M)F), t>0, (9.228) 


and 


foe} 
. a'ttDa-l-v 
Sin,,(a,a,B,t)= > 


n=0 


7 4 
Fore Dgon in (ent sl +Dq-1-wF), #>0. (9.229) 


Then Sin, (a, @, B,, t) = Cos, (4, @, By, t) when 


sin ((a,n + B, [(1 + Dq—1- v) =) = cos ((ayn + B, [n+ gq -1-v) =). (9.230) 


9.8 Meta-Trigonometric Function Relationships 


From the classical trigonometry (equation (9.217)), we have + cos(x) = sin(@ + ma/2), where 
m = 1,5,9,.... Applying the identity to equation (9.230) gives 


sin (aan +6, [(m+lq-1- we) = sin ((a.n + Bp. (n+ )q-1- s + m’ ) . (9.231) 
Comparing arguments 
ant Bp, [n+ lq-1—-vl=a.n+ fp, [n+ lq-1—-v]+m, 
(a, —a,)n+(B, — 6) (n+ Dq-1l—-vj) =m. (9.232) 
Again, the relationship must hold for 1 = 0; thus, 
Gta Pha a 


This result substituted into equation (9.232) yields 


(a, — a@)n + — [(u+lq-1l-v]=m 


q-l1-v 
mn 
(4 = a) + TS tm =m 
m 
oe aS (9.233) 


Thus, the resulting meta-trigonometric identity is given by 


mq m 


Sin, (4, a, By; t) = Cos,, (« ay + Bp, = get=y t) m= 1,5, 9, aN (9.234) 


q-1-v’ 
9.8.7.4 The sin(x) = sin(x + mz/2)-Based Identity for Sin, ,(a, a, B,t) 
For Sing, (a, a, B, t), identities will occur when 

Sing (d, a, By, t) = Sing (4, A, By, t). (9.235) 
Based on the definition of Sin, (a, a, B, t), 
qittDa-1-v 


Sin,,(a,a,B,t)= > 


n=0 


——_—— ‘ 4 
Fore Dgan Sn ((ert Plirt+ Da-1-M)F).t>0 . (9.236) 


We require 
sin ((a, n+ 6, (n+1q-1- w=) = sin ((a.n +f, [(n+Dq-1- v=) . (9.237) 


Here, from equation (9.217), we use the identity sin(@) = sin(«+m/2), where 
m = 0, 4,8,...; thus, 


sin (an +B, (n+lq-1- w=) = sin { (Can + B, [(n+1q-1- DF +m ‘ 
(9.238) 
Comparing arguments 
a,n+p,[(n+)q-—1—-v]=a,n+ fp, [m+Dq-—1—vl]im. (9.239) 
Since the relationship must also hold when n= 0, 
(B, — B) = em _, m, =0,4,8,.... (9.240) 


q-l1-v 
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Substituting equation (9.240) into (9.239) gives 


(ay — 0) + [nqg+q-1l-—v]=+m, m=0, 4,8,... 


1l-v 
mn 
n(a, — ay) + —~"_ + m= 4m, m=0,4,8,... 
q-l1-v 
m 
RE ee ec a Te (9.241) 
q-l1-v 
Thus, we have the identity 
; : mq m 
Sin, (a, @, P,, t) = Sin, , | 4, a + pF ,t), t>0, = 0,4,8,.... 
qvi4s %, By, b) at ay Gai gay ) a 
(9.242) 


Clearly other, possibly stronger, identities of this type are possible. Importantly, because the 
series defining the parity functions also contain integer-order sine and cosine terms, similar 
identities may be created for them. Continuing from Ref. [83]: 


9.9 Fractional Poles: Structure of the Laplace Transforms 


Consider the Laplace transform of the Covibration function. From equations (9.72) and (9.71), 
we have 


2q — q2 = 
L{Covib, (a, a, B, k, t)} = git s cos(A) a cos(A at oa 


s“1 — 2a? cos(20)s24 + a* 


. 1 el4gatv 1 eA gat 
L{ Covib, (4, a, B, k, t)} = 3 524 — geile 3 34 — @eno” (9.243) 
This can be further resolved to 
L{ Covib, (a, a, B, k, t)} 
1 el(A-o) cat elA-o) atv et-o) qty etA-o) atv ( 
= a - eS aa Ae >v. 9.244 
4a |\(st-—ae’) (st+ae") (s4-ae"") (s1+ae) q 


From the transform pair (equation (9.244)), it may be seen that the Covib, (a, a, B,k, t) may 
be composed by a weighted sum of four R-functions or four complex fractional poles. The trans- 
forms of all of the fractional meta-trigonometric functions may be similarly decomposed. 


9.10 Comments and Issues Relative to the Meta-Trigonometric 
Functions 


The previous sections of this chapter have presented the definitions, Laplace transforms, spe- 
cial properties, and identities for the meta-trigonometry based on the fractional exponential 
function, R,,(a,¢). From these meta-definitions and properties, the analyst may specialize 
the variables q, v, a, and # to obtain particular fractional trigonometries or hyperboletries. 
The same variables substituted into the meta-transforms, meta-identities, and so on will yield 
those transforms and identities specialized to the particular fractional trigonometry. 

The mathematical process that was used to generate the meta-functions is shown graphi- 
cally in Figure 9.53. The a and ¢ variables of fractional exponential function, R, (a, t)-function 


9.12 Discussion 


expressed in series form, are generalized to the complex forms shown in the level 2 box. Two 
paths are shown from level 2 to level 3. The left path takes the real and imaginary parts of the 
series while the right path takes the even and odd powered terms of the series. From level 3 to 
4, following the left path, four new functions are generated by taking the even and odd pow- 
ered terms of the cosine and sine series. Following the right path, the same four functions may 
be generated by taking the real and imaginary parts of the complex corotation and rotation 
functions. 

Thus, the process described produces eight functions, six of which are real, and the complex 
corotation and rotation functions. It is noted that at level three, the leading term of the 
Laplace transform denominators is 2g while at level four it doubles to 4q. It is noted that the 
mathematical process observed here is fractal and may be repeated indefinitely to finer and 
finer resolution of R, (a, £). 


9.11 Backward Compatibility to Earlier Fractional Trigonometries 


The generalized fractional or meta-trigonometry as defined here contains both the R, and 
R,-fractional trigonometries discussed previously. For example, to obtain the R,-functions, 
we need only set a = 0 and f# = 1 in the meta-functions; that is, the basis for the trigonom- 
etry is R, (a, it). Similarly, for the R,-trigonobolic functions, we set a = f = 1, giving the basis 
R,,(ai, it). 

The generalized R,-trigonometry is not, however, directly compatible with definitions for- 
warded for the R,-trigonometry, which was conceived prior to the generalized theory. How- 
ever, the principal R, -trigonometric functions are compatible with the meta-trigonometry. It is 
noted that both versions have the basis R quai, t). 

The choice q= 1, v=0, a = 1, and f = O will yield the functions and identities associated with 
the classical trigonometry (albeit with new names). 

The Covibration function is the real and even part with respect to the powers of a of 
R, (ai, i?t) and, therefore, is a proper successor to the cosine function of the classical 
trigonometry and the Flut function is imaginary and odd part with respect to the powers of 
a and, therefore, is an appropriate successor for the sine function. Thus, the Cos, ,-function 
in the meta-trigonometry is only the real part of the R, (ai, i?t)-function and Sin,, is only 
the imaginary part of the R,,(ai", i?t)-function; that is, the parity operations have not been 
applied. The taxonomy chart of Figure 9.53 illustrates the relationships. 


9.12 Discussion 


The meta-trigonometry expands the fractional trigonometries and fractional hyperboletry 
from the four bases of Chapters 5-8 to the complete infinite set. The defined functions are use- 
able for the study of many dynamic processes and for the solution of many classes of fractional 
differential equations via the Laplace transforms of the meta-functions. Considerable study 
will be required to determine which of the bases are important and where they may be applied. 
While the fractional trignoboletries release us from the constraints associated with the unit 
circle, many challenges must be met for the area to develop to mathematical maturity, some 
follow. 

The foregoing material has only dealt with the primary functions: Sin,,, Cos,,, and so 
on. The ratio and reciprocal functions (ie., tan, cotan, etc.) associated with the six primary 
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functions still need to be defined and to have their properties developed. The task is daunting 
as there are 36 such functions. The next chapter provides some thoughts on this topic. 

Development of inverse function definitions (in series form) is problematic since in most 
cases no repetitive principal cycle exists, and the inverse functions are one-to-many mappings. 
Software methods, however, may allow us to temporarily bypass this step for practical applica- 
tion. A more detailed discussion of this topic is found in Chapter 20. 

The existence of orthogonal function sets outside of the classical trigonometry will need to 
be explored. Furthermore, will the classical definitions of orthogonality be adequate or will new 
fractional-based definitions be needed? 


10 


The Ratio and Reciprocal Functions 


Our attention to this point has largely been focused on the primary fractional trigonometric 
functions, that is, the generalizations of the sine and cosine functions. In this chapter, we expand 
our considerations to include their reciprocals and ratios. When both the complexity and the 
parity functions are considered, there are a total of 36 new functions defined. We limit the 
consideration to the principal, k =0, meta-trigonometric functions. From the previous chapter, 
they are, for t > 0: 


co 
a tetba-l-v 
Cos,,(a, a, B, t) = >) 


n=0 


a 
(n+ lq—v) cos ((an + p [(m + Iq -1-v) =) 


attetba-l-v 


Sin,,(a, a, B, t) = 2, ; 


i a 
Hore bgon sit ((@n+ Blor+ Dq—-1-r5) 


= gente t)2q-l-v—-4 
Covib a,a,f,t)= aos RPGR CR 
a B,t) p2 I(n+1)2q-v—4q) 


cos ((2n(a + Pq) + B(q-1-)), 


a 2h tt b2q-1-v-q 
Vib, (a, a, B,k,t) = ) —————____—_. 
g(a, @, BK, i) 2 Gog 


sin (Qn(a + fq) + A(q-1-v)2), 


oe. gant) p+ 1)2q-1-v 
Cofl,,(a, a, Bt) = ), ———______ 
4 2X T((w + 1)2q - v) 


cos (((2n + 1)(a + Bq) + Bq- 1-5), 


22, gant) pnt 1)2q-1-v 
Flut (5a;,P,t)= = 
tgs, Bt) = DY T+ 1)2q-v) 


n=0 


sin (an +1)(a+ Bq) + Bq-1- wz) 


10.1 Fractional Complexity Functions 


The naming convention for the complexity fractional meta-trigonometric functions will follow 
that for the integer-order trigonometry; thus, we have 


* Sin, (4, @, B, b) 
,a, B, t) = ———_—_—__.,,_[t>0O, 10.1 
ag hO OP OE Coe Gabe — 


e Cos, (a, a, B, t) r jap 
t, »4%,Ps, H= "Wel. fas a Dp aN? t> , * 
Ogsltr tb. = a (10.2) 
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1 
Sing (a, a, B, t) ‘ 


1 
Cos,.,(4, a, B, ty’ 


Cosec, (4, a, B, t) = t>0, (10.3) 


Sec, (4, a,p,H= t>0. (10.4) 


To minimize the number of plots, the graphic displays for the complexity functions are based 
on the natural quency simplification forms of equations (E.21) and (E.22). Figures 10.1-10.6 


Singy (Qn) 


0) 2 4 6 8 10 
t-Time 


Figure 10.1 Effect of q with; Sin, .(@,,, 6, t) versus t-Time for Q,, = 0.5, v = 0,6 = 1.0, and q=0.25-1.5 in steps 
of 0.25, t= 0-10. 


C08 q1 (Qn,6,t) 


10 


0) 2 4 6 8 10 
t-Time 


Figure 10.2 Effect of q with; Cos, .(@,, 6, t) versus t-Time for Q, = 0.5, v = 0, 6 = 1.0, and q=0.25-1.5 in steps 
of 0.25, t= 0-10. 
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Tang, (Qp,5,t) 


t-Time 


Figure 10.3 Effect of q with; Tan, .(@,,, 6, t) versus t-Time for Q,, = 0.5, v = 0, 6 = 1.0, and g=0.25-1.5 in steps 
of 0.25, t=0-10. 


20 
15 


10 


CoTang,, (Qp,5,t) 


t-Time 


Figure 10.4 Effect of g with; Co tan, o(@,,, 6, t) versus t-Time forQ, = 0.5,v = 0,6 = 1.0,and g=0.25-1.5 in 
steps of 0.25, t= 0-10. 


show the effect of variations in g for the fractional complexity meta-trigonometric functions 
for 6 = 1,Q,, = 0.5, v = 0, q=0.25-1.5 in steps of 0.25, =0-10. 


10.2. The Parity Reciprocal Functions 


The parity reciprocal functions are listed as 
1 


——__———., [>0, 
Covib, ,(a, a, B, t) 
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20 


15 7 
g=0.25 q=15 


5+ 


Cosecy,, (Q,,6,t) 


~10 + 


0) 2 4 6 8 10 
t-Time 


Figure 10.5 Effect of q with; Cosec, .(Q,, 5, t) versus t-Time for Q, = 0.5, v = 0,6 = 1.0,and q=0.25-1.5 in 
steps of 0.25, t=0-10. 


Secy, (Q,,,6,t) 


t-Time 


Figure 10.6 Effect of q with; Sec, o(@,, 5, 0) versus t-Time forQ, = 0.5,v = 0,6 = 1.0, and q=0.25-1.5 in steps 
of 0.25, t= 0-10. 


ee 
Vib, (a, a, B,k, t)’ , 
1 
————_., [>0, 
Cofl, (a, a, B, t) 
and 
s t>0, 


Flut, (a, a, B, t) i 
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Figure 10.7 Effect of q with 

Covib, (a, a, B,k, t) versus t-Time for 
a=0.75,6 =0.0,a=10,v=k=0, 
q=0.25-1.25 in steps of 0.25, t=0-10. 


Covibg 9 (1,0.75,0,0,t) 


10 


Q 
i] 
i] 
aoa 


1/Covibg 9 (1,0.75,0,0,t) 


0) 2 4 6 8 10 
t-Time 


Figure 10.8 Effect of q with 1/Covib, 9(a, a, B, k, t) versus t-Time for a = 0.75, B = 0.0,a=1.0,v=k=0, 
q=0.25-1.25 in steps of 0.25, t= 0-10. 


when they exist. Figures 10.7—10.14 show the effect of variations in g for each of the parity 
meta-trigonometric functions and their reciprocals with a = 0.75 f = 0.0, a=1.0, v=k =0, 
q = 0.25-1.25 in steps of 0.25, t=0-10. 


10.3 The Parity Ratio Functions 


We consider only 2 of the 36 possible ratio functions for the parity meta-trigonometric func- 
tions. They are as follows: 


Vib, (a, a, Bt) Flut, (a, 0, Bt) 


a Sth a Ae 10.5 
Covib, (a, a, Bt) 0 Cofl, Aas & B,D a5) 
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Vibg,9 (1,0.75,0,0,t) 


t-Time 


Figure 10.9 Effect of g with Vib, (a, a, B, k, t) versus t-Time for a = 0.75, 6 = 0.0,a=1.0,v=k=0, 
q=0.25-1.25 in steps of 0.25, t=0-10. 


1/Vibg 9 (1,0.75,0,0,t) 


t-Time 


Figure 10.10 Effect of g with 1/Vib, (a, a, B, k, t) versus t-Time for a = 0.75, B = 0.0,a=1.0,v=k=0, 
q=0.25-1.25 in steps of 0.25, t=0-10. 
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Coflg.o (1,0.75,0,0,t) 


t-Time 


Figure 10.11 Effect of q with Cofl, (a, @, B, k, t) versus t-Time fora = 0.75, 8 = 0.0,4d=10,v=k=0, 
q=0.25-1.25 in steps of 0.25, t=0-10. 


1/Cofl 9 (1,0.75,0,0,t) 


0 2 4 6 8 10 
t-Time 


Figure 10.12 Effect of g with 1/Cofl, (4, a, B, k, t) versus t-Time for a = 0.75, B = 0.0,a=1.0,v=k=0, 
q=0.25-1.25 in steps of 0.25, t=0-10. 
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10 


Flut,,9 (1,0.75,0,0,t) 
fo} 


t-Time 


Figure 10.13 Effect of g with Flut, (a, a, B, k, t) versus t-Time for a = 0.75, 6 = 0.0,a=1.0,v =k =0, 
q=0.25-1.25 in steps of 0.25, t=0-10. 


10 
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oO 
te} 
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Figure 10.14 Effect of g with 1/Flut, (4, @, B, k, t) versus t-Time for a = 0.75,8 = 0.0,4=1.0,v =k =0, 
q=0.25-1.25 in steps of 0.25, t=0-10. 


10.4 R-Function Representation of the Fractional Ratio and Reciprocal Functions 


Vibg,9 (1,0.75,0,0,t) / Covibg o (1,0.75,0,0,t) 


t-Time 


Figure 10.15 Effect of q with Vib, (4; a, B,k, t)/Covib, (a, a, B, k, t) versus t-Time for a = 0.75, 6 = 0.0,a=1.0, 
v =k =0,q=0.5-1.25 in steps of 0.25, t=0-10. 


Figures 10.15 and 10.16 show the effect of g for these ratio functions versus t-Time for a = 
0.75 Bp = 0.0,a=1.0, v = k = 0, q=0.5-1.25 in steps of 0.25, ¢ = 0-10. The general appearance 
of these function is similar to that of the Tan, (a, a, B, t), as seen in Figure 10.3. 


10.4 R-Function Representation of the Fractional Ratio 
and Reciprocal Functions 


The R-function representations for the ratio and reciprocal functions are easily determined 
using the results from Section 9.5. Thus, we have for t > 0 


Sing,(a,a,B,t) 1 Ry,fai", f= Ragldt a) 


Te iS 10.6 
Ag y(a, a, Bt) Cos, (4,a,B,t) i R,,(ait, Pt) +R, ,(ai-*, it) aie 
is es Cos at. 0, t) Rika PR, at.) (10.7) 
ot, (a, a, B, t) = ————c— Fim xc cx, . 
ay Sin, (a, @, B, t) R,(ai®,i?t) —R,,(ai*, 17) 

1 2i 
C , a, B, t) = cr zr mee 10.8 
864A a BD SG aft) R,,(ai®, it) — R,,ai* 0-70) _ 

1 2, 
S a, B, tL) = ———— 5>&s 10.9 
Cg ee!) Cos,,(a,a,,t)  R,,(ai*, Pt) + R,,,(ai-*, iP) a 

1 2 

yee eek eres ee 10.10 
Covib, (a, ,B,t) — Rog yg((ai%)?, Pt) + Rog yyq((ai-*)?, iP) ( ) 
1 2i (10.11) 


Vib, (4,0, B,£) — Rog yyq((ai2)?, it) — R (ai-*)2, i-Pt)’ 


beak 
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0,0,t) 


Flutg,o (1,0.75,0,0,t) / Cofly o (1,0.75 


t-Time 


Figure 10.16 Effect of g with Flut, (a, a, Bk, t)/Cofl, (4, a, B, k, t) versus t-Time for a = 0.75, 6 = 0.0,a=1.0, 
v =k =0,q=0.5-1.25 in steps of 0.25, t=0-10. 


1 1 2 
———— 10.12 
Cofl,,(a,a,B, 0) ai*R,,,((ai®)?, Pt) + "Ry, ((ai-*)?, FPO) ae 
1 1 2i 
SS Fe 10.13 
Flut, (a, 4, B,t) ait Rog ,((ait)*, Pt) — im-* Rog ((ai-*)”, iP) 
10.5 Relationships 
From equation (9.176), we have 
Cos? (a, @, B, t) + Sin? (a, a, f,t)=R,(ai*,P OR, (aii? t), t>0. (10.14) 
Dividing by Cos;_(a, a, B, t) gives 
Sinn at Bit) Khai,’ OR, Cai 2 2) 
> —— _,, ¢ > 0, (10.15) 
Cos, a, a, B, t) Cos; (a, a, B, t) 
R, (ait, i? O)R,,,(ai-*, iP t) 
1+ Tan?,(a,a, p,t) = “_*"_"_" ¢59, (10.16) 
, Cos, (4, a, B, t) 
or 
1+ Tan? (a, a, B,t) = Sect, (a,a, B,t){R,,(ai",? OR, (ai *,i?t)}, t>0. (10.17) 
This is a broad generalization of the trigonometric identity 1 + tan?x = sec?x. 
Dividing equation (10.14) by Sinz, (4, a, B, t) yields 
Cos; (a, a, f, t) Ra jf OR, (ai, i’ t) 
- | = —____—_—_,, ¢>0, (10.18) 


Sing (a, Qa, B, t) Sin; (a, Qa, B, t) 


10.6 Discussion 
or 
1+ Cot; (a, a, B, t) = Cosec? (a, a, B, t){R, (ai", POR, (ai, i” t)}. (10.19) 


This is a generalization of the identity 1 + cot?x = cosec’x. Many similar identities may also 
be written for the parity functions. 


10.6 Discussion 


There is much to be done in this area and this presentation only begins to scratch the surface. 
Because of the many possible ratio and reciprocal functions, it is important that a simple naming 
convention be established that is based on the numerator and denominator functions. 

The following possibility is offered. Consider the associations 


Sing) > S 
Cos, ,(-) >C 
Vib, yO) > V 
CoVib,,(-) > CV 
Flut, ,(-) >F 
CoFlut, ,(-) > CF. 
Then, using lower case “r” to represent “the reciprocal of,” we have rS > 1/Sin,,(:), rC > 
1/Cos,,(-), and so on. Furthermore, SoC => Sin, ,(-) /Cos,,(-), VoCV = Vib,,(-)/CoVib(:), and 


“ny 


so on for the names of the ratio functions with “o” representing “over.” 

Importantly, we need to know what special properties may be associated with these functions, 
whether series expansions can be developed, and whether there are geometric interpretations 
beyond triangles that may be useful. 
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Further Generalized Fractional Trigonometries 


The G- and H-functions (introduced in Chapter 3) are needed to address the condition of 
repeated poles in the Laplace transforms representing system dynamics in Chapter 12. These 
functions are generalizations of the F- and R-functions and as such allow generalizations of 
the fractional meta-trigonometries. Although it is beyond the scope of this book to provide an 
in-depth coverage of such trigonometries, we briefly consider the subject here. 


11.1 The G-Function-Based Trigonometry 


In Chapter 3, we introduced the G-function; it is defined as 


SANE ps Gaj=n) Gay ee 


G,, ,la, t] = - - , t>0, (11.1) 
o py Tr +)aq-%) 
or in terms of the Pochhammer polynomial, (r),, 
oe) (r) (ay tora-v-1 
Gayla t]= 2), -———.—..,_ t > 0, (11.2) 
a di rr+)q-¥) 
where Cpyra—n 
a, = r . j . 
= ela GerapeE)y,, Je Lac 
/  Ta-j-nr) 
Its Laplace transform (equation (3.95)) is given as 
L{G,,,[a,t]} = —*—, Re(gr - v) > 0, Re(s) > 0, | 4] <1. (11.3) 
q.vP £4 (s4 = ay’ 2 > > 54 
The G-function-based trigonometry is based on G,, ,[ai", it], that is, 
(ni aity (PA 
G ae a ee a ee 11.4 
aoe late] = Ye paaw eee 


j=0 
eee SODorm 
Gap lar et] =, NU +)q-v) 


j=0 


jUtP+a-V-D)_ at, 
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Now, consider the exponent of i, assuming rational parameters (including r) 


ajt+ B(rt+jq-—v—-1) 


T= aj + Bir +)q-v—1) = aj + Pra + Bia - pv -p 


_ NDpD_P/Dii + NpNgNDaDy + INpNPuP Dy ~ NpN/DaPgDr ~ NpDaP PP, 
D,D,D,D,D, 
Gy ,Lai®, it] 


© (nay (rr 
A I(r +a -v) 


(cis (= (< + 2nk))) UREA DHT, #S Oo 08) 
D\2 

where M/D = M/(D,D,D,D,D,) is rational with common factors removed. From this form, 

the G-trigonometric functions are defined as 


= (fay (Herr 


GCos,,,[a,a,B,k,t]= >) 


TR CES Ee cos ((aj+ Br +pq—-v-1)) (F + ank) ) : 
j=o 7° 


t>0, k=0,1,2,...,D-1, 
(11.6) 


and 
= (lan 


GSin,, ,[a,a, Bk, t1= )° 


CESS (aj + B(r+fq-v-) (= se 2nk) ) 
j=o J 


£30, K201,9.04D= 1, 
(11.7) 


The principal G-trigonometric functions, k = 0, are 
GCos,, 14, a, B, t] 
= (lay Orr : 
=D AR NGPA DEH De) a: £29; (11.8) 
2D arerspaa (5)) 
GSin,, 4, a, Pp, t] 
= (ayorrrn P 
= DT Sin (Caf t+ Br t+fq-v-D)(s>)), #>0. (11.9) 
4 I(r +)4-V) ((aj + Br +a (5)) 


11.2 Laplace Transforms for the G-Trigonometric Functions 


Consider the Laplace transform of the GCos,,,[a, a, B,k,t]-function, then transforming 
term-by-term 


co (r) (ay (t)°a-v-1 
L{GC , a, B, k ; = L L ie aoe 
{GCos,,,la, a, B,k, t]} “aj! { T(r+jq—-v) \ 


X COs ((aj+ B(r+pq-v—-1) (5 + 2nk)), 
S019)... D4 (11.10) 


11.2 Laplace Transforms for the G-Trigonometric Functions 


From tables of transforms, we have 


(t)ova-v-1 1 
L - — ——, rq >V, (11.11) 
TMr+fq—vy Jf sway 


giving as a final result 


(r) (ay 


a ji git taty 


L{GCos,,,1 a, a, B,k, t] y= aa cos (aj+ Bur+)q-v-1) (4 +2nk)), 


rq>v, k=0,1,2,...,D—1. (11.12) 


A closed form of the transform containing imaginary constants and leading to an interesting 
connection to the G-function may be derived as follows. Rewrite the cosine as 


cos (aj +B(r+jq—-—v-1)) (= + 2nk) ) 
= Cos (ica + Bq) (F + 2nk) + B(rq-—v—1) (= + 2nk) ) =cos(jn +p). 
This may be expressed as 


ell inte) 4 e-ilintp) 


cos (jn + p) = ; 


where 4 = (a + fq) ( + 2nk) and p = B(rg—v-—1) ( + aak). Substituting this result into 
equation (11.12) gives 


(),(a) ayy, 
i(jn+p) —i(jnt+p) 
L {GCo8 jy p14, 4, Bk, t} = 5 ee ~ efit) Ly 1 sire inte) 
J= J= 


ip (ayeini = 
eG aepeis = Oe 


rq-v 
2s a 


el?  (aen\) ee wa) ae” ; 
L {GCos,, La, a, B, k, t]} = sd y jl ee + ree rT: a , (11.13) 
j=0 7° j=0 


é y (r)(ay ew” 
j! s4 2s'q-¥ = ji 4 


, 


ji! 


with rq > v, k = 0,1,2,...,D. Now, the following relationship is found in Ref. [116], p. 150: 


(1 —t)* =exp [-« In(1 — t)| = oy (2), (11.14) 
n=0 * 


Thus, equation (11.13) may be written as 
L {GC k fee Ve Be ae 
{ 08,14, a, B,k, t] ie = a5 aA ae + ar eer , 


oe ( sf )+ evs ( sf ): 
2s"d \ 54 — aein 2s \ 34 — ae-in } © 


Now, using equations (3.124) and (3.125), we have 


L {GCos,,,[a, a, p,k, t] }} = a 


jPrq-v-D s’ j-hrq-v-1) s’ 
2 = (84 — aei)r 2 = (s4-ae-inyr’ 
rq>v, k=0,1,2,...,D—1. 


L{GCos,.,,[a, a, B,k,t]} = 
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The ratios are recognized as Laplace transforms of G-functions, thus relating the GCos trans- 
form to the G-function transforms as 


a er j-Plrq-v-1) 


L{GCos,, la, a, B,k, t]} = L{G,, (ae, t} + LAG, Get, 


rq>v, k=0,1,2,...,D—1. (11.15) 


QV 


Inverse transforming gives the time-domain relation 


jPirq-v-D) e j-Plrq-v-1) 
5 Gyy,(ae™, t) + 5 


rq>v,k =0,1,2,...,D—1. (11.16) 


GCos,,, ,[4, a, B, k,t] = Gis ae", 0); 


After some algebra, this may be written as 


Gyp(ait, Pt) + Gy ,(ai-®, iP) 
GCos,, 14, a, B, k, t] = ee ’ 


rq>v,k=0,1,2,...,D—1, t>0. (11.17) 


From this result, we can easily obtain a closed form for the Laplace transform of 
GCos,,,,14, a, B,k, t], yielding a closed form for equation (11.12). Here, we see the G-function 
acting as a generalized exponential or generalization of the R-function. 

The development of the Laplace transform for the GSin, , ,[a, a, B, k, t]-function, is similar to 
that for GCos, ,, .[a, a, B, k, t]; then, 


qv 
L {ESittg la a, Bk, t]} 


(r); eee (t)°a-v-1 
-y4 1 aes} 7 (ca + Br +fq-v—-D) (F + ank)), 


k=0,1,...,D-1. (11.18) 
Applying equation (11.11), we have as a final result 
£ {@Sitt a a, Bk, t]} 


(r) (ay 
=> om jis sin ((aj+ Br +)q-v-0) (4 +2nk)), rq>v,k =0,1,2,...,D—1. 


(11.19) 


Rewrite the sine as 
sin ((aj + B(r+jq-—v-—1)) (F + 2nk) ) 
= sin (ic + Pq) (= + 2k) + B(rq-—v—1) (5 + 2nk) ) = sin(jn + p), 


and this may be expressed as 
elUinte) — e-iUintp) 


sin (jn + p) = oF 


, 


where 7 = (a + fq) ( + 2nk) and p = B(rq-—v-—1) ( + 2rk)) Substituting this result into 
equation (11.19) gives 


(ay, im O(@ ,, 
i iCjnt+p) _ } —i(jntp) 
L{GSin,,,la,a, B,k, t]} = Fe i 4 Fst oe aes »} Tne inte) 
J= 


11.2 Laplace Transforms for the G-Trigonometric Functions 


lh Maye” gin Save” 
L{GSin,,,[a,, ,k, t}} = = py Gee cae ae 


; el wa facet  c? QO faen\ 
EA GSii gy ole Brkt} = era Dy ance Spee aa) 220) 
J= 


with rq > v, k=0,1,2,...,D—1. Now, applying equation (11.14), equation (11.20) may be 
written as 


2 . a A ‘i -—r 
: e? ae e'? ae" 


. els? sf "ev lPsy sf i 
L {GSin,, ,{a, a, B,k, t}\ = OM (——) = 2isr4 =) , (11.21) 
ip v —ip Vv 
L{GSin,, ,la,a, B, k, t}} = —]—*—__ - 5 __* _, 
2i (s4 — aen)r 2i (s¥ — ae-")r 
rq>v, k=0,1,2,...,D—1. (11.22) 
Inverse transforming gives 
j e in e? —in 
GSin,, a, a, B,k, t] = aj Canale st) - “Sp Canrlae ,t), 
rq>v, k =0,1,2,...,D-—1. (11.23) 
Now, using equations (3.124) and (3.125), we have 
jprq-r-1) ; j-Ptrq-r-1) 5 
GSin,, 14, a, B,k,t] = ap Ganrlae " ty- a7 Gawelae " t), 
rq>v,k =0,1,2,...,D-—1, t>0. (11.24) 


This may also be written as 


Gy y(ai®, i*t) — Cay ai”, it) 
GSin,, ,{4, a, B,t] = SO rq>v,t>0. (11.25) 
- i 


From this result, we can easily obtain a closed form for the Laplace transform of 
GSin,,,la, a, B,k, t], yielding a closed form for equation (11.19). Here, we see the G-function 
playing the role for the GSin, , , similar to that played by the fractional exponential function for 
the fractional Cos,,,. Some properties of this trigonometry follow. Squaring equations (11.17) 
and (11.25) gives 


G2, (ai%, iPt) + G2, (ai-%, iP) 
GCos;,, ,{4, a, p,t]= 1 qr na qr ie ,1G>Y; (11.26) 
mS AVP IG Mal COG: laid ©f) 
G2, (ait, Pt) + G2, (ai-*, it) 
Sin aw pisee|) ee ge, (11.27) 
ns As |) 267 (att OG. (at ost Pb) 


Adding equations (11.26) and (11.27) gives the identity 
GCos2, ,[a, a, B,t] + GSin? , [a, a, Bt] 


qQ.vl qv 
=G at COG. ar Ee *f)2. £0, 7g > (11.28) 


Subtracting gives the companion identity 
GCos2,, .[a, a, B, t] — GSin?,, [a, a, p, t] 


QV. QVl 
=e, it, #) 4G, (ai, iD|, t>0, rq>v. (11.29) 
2 qr 


QvVr 
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11.3. The H-Function-Based Trigonometry 


The H-function was introduced in Chapter 3. Its usefulness is in the solution of fractional differ- 
ential equations with solutions containing repeated complex fractional roots. The H-function 
is defined as 
(-1)"(r),(n -j + ier cA partntj—v—1 
Hy (Co, c,H= y y =] +5> co. => = = a rE ee 
n! j! T(qQ2r+n+j)-v) 


n=0 j=0 


t>0, (11.30) 


where (r),, and (7 — j + 1), are Pochhammer polynomials. Its Laplace transform is given as 


a s” C) , & 
L {Hy yr(Cop C1 £)} = @rneseay le @4| hese <1, 2gr>v. (11.31) 
The H-function-based trigonometry is based on H,,,,(coi”, c,/’, 5, it), that is, 


Hy (Cpé", Qt Pt) 
co 00 (-1)"(r),,(n —jt+ 1),(c,i)"M(cpi* (Ppa 


—_—_—____——., t>0, 
n! j! T(qQr+n+j)-v) 


n=0 j=0 
Hi Gt G84 f) 
Se CHI") (A =F + DE) MCoY (ater tet) aer+nt)—v-D +5 taj 


* Pe, 
nt j! T(qQ2r+n+j)—v) 


n=0 j=0 


Under the assumption of rational variables, the exponent of i may be written as 
< = p(q2rtn+j)—v-l) +6n-/)+a/ 


= 2fqr + Bqn+ Baj — Pv-— B+ 6n—-dj+aj 
__ 2N,N,N,D,D,Ds + 2NjN,D,D,D,Ds + jNpN,D,D,D,Ds — NpN,D,D,D.Ds 
D,D,D,D,DsD, 
. -N,D,D,D,D,D; + nN;D,D,D,D,D, — jN;D,D,D,D,Dy + jN,D,D,D,DsD, 
D,D,D,D,D;D, 
Then, we have 
HG Chott) 
Se (1), (2-7 + DQ) MY (gya2rtet-v-1 i. (M 
yy eS a) 
n! j! T(qQr+n+j)—v) 
t>0,k=0,1,2,...,.D-1, (11.32) 


n=0 j=0 


where D= D,D,D,D,D;D,, and M/D is rational and in minimal form. From this form, 
the H- fractional trigonometric functions are defined as the real and imaginary parts of 
equation (11.32): 

(-1)"), (4 J+ VE)" MoV (gy4@rtt)-v-1 


HOO Cop tinil)'= 2, py nj! Tq@Qrtn+)—v 


x cos ((B(qQ2r +n +f) - v= 1) + 5(n— p+aj (= +2nk)), 
t>0,k=0,1,2,---D-—1, (11.33) 
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and 
© © (-1)"(r), (1 —j + 1);(¢,)" (CY (t)42rtnt))-v-1 
HS sey kt ee ee = A 
ear aheeey a nj! T@Qrtntp—v 


x sin ( (Sgr + 1 +f) — v= 1) + (0 - p+aj) (F +2nk)), 
t>0, k=0,1,2,...,D-—1, (11.34) 


where D = D,D,D,D,D;D, and is in minimal form. The principal H-fractional trigonometric 
functions, k=0 and with £> 0, are 


(-1)"(r),(4 —j+ 1); (c,)"F(cy¥ (tert 


HCO 60) = Dy > a Tree 
x cos ((s@@r + n+j)-v-1)+6(n-j) +a) (=)) (85) 
and 
1) syed); (c1)"W(co¥ (tert 
HSittg y (Co, C148) = Y py n} j! Tq@Q@r+n+j)-v) 
x sin ((sq@2r + n+j)-v—-1)+6(n-j) +aj) (=)) ; (11.36) 
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CIO nl 7+ DlOY" Heo, (_waeremn-w-h 
(= +n+j)-Vv) 


L {HCo0844,,(Cos €1,k, £)} = y > 


n=0 j=0 
x cos ( (S(G(2r +1 +f) = v= 1) + 6H - p+aj) (F +2nk)), 


$30,420,107 D1, 
(11.37) 


n! j! 


or 


es LY OF + ile). 
L {HCos,,, (Cos C5 k, t)\ = > >  aljl sire 


=0 j=0 


~ 


x cos ( (A(q(2r +1 +) —v— 1) + d(n -j) + aj) (F +2nk)), 


2gr>v, k=0,1,2,...,D-1, 
(11.38) 


where D = D,D,D,D,D;D,, and is in minimal form. A closed form of the transform containing 
imaginary constants and leading to a connection to the H-function may be derived as follows. 
Rewrite the cosine as 


cos ( ((q(2r +n + j)— v= 1) + 5(n- j) taj) (= +2nk)) 


= cos (j(6q - 5+a)(2 + Ink) + {B(qQr +2) - v1) +n} (F + 22k) ) 


= cos(jn +p). 
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This may be expressed as 
ell jnt+p) + ew il jnt+p) 


cos( jn + p) = 5 ‘ 
where yn = (Bq —6 +a) ( + 2nk) and p = {B(q(2r+n)—v—1)+6n} ( + atk). 

Therefore, 

i ED yl — 7 + DG) oy ellintp) 4. e-iintp) 
L {HCo5, (Co; C1,k, t)} - p> py nj i) sq(2rtntj)—v i { 2, \ : 

2gqr>v, k=0,1,2,...,D-—1, 
(n—j+1),(*) ev 
(-D"0), (ese? @ AI i(® Je 

L {HCos,,, (Co, c,,k, t)} = 3 Tal ey Se = =a 


NG 
2 (-1)"), ("se @ I+ D(*)e : 


un 
- 2 2 n! sf2r+n) 


n=0 y j=0 


r) 


ji sv 
2gr>v,k =0,1,2,...,D—1. 
Now, from Ref. [116], p. 151, we have (m — p+ 1), — (-m), (-1), 


(-1)"(r), (ese? & CW n),(2 Je 


L {HCo8q.,,.(C9; ck, t)} = > 2 n! s42r+n) a jis 
n= j= 


rte 
2 (-1)"(r)g(e,"s"e-#? (-1y-m,(2)e ” 
> 2 n! sq2r+n) é i! sd 


n=0 j=0 


r) 


2qr>v, k=0,1,2,...,D-1, 


(—1)"(7),(c,)"s"e? Sy (—1); ( —cgei" j 
L {HCos,, (Co, C1,k, pis > a aan j! “cst 


Ce —in j 
cst) 


2qr>v, k=0,1,2,...,D—1. 


j=0 


(DO) (Ose? (Hj 
‘ 2 2 n! s12r+) py j! 


n= 


Now, applying equation (11.14) 
L {HCos,,,.(Co» c,,k, t)} 


Hy D'Onlery’se” (5 coe \" | ye D'OMe"se? (coe \" 
- py 2 n! s42r+n) . eiSt 7 2, 2 n! sa2rtn) + Cet op 


2gr>v, k=0,1,2,...,D-1, 


L{HC08, (os Cis kit) } 
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ae = ea 
st y (-1)"(r),,e” (cys + coe!” tt y (-1)"@),e-? ( 184 + Coe” 
eee nl c,s4 ee 184 , 


n= 


2qr >v, k=0,1,2,...,D-—1. 


We now write ep = ef BG2r+n)—v-1)+6n} (1/2+2zk) = j{Pq@r+n)—v—1)+6n} = j(Bq+6)n jP@ar-v-)) and 


« —d+a)( 24+22k “Ba 
eit — @M4 2 ) = jf4-6+«, Thus, we have 


4 . ris n 
oo (r), j{Fats) (c,s4 + Coit eae) 


gv jPQar-v-D 
L+4HCos,,, (Co, €;,k,t)} = 
{ avr(Cor C1 dy 2s24r p> n! C874 


g¥j-Par-v-) (ry, [PI (c157 + coi P-F*) 
~~ 962qr > SaleM © Jamey? ——— ee 
28° At on! c,s°4 
2qr > v. 


Applying equation (11.14) again gives 


P F -r 
g¥ jP2aqr-v-1) iF4+9)(c, 54 + Fe CD 
L LHCO5 2 ACs C1, k, t)\ = —— 


284" c,8°4 
Vj-Par-v-1) ae i-PI+9)(¢, 84 + cgi PI-F+) a 
2824" c,874 ; 
2qr > v. 
. -y- 2q 4. {(Bq+5) (6. of ipq-b+a) \ ~" 
gv PQar-v-D (c,8°4 +i (c,87 + Cyi ) 
LH k = | 
{ C084 y+(Cos 15k, t)\ Fyhar 924 
g¥j-BQagr-v-1) ( c, 874 + i P1)(C, 51 + cgi F4-F) ve 
2524" C1824 ; 
2qr > v. 


1 Gt jPCar-v-1) gv 
2 (C1874 + i824) (C187 + CyiPa-o+a) yr 

1 cy" j-bar—-v-]) gv 

2 (1824 + i-P949)(C, 81 + coi 4-8) yr” 


jPCar-v-D gv 


1 
re ais r 
S74 + jPats) ( 54 + <2 jPq-d+a 


ial 


LA HGS; (Co Ck OP = 


2qr > v. 
L{HCos,,, (Co, ¢j,k,6)} = 


j-Bar—-v-)) gv 
271 > Vv. 
(sv + j-(b4+8) ( s+ sj-6o-s+0)) ) 

Q 
1 jP@ar-v-D gv 
L LEICOSS 5 ces c,,k, t)\ = EE EC 
(se 4 j0a+8)5q 4. % jreave ) 
ial 

j-PRar—-v-]) gv 
=, 2qr>v. (11.39) 


(se 4 j-Gatd)sq 4% j-ora+e) | 


cy 
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The ratios are recognized as Laplace transforms of H-functions; see equation (3.99). Inverse 
transforming gives 


*B(2qr—v—1) C 
1 0.2 «Bqt+6 
HCo8q,(Cg, Cy, £) = ar & Bare. shat ) 
1 


*—B(2qr—v—1) C 
ee 5 Hal Lp ee), pana). Qqr>v, t>0. (11.40) 
w No 


This form is analogous to equation (11.16) for the G-function. 
Similarly, for the HSin 
L {HSin,, (Co; C1,k, t)\ 


= (-1)"),(1 =f + ee (yeertns—r1 ) 


= n! j! T(qQr+n+j)—Vv) 


a 


x sin ((B(qQr +n +j) - v1) + 51— p+ap(F +2nk)), 
t>0, k=0,1,2,...,D-—1, (11.41) 


or 
(-D"(r), 4-7 + Dil.) oY 


n! I! gq 2rtntj)—-v 


iM: 


L {HSin,, varkCos Ci, k, t)\ — 2 


~, 
I 
o 


x sin ((B(qQr +n +j) -v-1) + 5(0— p+ap(F +2nk)), 
2gr>v, k=0,1,2,...,D-1, 


where D = D,D,D,D,,D;D, and is in minimal form. A closed form of the transform containing 
imaginary constants and leading to a connection to the H-function may be derived as follows. 
Rewrite the sine as 


sin ((BqQr +n +f) - v= 1) +5(n- p+aj (> +2nk)) 
= sin (j(6q- 5 +a)(2 + Ink) + (A(qQr +2) -v— 1) +8n} (5 +2nk)) 


=sin(jn +p). 
This may be expressed as 
ellintp) _ e-iintp) 


sin Gin + p) = ——— 


where y = (Bq —6+a@) ( + 2nk) and p = {B(q2r+n)—v—1)+6n} ( + atk). 
Therefore, 


Se J FD eeu) 
L {HSittg (Coy C1sk. )} = p> py nt j! s42rbmt— 
ellinte) — e-ilintp) 
x | 55 , 2gr >, K=0,1,2,...,D-1, (11.42) 
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J 
n ip © 1), inj 
: (-1)"(7),(c,)s"el? & I+ (2 Je 
L {HSin,.,, (Co; cC1,k, t)\ = y Fant sear De agi 
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r) 


| 
= (1y"(n,(e,y'ste” @ (M—J+ D2) em 
=D, 2 nt garth ij! sv 


2qr >v,k =0,1,2,---D-1. 
Again using the relation (m — p + 1), = (—m),(—1)?, we have 


(-1)"(7), (ce, "s"e? & CD n),( 2 Je 4 


2 n! sq2rtn) x ij! sv 


L {HSin, (Co: Ck, 6)} = > 


>a prngtentster & DIC, (S em 


2 n! sq2r+n) x ij) su 


2qr >v,k =0,1,2,...,D—1, 


co 7 _4\n nevpip © (—y). /—p pin\) 
LA ASit, lege eiskit)} = ey ey ae) (==) 
n=0 


2 n! sqrt”) x ij! c,s4 
yo I"), (ey)"s"e# y (-9) (coe \’ 
2n\ gris) AG ij! cst J” 


2gqr>v, k=0,1,2,...,D-—1. 
Now, applying equation (11.14) 
L {HSin, (Co: c,,k, t)\ 
S y (-1)"(7),,(c)"s"e” (1 ‘ on) _ y (-1)"(7),,(c,)"s"e"? (1 a). 
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2gqr >v,k =0,1,2,...,D—1. 
L {HSing y (Cos c1,k, t)\ 
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c,s4 


2gr>v, k=0,1,2,...,D—1. 
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2isa 4 n! C524 eaves 


Applying equation (11.14) again gives 
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The ratios are recognized as Laplace transforms of H-functions. Inverse transforming gives 


+B(2qr—v—1) C 

i 1 , p 

ASin,,,(Co, C1, t) = 2i Agy, (See pr, t) 
1 


- nee, (sre pre. t) , 2gr > v. (11.44) 
2i BUEN Gi 
This is analogous to equation (11.24) for the G-function. 

The H-function-based trigonometry is the most general of the fractional trigonometries stud- 
ied and clearly the most difficult to work with. It requires a double summation of functions 
containing two Pochhammer polynomials. Because the H-fractional trigonometry directly cov- 
ers the cases of unrepeated roots, repeated real roots, and repeated complex roots when applied 
to commensurate constant-coefficient linear fractional differential equations, further general- 
ized trigonometries will likely not be beneficial relative to this problem. 

On examining their Laplace transforms, it is clear that by taking r=1 in the G-function it 
becomes an R-function. Furthermore, by taking c, =0 in the H-function, it takes the form of 
the G-function. 


Introduction to Applications 


The primary and by far the most important application of the fractional exponential and 
fractional trigonometric functions is the solution of linear fractional differential equations. In 
Chapter 12, these functions were used for the solution of linear commensurate-order fractional 
differential equations with constant coefficients. Analytical tools for such differential equations 
with unrepeated roots, repeated real roots, and repeated complex roots were presented. 

Spiral behavior occurs in many natural phenomena. Galactic spirals, sea shells, whirlpools, 
and weather patterns are only a few such occurrences seen in the sciences. We have seen 
numerous examples of fractional spirals as the result of our development of the fractional 
trigonometries. It is natural to ask if and how the fractional spirals and associated fractional 
differential equations might apply to these scientific areas. Our goal is to show the application 
potential to such areas and not necessarily the solution to detailed problems. 

Specific areas to be considered in Chapters 13-19 are fractional oscillators, morphology 
of sea shells, in particular the Nautilus pompilius, hurricanes, and low-pressure system cloud 
morphology, morphological classification of spiral and ring galaxies, tornado profiles, and 
whirlpool morphology. While in most cases these potential application areas provide spatial 
definition of the phenomena, it is expected that the development of compatible cylindrical 
fractional field equations, considered briefly in Chapter 20, will allow full definition and 
possible temporal solution. There is much to be done in the development of the fractional 
trigonometry; Chapter 20 presents some related challenges. 
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The Solution of Linear Fractional Differential Equations Based on the 
Fractional Trigonometry 


This chapter develops methods for the solution of linear constant-coefficient fractional differ- 
ential equations of any commensurate order. Classes of fractional differential equations with 
unrepeated roots, repeated real roots, and repeated complex conjugate roots are considered. 
The solutions for the case of unrepeated roots are implemented using simplified Laplace 
transforms based on the fractional meta-trigonometric functions and the R-function as 
developed in Chapter 3. The solution of fractional differential equations with repeated roots, 
additionally require application of the G- and H-functions, which were studied in Chapter 3. 


12.1 Fractional Differential Equations 


Driven by our need to understand and codify the physical world, the major objective of the 
fractional calculus is the formation and solution of fractional integral and, more importantly, 
fractional differential equations. There has been considerable effort toward the solution of frac- 
tional differential equations going back to the work of Heavyside [51], Davis [26], and others. 

More recently, the works of Oldham and Spanier [104], Miller and Ross [95], Samko et al. 
[114], West et al. [121], and Oustaloup [105] have contributed to the development of the 
fractional calculus as well as to the solution of fractional differential equations. Further- 
more, Podlubny [109] has written an important book dedicated to the solution of fractional 
differential equations. 

These works and others present various dedicated approaches to the solution of specialized 
and general fractional differential equations. The development of the fractional trigonometries 
of Chapters 5—9 may be applied to the solution of fractional differential equations. In partic- 
ular, the fractional meta-trigonometric functions developed in Chapter 9 applies toward more 
general classes of equations. 

Application of the fractional trigonometric functions to the solutions of linear fractional 
differential equations has been treated by Lorenzo, Hartley, and Malti [87, 88] and is the basis 
of this chapter. 

Fractional differential equations of the form 


Drtx(t) + +++ + €3{gD22x(t)} + cy { Dix(t)} + c,{9Dx()} + cox(t) =f) (12.1) 


are known as commensurate order due to the constraining relationship of the order of the 
derivatives. Our goal is to find the solution of such linear fractional differential equations of 


The Fractional Trigonometry: With Applications to Fractional Differential Equations and Science, First Edition. 
Carl F. Lorenzo and Tom T. Hartley. 

© 2017 John Wiley & Sons, Inc. Published 2017 by John Wiley & Sons, Inc. 

Companion Website: www.wiley.com/go/Lorenzo/Fractional_Trigonometry 


243 


244 


12 The Solution of Linear Fractional Differential Equations Based on the Fractional Trigonometry 


any commensurate order when the coefficients c; are constants. The related Laplace transform 
for equation (12.1) with zero initial conditions is the transfer function 

L(x(t)) 1 

Lf(t) 8! 4+ ++ +. 63899 + 69824 +.€,87 + Cy 
The method for solution of equation (12.1) is similar to that required for ordinary linear 
differential equations (i.e., equation (12.1) with g=1), with constant coefficients. The proce- 
dure for ordinary linear differential equations with constant coefficients is to factor the related 
transfer function into sums of first- and second-order subsystems; that is, into sums of the 
forms ks/(s+a) or k/(s+a) for the first-order subsystem and k/(s? + bs +c), ks/(s? + bs +c) 
or ks?/(s?+bs+c) for the second-order subsystems. Inverse transforming the subsystems 
yields solutions that are sums of time functions, which are combinations of real exponential 
functions and the classical sine and cosine functions. 

The approach developed here for the solution for fractional differential equations of the 
form of equation (12.1) is similar to that used for ordinary linear differential equations. That 
is, the transfer function (12.2) is decomposed (factored) into the sum of subsystems elements 
with denominators of the gth and 2qth order. These subsystems, known as elementary transfer 
functions of the first and second kinds, are of the respective forms 


(12.2) 


Vv Vv 


eae! Aenidh ae (12.3) 
C181 + Cy 874 + €,51 + Cy 
It is important to note that Podlubny [109] has solved fractional differential equations that 
generalize the form of equation (12.1) using infinite summations of generalized Mittag-Leffler 
functions. The solutions to be developed here will be in terms of the simpler fractional 
trigonometric functions. 

Linear fractional differential equations of the form 


D'x(t) + Ax(t) = u(t), t>0, a4,AER (12.4) 


have been referred to as the fundamental fractional differential equation, as discussed in 
Chapter 2. The solutions of this equation may be expressed in terms of R-functions with real 
arguments. The more general form 


D**x(t) + c,D*x(t) + cox(t) = u(t), O< a@<2, £>0,¢,,c,ER (12.5) 


is shown to have solutions that can be represented as fractional trigonometric functions. As we 
have seen, fractional trigonometric functions are real functions based on the R-function with 
complex arguments, namely 


R,(ai*, Pt), t>0, 4, Vv, 4,0,PER. (12.6) 


The fractional trigonometries (of Chapters 5-9) define a wide variety of oscillatory and 
non-oscillatory fractional functions that are solutions or components of solutions to such 
linear fractional differential equations. 

In equation (12.1), we use the notation ,D/x(t) to indicate the initialized fractional derivative 
of the qth order. Then, ,D?x(t) = ydix(t) + y(t), where d4x(t) is the uninitialized derivative 
and y(t) is the time-varying initialization function (see, e.g., [68, 71, 78]). The effect of the 
initialization terms is to add time-varying terms to the right-hand side of equation (12.1). 
These terms contribute the initialization response of the solution. Inclusion of the initialization 
terms will distract from the objectives of this chapter and for simplicity of presentation, only 
the forced response is considered. Therefore, it is our goal to solve uninitialized fractional 
differential equations of the form 


oF tx(t) ++ +.5f gdetx(t)} + C2 {ody 1x(t)} + cy {od ix(t)} + cox(t) = (0). (12.7) 


12.2 Fundamental Fractional Differential Equations of the First Kind 


A secondary goal is to create specialized versions of the Laplace transforms of the fractional 
meta-trigonometric functions to allow easy application to the solutions of equation (12.7). The 
following sections discuss the solutions for the elementary functions of the first and second 


types. 


12.2 Fundamental Fractional Differential Equations of the First 
Kind 


Elementary transfer functions of the first kind (equation (12.4)) derive from the fundamental 
fractional differential equation 


od x(t) + cyx(t) =f (0); (12.8) 


which was introduced in Chapter 2. Solutions to this equation are based on the F-function 
detailed in Chapter 2. The more general case 


od ix(t) + Cox(t) = dif) (12.9) 


was considered in Chapter 3. Under quiescent initial conditions, the Laplace transform was 
shown to be 
sL{fO} 


L{x()} = 
0 


(12.10) 
When f(t) = 6(£), a unit impulse, the solution to equation (12.8) may be written in terms of the 
R-function. Its Laplace transform was shown to be 


L{R (a, t)} = are Re(q — v) > 0, Re(s) > 0. (1217) 
= eG) 


Then, 
x(t) = R,,(—cp,f), t>0 


provides the solution to equation (12.9). Less conveniently, some of the Mittag-Leffler-based 
functions of Table 3.1 may be used in some instances for solution to equation (12.9). When 
f() # 6(0), the solution may usually be obtained by application of the convolution theorem to 
equation (12.10). 

Differential equations of this type may also be solved using the following transform pairs, for 
Co > 0, 


v+q 

L{R,Cos,,(a,t)} = L {Covib,,(a, 1,0,0,0)} = ae q>, (12.12) 
P as” 
L {R,Sin,,(a,t)} = L {Flut, (a, 1,0,0, t)} = Gage 24 (12.13) 
and for cy <0 

, Vt 
L {R, Cosh, ,(a, t)\ =L { Covib, (a, 0, 0, 0, t)\ = ang’ q>V, (12.14) 
L{R,Sinh,,(a,t)} = L {Cofl,,(a,0,0,0,t)} = eee 2q>v. (12.15) 


Furthermore, in some cases, it may be useful to specialize the fractional meta-trigonometric 
functions (Table 9.2) for the solution of equation (12.9). 


245 


246 


12 The Solution of Linear Fractional Differential Equations Based on the Fractional Trigonometry 


12.3. Fundamental Fractional Differential Equations of the 
Second Kind 


Elementary transfer functions of the second kind, first studied by Malti et al. [91], relate to 
fractional differential equations of the form 


od, 1x0(t) + cy {od fx(t)} + cox(t) = pdf (0), (12.16) 
with c, and c, real. The Laplace transform associated with this equation is given by 


s*L{fO} 


HOT Sry est + oy 


(12.17) 
In general, fractional differential equations of the second kind and their transforms are needed 
for the solution of higher-order fractional differential equations with complex roots in the 
characteristic equation. 

The denominator of equation (12.17) is quadratic in s? and its behavior is dependent on the 
discriminant, c{ — 4c, that is, for cj — 4c) < 0, the roots are complex conjugates, the case of 
interest for fractional differential equations of the second kind. The fractional trigonometric 
functions of Chapters 6—8 provide solutions to particular cases of equation (12.16). The 
Laplace transforms for the meta-trigonometric functions (Table 9.2) more broadly apply. 
Solutions related to equation (12.16) are shown using either the fractional cosine or fractional 
sine functions in the following sections. 


12.4 Preliminaries — Laplace Transforms 


The Laplace transforms developed in Chapter 9 are simplified for more direct application to 
the solution of fractional differential equations. In particular, simplified Laplace transform pairs 
based on those previously determined for the fractional trigonometric functions are developed 
for the solution of equation (12.16). This section is adapted from Lorenzo et al. [87, 88]. Note 
that the mathematical results in Ref. [87] have systemic errors and should not be used. Errors 
in previous versions have been corrected here. Proceeding with permission of ASME and the 
Royal Society: 


12.4.1 Fractional Cosine Function 
The Laplace transform of the fractional cosine function is given as 


s? cos(A) — acos(A — 0) 


L Cos, (a, a, B,k,t)} =s" 
{ av P dy | s24 — 2a cos(o)s1 + a? 


’ q > V, 

where o = (a+ fq) ( + 2k) ,A=fplq-1-V] ( + ark). To reduce the number of 
parameters in this equation and in other equations to follow, we consider only the principal 
functions. That is, we take k =0; thus, 

s? cos(A) — acos(A — 0) 
s24 — 2a cos(o)s4 + a2 


L {Cos,,(a, a, B, t)} = 5" | > |>y, 


where o=(a+fq)a/2,A=f[q—1-—v]az/2. This Laplace transform is now  spe- 
cialized for application to equation (12.17). For f(t) =6(f), a unit impulse, we take 


12.4 Preliminaries - Laplace Transforms 


V =U, d* = C,—2acos(c) = c,, cos(A) = 0, and let —a cos(A — 6) = K*. From these conditions, 
the following requirements are determined: 


a =c>a= Ve, cos(A)=0 > cos(B[q- 1 -u]x/2) =0, thus 
A*=mn/2, m=+1,+3,45,.... 
For simplicity of results, take m=1 
B°(q-1-u)x/2 = 1/2, 


ae 1 
p ~ (q-1-u) 


Now, we also require —2acos(co) = c, > —-1 < (c,/2a) < 1. When -1 < (c)/2,/¢p) <1, the 
roots are complex conjugates. Then, 


o* = arccos(—c,/2/¢9). 


(12.18) 


But we must also have that 


o =(at+ p'qgr/2. (12.19) 
Solving for a 
20° * 
= _ #4, 

X 
2 arccos(—c, /24/Co) 2 arccos(—c,/24/Co) 

ae _ 1 eo — Bq = 1 Veo = q : (12.20) 

a a q-1-v 


Now, we can write 


K* = —4/¢, cos(4* — o*) = — v/eq0s ( # -o*) 
= —4/cy sin(o*), > -1 < K*//eg <1, 


K* = -/y sin(arccos(—c, /2/¢9)) = ~F ye — ci. 


These results give the useful transform 


pow Uu 
L aie (4/¢9:@", 6", 2) P= | : 5G >U,4cy>c,, (12.21) 


2q q 
S*4+¢,;s4+¢ 
Ac) — ci . . 


where a*, $*, and o* are given by equations (12.20), (12.18), and (12.19), respectively, and the 
star superscripts are introduced to indicate that the values apply only to the formulation of 
this section. Thus, the forced response solution for equation (12.16), with f(£) a unit impulse, 
is given by 
1 

K* 
When /f(é) is not the unit impulse, the convolution theorem may be applied to evaluate the 
solution. 

Because the following transform pairs are derived in a similar manner, and apply under 
different constraint conditions, only the results are given. 


x(t) = —Cos,,, (/o,a*,B*.t), q>0. (12.22) 
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12.4.2 Fractional Sine Function 


The principal fractional sine function may also be the basis of a simplified Laplace transform. 
We start from the transform pair 


s?sin(A) — a sin(A —o) 


824 —2a cos(o)st + a2 |’ au aera) 


L {Sin,,(a, a, B,t)} = s" | 


where o = (a + Bq)a/2 and A = Blq —1—v]z/2. The Sin, ,(a, a, B, t)-based transform is given 
by 


2 s” 
L 4 — Sin (ve ,a”,0,t) = | ——"——__],, q>,4c, > c,”. 12.24 
5 ae E +59 + -| q ee ( ) 

Acy — Cy 


The star superscripts indicate that the values apply only to this formulation, and a* is given by 


2 arccos (-e1/24 /e,) 
af = — (12.25) 
a 


12.4.3 Higher-Order Numerator Dynamics 


12.4.3.1 Fractional Cosine Function 
We also require Laplace transforms of the form 


stPL{fO} 


Mal) = Saree 


(12.26) 
This form is not covered by either equation (12.21) or (12.24) because of the limiting constraints 
on those equations. The Laplace transform of the fractional cosine function is 


, | 87 cos(A) — acos(A — 0) 


L}\Cos, (a,a,B,t)} =s 
{ al Pp dy s*4 — 2a cos(o)st + a2 


? q>y,; 


where o =(a+fq)r/2, and A=f[q—1—v]la/2. The result for the fractional cosine 
function is 


git 


ore pe ee 
8°4 +. C81 + Cy 


L ee (/co; a*, B*, t) 


4/1 —c}/4cy 


where a” and f* are given by 


, | >V, Ay > ch, (12.27) 


1 + 2arccos (-c,/2Ve) /n 
a* = 2arccos (—c,/2y/cy) /m — B*q, and p*= an =r anh (12.28) 


12.4.3.2 Fractional Sine Function 
A Laplace transform with a higher order of the numerator term may be based on the fractional 
sine function [88] 


, | 8? sin(A) — a sin( — o) 


L3iSin, (a,a,p,t)t} =s 
{Sittgs(@, 0.8.0} s°4 — 2a cos(o)s4 + a? 


|. q>y,; 


12.4 Preliminaries - Laplace Transforms 


where o = (a + Bq)(a/2), A = Blg — 1 — v](z/2) follows. The transform pair is given by 


1 ’ * o = stv 2 
L et ee (/co; a »p ,t) = lao > {>V, Aco > Ci» (12.29) 


4/1 — ci /4c, 


where a* and f* are 


2 arccos (-a/24 /e,.) (-1-y) 2arccos (Gavex /e) 
—_ I, _ 2 = (12.30) 
a(q-1-Vv) , a(q-1-yv) ; : 


12.4.4 Parity Functions - The Flutter Function 


The parity functions may also be used to solve the fundamental fractional differential equation 
of the second kind. Here, only the Flutter function is considered, and its Laplace transform is 
given as 


8-4 sin(A + 0) — a’ sin(A — 0) 


s44 — 2a? cos(20)s74 + a* » 2q>V, (12.31) 


L {Flut,,(a, a, B,t)} = as” | 


where o = (a + Bq)x/2, A= Pf [q—1-v]z/2. Letting g=w/2, we have 
s”sin(A, +0,) — a’ sin(, —o,,) 
s2¥ — 2a? cos(20,,)s” + a* 


L { Flutty >,(4, a, B, t)} =as" | , W>Yy, (12.32) 


where 0, = (a+ Bw/2)a/2, A, = 6 ((w/2)-1—v]z/2. Now, let asin(,+0,) = K*, 
—2a’ cos(2o,,) = c,, —a? sin(A,, — o,,) = 0, and a* = cp. 
Then, a = cy‘/* and from —a? sin(A,, — o,,) = 0, we have 


A, =O, > at =—f"(v4+ 1). (12.33) 
From —2a? cos(2o,,) = Cy, 
cos (200 + pw/2)=) = -¢,/2/¢,, 
(a + Bw/2)x = arccos (—c,/2,/cp ) ; 
arccos (-c./2/es ) 


pr= ape (12.34) 
Using K* = asin(A,, + o,,), we have 
K* =asin(A, +0,,) = ¢y\/* sin(2A,,), 
K* = ¢9'/* sin(2A,,) = ¢g'/* sin (arccos (—c,/2/eq )) ; 


K* = o)/4/1 — ¢,2/ 4c . 


A useful transform pair based on the fractional meta-trigonometric parity function 
(equation (12.32) is given as 


1 1/4 * Ef svtw 2 
L Fut,» (64 a, p*,t) = |= |> > 400 > cp 
Cy/44 /, - €12/4Cp ; Sow + 1S" + Cy 
(12.35) 
where a* and f* are given by equations (12.33) and (12.34), respectively. 
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12.4.5 Additional Transform Pairs 


There is considerable interest in elementary transfer functions of the second kind, defined by 
Malti et al. [91]. The Laplace transform of interest is 
(wy) 

$2 + 2C (wo )4s" + (py) 
where @, is a fractional generalization of natural frequency and ¢ has been named the 
pseudo-damping factor. Here, we consider the related form 

K* 
S24 + 26(a 48" + (Wy)? 


(12.36) 


(12.37) 


Both the fractional sine and cosine functions may be used to achieve such transforms. Here, the 
sine function (equation (12.23)) is considered with o = (a + Bq)a/2 and A= B[q-—1-—v]z/2. 
Thus, we have the Laplace transform as 


i ’ 
be ioe ag OF YS le ; 
{ wo = iz Nyy (ws Qa t) \ E " 2 (@,)"s " (o,)™ u>v 
A(Wy)"" > (26(@p)")*, (12.38) 


where a” is given by 


Pa 


sj penC COR BN (12.39) 
Iq 


The fractional cosine function may also be used to obtain transform pairs related to equation 
(12.4.5.2). For this case, we have the result 


1 tee ae s” 
re ia (Opa Bot) \ = E reer GonlC > y, 
A(@9)" > (26(@p)")’, (12.40) 
where ¢? < 1, and 
_2 arccos(—C) 1 


2 —ftu and p*= CN (12.41) 


Pa 


Note that in the previous simplified transform pairs the constraint 4c) > c,? (or 4(@,)7" > 
(2¢(@,)")*) was needed to assure complex conjugates roots and the applicability of the frac- 
tional trigonometric functions. In the case where c,? > 4cp, the roots are real. In this case, the 
factorization process should yield the real roots, and the resulting inverse transforms takes the 
form of R-functions or fractional hyperbolic functions, that is, equations (12.14) or (12.15). 
The latter case, of course, results in unstable behavior. Stability behavior for the elementary 
transfer functions is discussed in Section 2.5 and in Sections 13.6—13.8. 


12.5 Fractional Differential Equations of Higher Order: Unrepeated 
Roots 


The Laplace transforms presented in the previous sections together with the R-function 
may now be used to solve any linear constant-coefficient fractional differential equation of 
commensurate order, that is, equations of the form 


oF H(t) +++ + 3{ ode 4x(t)} + Cy {ods 1x(t)} + {9d %x(t)} + cox(t) =f (0), (12.42) 


12.5 Fractional Differential Equations of Higher Order: Unrepeated Roots 


so long as there are no repeated roots in the characteristic equation. We restrict our attention 
to the forced response only, avoiding the initialization response to simplify the presentation. 
The Laplace transform of equation (12.36) without initialization terms, and with f(£) = 6(0), is 
given by 

L{o()} 


Linhhe ; 12.43 
{x(Z)} SMT + +++ + C3594 + C9874 + C181 + Co : 


The general procedure for the solution for equations of this type is first to factor the denomina- 
tor polynomial in s?. Following factorization, the method of partial fractions is used to reduce 
the problem to multiple solutions of elementary fractional transfer functions of the first and 
second kinds. These simplified transforms are those presented in the earlier sections. Finally, 
the simplified inverse transforms are summed to assemble the solution to the higher-order 
original problem. The process is best illustrated by example. 

Here, we wish to determine the forced response for 


od, x(t) — Af pd, 4x(t)} + {od%x(t)} + 26{x(t)} = 6(2). (12.44) 
Taking the Laplace transform, we have 
1 
L{x(t)} = 


$34 — 4924 + 51+ 26° 
Factoring the denominator the roots are found to be —2, 3 + 2i. Application of the method of 


partial fractions gives 
A Bst +C 


S142 $44 —639+4+13° 
The solution for the coefficients A, B, and C yields 
1/29 * (—s? + 8)/29 


L{x(t)} = 


L{x(t)} = — 
{xO} si+2  s4—6s74+13 
or 
1/29 51/29 8/29 
L{x(t)} = = t+ 12.45 
Ol yo 651413 | 659413 ude) 
Using equation (12.11) to inverse transform the first term, we have 
1/29 1 
-1 
= —R _ (2,0). 12.46 
{25} 29 aol 9,8) ee) 


Equation (12.29) with cy = 13, c, = —6, and v = 0, is used to inverse transform the second 
term. Then, we have 


2arccos (— c,/2fe) (- =) 


mq-1-v) 
2 arccos (6/2/13) (- ee 0.3743 
a ee (12.47) 
n(q-1) q-1 
2arecos (- c,/2/e) _ 0.37483 
a a 
n(q-1) q-1" 


4/1—- ci / 4c, = 0.5547. 
For the second term, we have 


4/29 
get pn =a =0.3743 0.3743 (12.48) 
4 —6s1+13f  0.5547-29° 4° q-1? q-1’ 
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Using equation (12.24) to inverse transform the third term of equation (12.45), with 
Co = 13, c, = —6, and v = 0, we have 


.  2arccos(6/2 13) 
oe = 


= 0.3743 
a 
and 
1 1 
5 4cy- 0 = 4-13 — 36 = 2. 
8/29 8 
LI eee (vi3, 0.3743, 0, t) 12.49 
{= — 651+ 13 \ 72949 ea?) 


Summing the results of solutions (12.46), (12.48) and (12.49) yields the forced response for 
t>Oas 


x(t) = sRno(-2 t) 


Stiiza ( vi. = 0.3743 0.3743 t) 


1 
0.5547-29 gat Vg =4 
+ sap Sino V 13, 0.3743,0,t), t> 0. (12.50) 


12.6 Fractional Differential Equations of Higher Order: Containing 
Repeated Roots 


12.6.1 Repeated Real Fractional Roots 


Special transforms are required for the solution of fractional differential equations containing 
repeated real fractional-order roots. The G-function was developed in Section 3.9.1. It provides 
the Laplace transform needed for the solution of fractional differential equations containing 
repeated real fractional roots. While the G-function was derived by inverse transforming its 
Laplace transform, it may be defined in the time domain as 


Se Elway) Care 
CA Ak yee ee (12.51) 
o py TG +)q-%) 
or in terms of the Pochhammer polynomial [14] 
oe} (r)(ay toa-v-1 4 
G,, 14, t] = —_—_——. , Re(qr — v) > 0, Re(s) > 0, |S]<1.e>0, (12.52) 
e py jG +)q—¥) sf 


where v, q, and r are real but not constrained to be integers. The Laplace transform basis for the 
G-function is 


L{G, 14, t]} = — Re(qr —v) > 0, Re(s) > 0, | | 30, (12.53) 


a Z 

(st — ay’ sf 

where again v, q, and r are not constrained to be integers. It is also clear that taking r = 1 
specializes the G-function into the R-function. In a similar manner, relationships of increasing 
generality may be determined. Podlubny [109] presents a form that is a special case of the 
G-function where r is constrained to be an integer. 


12.7 Fractional Differential Equations Containing Repeated Roots 


12.6.2 Repeated Complex Fractional Roots 


Fractional differential equations containing repeated complex roots may be analyzed using the 
H-function and its Laplace transform. The development of this function and its transform is 
given in Section 3.9.2. The H-function (equation (3.106)) is defined in the time domain as 


0 00 (-1)"(r),,(n —~k+ Dye errr 4 


Ag yy(Co, Cy, t) = > >, : 


n=0 k=0 alk! V(qQr+n+k)—y) 


,2qr>v,n>k, (12.54) 


where again (r),, is the Pochhammer polynomial. The Laplace transform for the H-function is 
given by 

4 | & 
sf 4 


Ss 


L{H,, (Cp, C,,£)} = , 
(Ma nACos 1, )} (s24 + €)57 + Co)" 


<1, 


| <1, 2gr>v, t>0, (12.55) 
c,s4 
where H,,,,,,(Co, ¢;, £) is given by equation (12.54). Now, with the fractional meta-trigonometric 
functions together with the R-, G-, and H-functions and their respective Laplace transforms, we 
have all the tools required to solve linear constant-coefficient fractional differential equations 
of any commensurate order. When r=1, the H-function reduces to the form of the fractional 


trigonometric functions. 


12.7. Fractional Differential Equations Containing Repeated Roots 


Our interest here is the solution of linear fractional differential equations of commensurate 
order, vq, and with constant coefficients Cp, ¢),C9,...; 


Ditx(t) + +++ + €3{D>*x(t)} + cy { Dix(t)} +c, {Dix} + cyx(t) =f(0) (12.56) 


and containing repeated roots. Previously, the fractional meta-trigonometric functions and 
the R-function were sufficient to solve such equations with unrepeated fractional roots. Here, 
the G- and H-functions are used to deal with repeated real and complex fractional roots, 
respectively. Thus, our objective here is to obtain the forced response solution of uninitialized 
fractional differential equations of the form of equation (12.56) containing repeated roots. 

To demonstrate the solution of such equations with repeated roots, we consider the forced 
response of the following uninitialized fractional differential equation 


oy 1x0(t) + 6{ dy 4x(t)} + 19{ ydex(t)} + 36{od;4x(t)} 
+43{ od, 1x(t)} + 30{9d%x(t)} + 9{x(2)} = 6(0). (12.57) 
The Laplace transform of equation (12.57) (with initialization terms = 0) is 
1 


L{xQ)} = Se 12.58 
(sO) = ay 6s + 19s 4 B65" 4 430 + 3087 +9 ee 
The denominator may be factored into the form 

L{x(t)} = : (12.59) 


(s¢ + 1)?(s24 + 284 + 3)?" 


The denominator has two real roots at —1 and two pairs of complex roots at —1+ 2 i. 
Application of partial fractions gives 


tC : 


——____—.. 12.60 
A(s? +1)? 4(s?44+287+3) 2(527 + 287+ 3) ( ) 
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The first term on the right-hand side of (12.60) results from the repeated real roots at —1; its 
inverse transform is determined from equation (12.53) as 


1 1 
L'< ——_ 4 = -G,,,[-1, ft], _Re(2q) > 0. 12.61 
{ TET \ zGroal-1.t, Req) (12.61) 
For the second term of equation (12.60) the Laplace transform (equation (12.24)) is applied. 
Then, with cy = 3, c, = 2, and v=0, we have 


2 arccos (-a1/2yec) 2 arccos (-2/2v3) 
= A. =. = 13918, 
1 


Nu 

1 1 

1 aes} er (-v3,1.3918,0,1), 
4(5°4 + 254 + 3) a(! (4-3-2) ae 


a : re — Sing (V3, 1.3918, 0,1). (12.62) 
8 


~ A(s24 + 287 + 3) 2/8 


The third term of equation (12.60) is inverse transformed based on the H-function using the 
Laplace transform pair (12.55) 


1 1 
L (ae es} = — 5 Ag o2(3, 2, t), 4q > 0, t>0. (12.63) 


Then, the forced response solution to equation (12.57) is sum of equations (12.61) — (12.63): 


1 i de 1 
x(0) = 5G,oal-1.4) - ee (v3, 1.3918, 0, t) — 5Hoa(-2,0).q>0,>0. (12.64) 


12.8 Fractional Differential Equations of Non-Commensurate 
Order 


Occasionally, a system may be found that cannot be (exactly) expressed as a commensurate- 
order fractional differential equation. The system may be solvable using the fractional 
exponential and/or fractional trigonometric functions if the non-commensurate terms can be 
arranged into separate additive terms. Consider the forced response of a system defined by the 
transfer function 
O,(s) _ 1 jal 
O(s) sa+st+2 sv 42’ 


(12.65) 


where, for example, w = 2/4 and q is non-commensurate with w. In unfactored form, the 
transfer function has the expanded form 


A,(s) _ SY +245 45742 


= ee eee," (12.66) 
O(s) s?atw + satw + Qsw + 2524 + 2589 + 4 


Furthermore, the related fractional differential equation is 
010, (t) +40, () + 29d”O,(£) + 29:70, (£) + 29d70,(t) + 40,(0) 
= 9d"0(t)-+d,10,(t)+410,(t) + 40,(t), t > 0. (12.67) 


12.9 Indexed Fractional Differential Equations: Multiple Solutions | 255 


For 0,(t) a unit impulse, the forced response solution may be directly written from 
equation (12.65) using equation (12.21) with w=0, and related constants as 


1 * Qe 
0,(1) = F2Co 44 (v2, a’, p, t) +R 6-2, 0; 4>0, (12.68) 


where f* = rae = — 5/40 -cG= -i V7, and 


2 arccos (-c./2e0) 2 arccos (-1/2v2) z 7 
a En oe ee gg ee: 
7 an q-1 a q-1 q-1 


12.9 Indexed Fractional Differential Equations: Multiple Solutions 


In the development of the fractional trigonometric functions, we have been careful to achieve 
the most general mathematical forms for the trigonometric functions. Specifically, when series 
terms such as (é’t) have been raised to fractional powers we have included the nonprincipal 
function forms along with the principal function. These functions (see, e.g., equations (9.6) and 
(9.7)) have been expressed in indexed form, based on the index k. 

To maintain the generality discussed earlier, the presence of the k index in the fractional 
trigonometric functions has also been extended to the determination of the related Laplace 
transforms (see, e.g., Section 9.4 and Table 9.2). This indexing has also been extended to 
the fractional calculus-based differintegrals of the fractional trigonometric functions in 
Section 9.6. Thus, it is clear that differential equations containing fractional-order operators 
can (mathematically) yield multiple solutions. 

Consider the following indexed fractional-order differential equation: 


oDi/?x(t) —2cos (= (= + 2nk) { oB7/*xte) } + x(t) = 
ae (-3 (5 +22k) { bruce}, t>0,k =0, 12 (12.69) 


where our interest is the forced response, and thus the equation is not initialized. 
This gives rise to the following three nonindexed fractional-order differential equations: 


oDi? x(t) — (Dy? x(t) + x(t) = 0.8660,D;" u(t), t>0, k=0, (12.70) 
Di? x(t) + (Dy? x(t) + x(t) = 0.5000,D;"u(t), t>0, k=1, (12.71) 
Di? x(t) — pDy x(t) + x(t) = —0.8660,D7"u(t), t > 0, k = 2. (12.72) 


With u(t) = 6(£), a unit impulse function, the solution to equation (12.69) and by inference 
(12.70) - (12.72) is given by 


x(t) = Co85/3,(1, 0, 1,k, 0), t>0, k=0,1,2. (12.73) 


Clearly, equation (12.69) has associated with its multiple solutions represented by 
equation (12.73) and by the individual equations (12.70) - (12.72). 
2 


The three solutions are shown graphically in Figure 12.1, where o = = ( + 2nk) and 1 = 
5 ( + aak). The responses shown in Figure 12.1 are for equations (12.70) —(12.72), also for 
all three values of k from equation (12.73). We can see that the non-zero responses occur ina 
symmetric pair: k=0, k=1. Clearly, all provide legitimate solutions for equation (12.69). The 
issue of multiple solutions for fractional-order differential equations has been studied by other 


investigators, for example, Ibrahim and Momani [55]. 
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CoSy3,9 (1,0,1,k,0) 


t-Time 


Figure 12.1 Multiple solutions, x(t), for equation (12.69), given by equations (12.70, k= 0), (12.71, k= 1), and 


(12.72, k=2).a=1,0= - (: + 2k), 4 = -2 (: + 2k), and k = 0, 1,2. 


As a practical matter, when the possibilities of multiple solutions arises in nearly all appli- 
cations of physical modeling of nature, the combination of boundary and initial conditions 
provides the path to unique solutions. 

An interesting question here is: are there cases in nature where more than a single solution 
is required to properly describe the physics? One such possibility might be the entanglement 
of photons emitted as a result of a UV pulse passing through a nonlinear crystal [106]. Such 
experiments yield responses in which the behavior of the individual elements are symmetric 
and appear to be “entangled” but may possibly be explained as a multiple (or related) responses 
sourced by a fractional-order defined field. Multiple paths through nonlinear crystals [31] may 
also be such a possibility. 


12.10 Discussion 


This chapter has presented a method for the solution of linear constant-coefficient fractional 
differential equations of commensurate order. The possible cases of unrepeated, repeated real, 
and repeated complex poles in the denominator of the characteristic equation were studied 
and example problems were solved. The methodology is based on the Laplace transforms 
of the fractional meta-trigonometric functions together with the R-, G-, and H-functions. 
The G-function provides transforms applicable to fractional differential equations with real 
fractional repeated poles, while the H-function applies to FDEs with complex fractional 
repeated poles. The method parallels the method used for the solution of linear ordinary 
differential equations. Current methods with equations of this type require infinite summations 
of Mittag-Leffler functions [109], a considerably more difficult approach. A comparison of the 
two approaches may be found in Ref. [88]. 


12.10 Discussion 


The fractional trigonometric approach provides solutions in the form of real functions as 
opposed to fractional exponential functions with complex arguments. This allows a direct 
connection to the physical world. 

The fractional meta-trigonometric forms provide important insights and connections to the 
natural world as is discussed in the application chapters. Finally, because of the indexed nature 
of the fractional trigonometric functions, the interesting possibility of multiple solutions to 
physical problems may be investigated. 
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Fractional Trigonometric Systems 


This chapter considers the R-function and the fractional trigonometric functions as system 
impulse responses. That is, the Laplace transforms of the R-function and the trigonometric 
functions are treated as system transfer functions. The properties of these transfer functions 
reflect intrinsic characteristics of the underlying trigonometric functions. Specifically, the 
stability of the fractional trigonometric-based transfer functions indicates the growth/decay 
properties of the function. 

Chapters 6—12 have basically been studies of the R-function, R, (a, t), with complex param- 
eters for a and t. Here, we study a form of the R-function where a is selected to generalize the 
time constant and natural frequency of integer-order linear dynamic systems. 


13.1. The R-Function as a Linear System 


The two building blocks of linear integer-order dynamics are commonly known as first- and 
second-order systems. A first-order system is defined by the ordinary differential equation: 


tT +0, =9; (13.1) 


where 0,(t) is the system input, 0,(¢) is the system output, and 7 is known as the system time 
constant. The Laplace transform of this system, with zero initialization, is 


©,(s) 1 
= : 13.2 
Os) tst+1 ( ) 
A second-order system is defined by the ordinary differential equation: 
d’0 do 
: ees +0,=96; (13.3) 


wo. dt? " w, dt 


where @, is the system natural frequency and 6 is known as the damping ratio. The 
second-order system is also known as the harmonic oscillator when 6 =0. The Laplace 
transform of a second-order system, with zero initialization, is given by 


O,(s) _ O;, _ 1 
Os) 52+ 260,58 + w% = 4% oa 


(13.4) 


The Fractional Trigonometry: With Applications to Fractional Differential Equations and Science, First Edition. 
Carl F. Lorenzo and Tom T. Hartley. 

© 2017 John Wiley & Sons, Inc. Published 2017 by John Wiley & Sons, Inc. 
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Many properties of these foundation systems have been studied in controls and linear system 
theory (see, e.g., Kuo [60], Gabel and Roberts [36]) as well as physics textbooks. The fractional 
calculus allows the following generalization of these fundamental systems. Consider the 
fractional differential equation 
D70,(t) + Q40,(t) = .D10,(t). (13.5) 
The system transfer function associated with this equation is 
O,(s) sf 


= ; 13.6 
Os) 57+ QF a 
The related Laplace transform of the R-function may be written as 
L{R,,(-O%,t} = ~—, g>v. 13.7 
(Riy(-Ot} = Toe GY (13.7) 


Clearly, an undamped second-order system and a first-order system may be represented by 
equations (13.5)—(13.7). For the first-order system with qg=1 and v=0, we have Q, = 1/r. 
For the undamped second-order system with g=2 and v=0, we have Q,, = w, as the natural 
frequency. Thus, , is seen as a fundamental property of linear dynamic systems, it has been 
named the natural quency; see Appendix E. The following sections present typical time and 
frequency responses associated with these generalized systems. 


13.2 R-System Time Responses 


Two input time responses are evaluated when the R-function Laplace transform is considered 
as a physical system transfer function. These are the unit impulse and the unit step function. 
When the input is a unit impulse function 0,(t) @ ©,(s) = 1; thus, 


- il a q 
©,(s) = +a 7 0,(6) = R,o(-Q), t), t>0. (13.8) 
For a unit step function input, 0,(t) @ ©O,(s) = 1/s and 
1 
0,(s) = ————- $ 0,() = R,_,(-Q4,0, t>0. (13.9) 
= ay 2 Hall) = Rea 


Figure 13.1 shows the system impulse response, 0,(t), for various values of gq with Q,, = 1. The 
step response over the same range is shown in Figure 13.2. 


13.3 R-Function-Based Frequency Responses 


The frequency responses associated with the R-function, that is, equations (13.8) and (13.9), are 
determined by the substitution of s = i@ in equation (13.6) 

O,(io) _— (iw)” 

Ofio)  (i@)1 + Q4 
and then computing the magnitude ratio and phase angle. A low-pass response is shown in 
Figure 13.3 with ©, = 1, v = 0, and the symmetrical band-pass case is shown in Figure 13.4 
with Q, = 1, v= q/2. In Figure 13.3a, the asymptotic slope of the high-frequency response 
is seen to be 20g db/decade, while in Figure 13.3b, the overall phase shift is 90g degrees or 
qx /2rad. The stability properties of the F-function and the R, )-function interpreted as system 
impulse responses have been studied in Chapter 2. 


(13.10) 


13.4 Meta-Trigonometric Function-Based Frequency Responses 
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Figure 13.2 System step response, 8,(t), equation (13.9), with q = 0.25-2.0 in steps of 0.25,Q, = 1. 


13.4 Meta-Trigonometric Function-Based Frequency Responses 


In the followings sections, the stability (growth and decay) of the fractional meta-trigonometric 
functions are studied based on the fractional transfer functions of the second kind and the 
Laplace transforms of the fractional meta-trigonometric functions. Linear fractional 
differential equations of the form 


D° x(t) + Ax(t) = u(t), l<a<2,t>0, AER (13.11) 
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Magnitude ratio ©,(@) / O(a), (db) 


Phase angle ©,(@) / @,(@), (°) 


Figure 13.3 System frequency response for equation (13.10) with v = 0, that is 


q= 


can be taken as the basis of fractional oscillation and have been referred to as fractional 
oscillators. The solutions of this equation may be expressed in terms of R-functions with real 
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arguments. We consider the more general form 


which may also have oscillatory solutions. These solutions are based on R-functions with 
complex arguments, and can also be the basis of fractional oscillation. The fractional 
trigonometries, defined in previous chapters, define a wide variety of oscillatory fractional 
functions that, as we have seen in Chapter 12, are the solutions or components of solutions to 


D**x(t) + c,D*x(t) + cox(t) = u(t), O< a<2, t>0, c, ER and c, ER, 


such linear fractional differential equations. 


—— with 
Ojo) — (i@)1 + OF 
0.25-2.0 in steps of 0.25, 2, = 1. (a) Magnitude ratio in decibel. (b) Phase angle in degrees. 
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Figure 13.4 System frequency response for with q=0.25-2.0 in steps of 0.25,Q, = 1. 


The character of the frequency responses associated with the fractional meta-sine and 
meta-cosine functions is best considered based on the behavior of their denominators. Thus, 
we consider simplified transforms associated with equations (12.21) and (12.24), namely for 
the fractional meta-cosine 


14 = —vs,, (eo a", B*,£) 


a q > Uu, 4c, > c,? 
844+ ¢,81+C |’ es oe 
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The frequency responses based on the transfer function 


@()) a 


= ; 13.13 
Os) 824 +. c)87 + Cg ( ) 


or in terms of iw ; 
O,(io) | i 


Oia) — (i@)?4 + c,(i@)? + cy" (13.14) 


best exposes the frequency domain behavior. Figure 13.5 shows the frequency response for 
this function with c)=1 and c, =3.0. Immediately obvious in this plot is the presence of a 
second resonance at q= 2.0 and the inflection in the magnitude when qg= 1.75. Furthermore, 
because of the order 2g term, the high-frequency amplitude asymptotes fall off at twice the 
rate as those seen in Figure 13.3a. Also note that the high-frequency asymptotic phase shifts 
are double those of Figure 13.3b. 

This chapter explores the growth and decay of the fractional meta-trigonometric functions 
based on the stability of their inferred transfer functions. It is noted that Green’s functions for 
equations such as equations (13.11) and (13.12) have also been determined by Podlubny [109]. 


13.5 Fractional Meta-Trigonometry 


The fractional meta-trigonometries are an infinite set of fractional trigonometries and 
hyperboletries that are based on the R-function, with fully complex arguments, namely 


R,,(ai*,t), t>0,i=V-1, @,v,4,0,BER (13.15) 


and are based on the definition 


°° qtetda-lv 
R,,(4,0 = ) ——————., t>0. 13.16 
ane 2 l(a +1q-¥) en 
The meta-trigonometric functions based on complexity and parity are defined for t>0 in 
Table 9.2. For convenience the Laplace transforms for these functions are repeated here: 


s? sin(A) — a sin(A — o) 


L{Sin, (a, a, B,k,t)} = s” 
[Sing las Bs DO) E= cos(o)s4 + a? 


7: ey, (13.17) 


s1 cos(A) — acos(A — o) 
L{C 1a, Pkt hoy se ere |S >, 13.18 
COs AA POS E — 2a cos(o)s4 + a? - nae ( ) 
: gee 1S 4 sin(A) — a? sin(A — 20) 
L{ Vib, (a, a, B,k,t)} = s [Se =p cosas a q>, (13.19) 
; _ qty |S 4 cos(A) — a? cos(A — 20) 
L{ Covib, (a, a, B,k,t)} =s ee da cosas tat | q>, (13.20) 


84 sin(A + 0) — a? sin(A — 0) 

EES EEO Es |S See — 2a? cos(20)s + a4 | bree pore 
, | 8°4 cos(A + 0) — a* cos(A — 0) 

L{Cofl, (a, Qa, B, k, t)} =d4s peiereerererrens 5 2q > Vv, (13.22) 


where o = (a + fq) ( + 2k) ,A=fhlq-1-V] ( + aak). In the following sections, these 
functions are considered as system transfer functions and their stability analyzed. 
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Figure 13.5 System frequency response for 
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with gq =0.25-2.0 in steps of 0.25. 
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13.6 Elementary Fractional Transfer Functions 


Elementary transfer functions of the first kind, studied in Chapter 2 and by Hartley and 
Lorenzo [45, 48], and applied in Chapter 12 to the solution of fractional differential equations, 
are given by 


Foee = (13.23) 
se+b 


with real-valued coefficients K ER, bE R, andu Ee R*™. Elementary transfer functions of 
the second kind studied by Malti et al. [90, 91] and Lorenzo et al. [84] are given by 


K(@)*" 

S24 + 26 (Wy)#s" + (Wo) 
with real-valued coefficients K € R, € € R, and w, € R*™* The parameter ¢ does not have the 
same meaning as in integer-order systems: it is the classical damping factor only if u=1. It is 
referred to as a pseudo-damping factor (Malti et al. [91]). 

As we have seen in Chapter 12, elementary transfer functions of the first and second types 
are required to reduce higher-order fractional differential equations to analytically manageable 
elements. Linear fractional system transfer functions may be represented by 


F(s)= (13.24) 


B 


a ba 

sit k=0 

H(s) = = 13.2 

= RGA = (13.25) 
1+ >) a;,s¥! 


i=0 


with real-valued coefficients (a;, b,) € R?. 

Stability conditions for such fractional transfer functions have been studied by Matignon and 
independently by Hartley and Lorenzo [45] and in Chapter 2. The following section studies the 
stability of such transfer functions. 


13.7 Stability Theorem 


The following theorem originally proved by Matignon [92], and revisited by Malti [91], applies 
to (13.25). From Malti et al. [91], with permission of Automatica: 


“A commensurable transfer function with a commensurable order u, as in (13.25) with T 
and R two coprime polynomials, is stable if and only if 


0<u<2 and Vp EC where R(p) = 0, |arg(p)| > ue, 


where p = s“.0” 

Applying the stability theorem to the elementary transfer function of the first kind 

(equation (13.23)) with real-valued coefficients yields the following stability conditions: 
b>0O and 0<u<2. (13.26) 

Moreover, the commensurate- order transfer function of the first kind is neutrally stable if 


b>0O and u=2. (13.27) 


13.8 Stability of Elementary Fractional Transfer Functions 


Applying the stability theorem on the elementary transfer function of the second kind 
(equation (13.24)) requires computing both s” poles: 


st, = 0% (-¢+ V@=1), (13.28) 


and finding all ¢ satisfying the following inequalities: 


ut < Jarats'.)| <a. (13.29) 


13.8 Stability of Elementary Fractional Transfer Functions 


The stability conditions for elementary transfer functions of the second kind in terms of the 
pseudo-damping factor € and the commensurable order u, and are summarized in the following 
corollary to the Stability theorem. Continuing from Malti et al. [91]: 


Elementary transfer functions of the first kind 
1 


(=) +1 
with w, > Oare stable iff 0<v<2. 
The transfer function of the second kind (13.6.2) is stable iff: 


F,(s) = 


-cos (ut) <¢ and O0<u<2. OQ (13.30) 


Refer to Ref. [90] for the proof of this corollary. It is well known from integer-order system 
theory that the second-order rational transfer function, equation (13.24) with u = 1, is stable if 
and only if 

6 >0. (13.31) 


From the preceding development (see also Ref. [84]), it can be seen that the commensurate- 
order transfer function of the second kind equation (13.24) is neutrally stable for @, > 0, if 


Vu € (0, 2], there existsa € suchthat ¢€ =—cos (=) : (13.32) 


The work of Malti et al. [91] is summarized graphically in Figure 13.6 in which the behavior of 
fractional elementary transfer functions of the second kind (equation (13.24)) are determined 
for various values of u, €. Our particular interest here is the stability of the transfer function; 
however, the figure also contains information pertaining to the system resonances. Most 
importantly, the transfer function equation (13.24) is stable for all values of u,€ above area 4, 
that is, those values that are greater than the negative cosine function and located in areas 1, 
2, and 3, and with 0 <u <2. 

The responses for values of u, ¢ in the four areas are as follows: 


Area 1, — stable and non-resonant, 
Area 2, — stable with a single resonance, 
Area 3, — stable with two resonances, 
Area 4, — unstable. 


The stability results are specialized for application to the Laplace transforms of fractional 
meta-trigonometric functions in the following section. 
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Figure 13.6 Stability and resonance regions of the elementary transfer function of the second kind in the ¢ 
versus u plane. Area 1, stable with no resonant frequency; Area 2, stable with a single resonant frequency; 
Area 3, stable with two resonant frequencies; Area 4, unstable. Source: Malti, Moreau, and Khemane 2011 [91]. 
Reproduced with permission of Elsevier. Please see www.wiley.com/go/Lorenzo/Fractional_Trigonometry for a 
color version of this figure. 


13.9 Insights into the Behavior of the Fractional 
Meta-Trigonometric Functions 


The general theoretical results on the stability of fractional transfer functions of the sec- 
ond kind developed in the previous sections can provide insight into the behavior of the 
fractional meta-trigonometric functions. In this section, these results are applied to the 
meta-trigonometric Laplace transforms. The complexity functions are considered first. 


13.9.1 Complexity Function Stability 


The stability of the complexity-based meta-trigonometric functions is determined from their 
respective Laplace transforms equations (13.17) and (13.18). When expressed in minimum 
form, only the denominator terms influence the stability for these transforms. The form 


9,(s) _ | K 


0(s) ~ | 524 — 24 cos(o)s4 + a2 


(13.33) 


where o = (a + fq) ( + 2nk) then applies to both transforms. The substitution of a? = @,)74 
yields the mathematical form 

9,(s) _ K 

Os) | s24 — 2(+a@91) cos(o)st + 024 |’ 


which may be compared with equation (13.24). Relating equation (13.34) to equation (13.24), 
the pseudo-damping factor, ¢, for the complexity functions is found to be 


¢ = —sgn(a) cos(o). (13.35) 


(13.34) 


13.9 Insights into the Behavior of the Fractional Meta-Trigonometric Functions 


It is seen from Section 13.8 (equation (13.30)) that the complexity function will be growing 
(unstable) when ¢ < —cos(gz/2). From equation (13.35), for the complexity functions, we 
have that € = —sgn(a) cos(o). Therefore, the Laplace transform of the fractional complexity 
meta-trigonometric functions represented by equation (13.33) will be decaying (stable) when 
—cos(qa/2) < € = —sgn(a)cos(o) or when cos(gxz/2)—sgn(a)cos(o) >0 and 0<q <2, 
giving the general result that 

>0 function is stable, decaying 
cos(qz/2) — sgn(a) cos(o) =0 function neutrally stable ; (13.36) 
<0 function is unstable, growing 


where o = (a+ fq) ( + 2nk) , and, 0 < q < 2. Insight into the resonance behavior of the 
functions in the stable domain is given in Section 13.8 and in considerable detail in Ref. [90]. 


13.9.2 Parity Function Stability 


The Laplace transforms of the parity functions (equations (13.19)—(13.22)) may also be 
considered as system transfer functions and analyzed for their stability. As in the complexity 
function case, the numerator terms of these functions do not influence the stability. Thus, for 
these transforms, we consider the form 
9,(s) _ | K 
0(s) | s44 — 2a? cos(20)s24 +. a* |’ 


to apply to all four fractional trigonometric functions (equations (13.19) -(13.22)). For this 


(13.37) 


equation, we also have o = (a + fq) ( + 27k ). For a real, substituting a* = w)*4, and letting 
q = w/2 gives 


O,(s) _ | K | (13.38) 


O(s) | s2¥ — 2a 9" cos(2o,,)s¥ + @2" |’ 


with o, = (a+ pw/2) ( + ak). This transform now may be directly compared with 
equation (13.24). Comparing equations (13.38) with (13.24), the pseudo-damping factor, ¢, for 
the parity functions is given by 

€ =—cos(20,), O<w<2, (13.39) 
or in terms of q 

€=-cos(20), O<q<l. (13.40) 


Thus, the pseudo-damping factor for the parity functions is ¢ =—cos(2o0). Then, the 
Laplace transform of the fractional parity meta-trigonometric functions represented by 
equation (13.38) will be stable when ¢ = —cos(2c) > —cos(qz) and 0<q<1, or when 
cos(qz) — cos(20) > 0 and 0 < q < 1. This gives the general result for the parity functions: 


>0 function is stable, (decaying) 
cos(qz) — cos(2o) += 0 function is neutrally stable ; (13.41) 
<0 function is unstable, (growing) 


where o = (a + fq) (: +2nk), and, 0<q<1. 

This behavior is validated in Figure 13.7, where 6 +€ =0.95, 1.0, and 1.05, for which 
cos(qz) — cos(20) = —0.0446, 0.0, and 0.0460, respectively. In turn, this yields unstable, 
neutrally stable, and stable responses for the Flutter function, respectively. 

These stability results apply to all of the parity functions (equations (13.19) —(13.22)). 
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3 : 


t-Time 


Figure 13.7 Neutrally stable, underdamped stable, and oscillatory unstable transfer functions of the second 
kind. Flut, 9(1, 0, 6 + €,k, t) with q = 1/3, v=0,a=1.0, € = +0.05, 0.0, a = 0, andf = 1.0. 


13.10 Discussion 


In this chapter, we have considered the Laplace transforms of the fractional trigonometric func- 
tions as impulses responses of transfer functions describing physical systems and have applied 
linear system theory to help further characterize these functions. This process defines the 
combinations of variables for which the fractional meta-trigonometric functions will exhibit 
sustained oscillations (neutrally stable), growing responses (unstable), and decaying response 
(stable). In Chapter 16, these results will be applied to the study of fractional oscillators. 


14 


Numerical Issues and Approximations in the Fractional Trigonometry 


The practical application of the fractional trigonometry requires the ability to evaluate the var- 
ious fractional trigonometric functions as well as the R-function over a wide range of the order 
variables, g and v, and over a wide range of the arguments, a and ¢. For the fractional trigonomet- 
ric functions, the range must further include the variations of the a and f parameters. Because 
all of the functions are defined by infinite series and are basically expanded around zero, the 
function evaluations fail for large values of a, t, and q, or more specifically, for large values of at?. 
As a preliminary, we establish the convergence of the series definitions for the R-functions and 
fractional trigonometric functions. Following this, some numerical issues and approximations 
are considered. 


14.1. R-Function Convergence 


The R-function is defined by the infinite series 
ea at tetba-1-v 
Ra, = ————., 0<t<o. 14.1 
v(t) Cea (14.1) 
The problem considered here is to show convergence for the R-function. The ratio test is 
applied to the R-function written in the following form: 


foe) 
a’td 
R,(a,t)=t?!” ) ———__,, 0<t<o, 14.2 
a(t) py eee (14.2) 
with a> 0 and q>0. Thus, we consider 
qitlpa+Da 
: u é r - 
lim | “] = lim — , 0<t<oa, 
n>o| UYU n-0o ang 
ie T((n+1)q-v) 
Uu att ((n + lq -—v 
ftnn| ees ye ee i 
n>o| Uy, n>o}| T((n+2)q—v) 


From previous considerations, we know that the effect of v is to differentiate R,, v>0, or to 
integrate R, o, v<0. Therefore, we may take v= 0 without loss of generality, giving 


(Un +)a) 
T+ 2)q) 


Now, it is well known that for x > 2, ['() increases monotonically as x > oo. Thus, for q > 0, 
and finite it may be seen that, after a finite number of terms 7 = Nynize, aS 1 > co the ratio 


Ung 


= lim | at’ , O0<t<o. (14.3) 


noo 
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of gamma functions — 0, albeit slowly for small values of g. Therefore, we conclude that the 
summation converges absolutely over 0 < t < co. 

When a <0 equation (14.2) becomes an alternating series. From Apostol [7], p. 358, we have 
the following definition and theorem. If b,, > 0 for each , the series 1), (—1)"*1b,, is called an 
alternating series. 


Theorem 14.1 If {b,} is a decreasing sequence converging to 0, the alternating series 
ye (-1)""1b,, converges. 


Then, writing for a> 0, and finite, (—a)” => (—1)”a" and equation (14.1) becomes 


= yay 1G! 
R,,(a, t) = t4 CEs a 0<t<o. 


Again, we may take v=0 without loss of generality, giving for the related sequence 


(at?)” 
oer eemeiat aeed 
oe Lint + 1)q) \ 


Again, after a finite number of terms, the gamma function in the denominator grows more 
quickly than the numerator; thus, 


lim {b,} = lim { at = 0. (14.4) 
noo nooo | T((n + 1)q) 


Therefore, the R-function converges for both positive and negative values of a. 
The bases for the fractional meta-trigonometric functions is 


Rat .@t);. 0< <0, (14.5) 


We may consider the convergence of this function by letting a > ai*andt > it in 
equation (14.3); this yields 


Uns 
Uy 


cam En + Da) 
a+p 
TG DD |" 


Clearly, the effect of i**/7 is only a rotation in the complex plane and the magnitude is not 
changed. Therefore, as with equation (14.3), we conclude that the summation converges abso- 
lutely. Similar arguments may be made relative to equation (14.4). Thus, R, ai", it) is conver- 
gent for all choices of a and f. 


lim 


noo 


= lim 0<t<o. (14.6) 


noo 


14.2 The Meta-Trigonometric Function Convergence 


The convergence of the meta-trigonometric functions may be related to that of the R-function. 
Consider Cos, (a, a,B,t), from Section 9.5, we express Cos, (4, a,f,t), in terms of the 
R-function as 
RGEC PDA R, at "60 
9 » 
Because we have shown the convergence of the R-functions, it is clear that the Cos, ,(a, a, B, t) 
as the sum of two convergent functions is also convergent. Similar arguments may be made for 
the remaining principal fractional trigonometric functions that also are expressible in terms of 
R-functions (see Section 9.5). 


Cos, (a, a, B, t) = t> 0. (9.82) 


14.3 Uniform Convergence 
14.3 Uniform Convergence 


The topic of uniform convergence is important to our studies as it is required for operations 
with infinite series such as term-by-term integration. A definition for this property is given as 
follows. An infinite series of real functions 


N 
S(w) = lim fy) 
n=0 


convergent on the interval P is uniformly convergent to S(x) if, with S,,(«) = ) f,(«), a number 
n=1 
N = N(e) can be determined for each value of €, such that 
|S(x) — S,,%)| <, 


for allu >WN and for all x € P. 

For our considerations for the R-function series (equation (14.1)), we extend the development 
of Churchill [22], pp. 139-140 that proves the uniformity of convergence for power series to 
the fractional case. 

Let us write for our series of interest 


N oe) 
= ili (n+1)q-1-v _ (n+1)q-1-v 
S(t) = jim. ya) = > Ct », O0<t<o, (14.7) 
n=0 n=0 
where c,, = a" /T((“ + 1)q — v) for the R-function. The remainder after N terms is 
N-1 m 
= (nt+l)q-l-v _ 1; (nt+l)q-l-v 
BylO=SO~ Diet : "= lim Dt mr", O<t<o. (14.8) 
n= n= 


When t < ¢, and 0 < t, < ov, we can write 


m 
by Cy ptDa-ly 
=N 


The limit of the last summation 


m m 
ey ie ris iglae (14.9) 
n=N =N 


m 
py = lim > Je,|[t,|¢*P21” (14.10) 
N n 1 
mw n=N 


is the remainder of series (14.7) with absolute values of c, and ¢,. As we have shown in 
Section 14.1, this equation is absolutely convergent for 0 < t, < oo; thus, the remainder 
(equation (14.10)) approaches zero as N > oo. In other words, for any positive number, ¢, 
an integer N, exists such that p, < € whenever N > N,. The terms of the last series are all 
non-negative real numbers, then for every integer m > N 


m 
>, Ic,,| It, [Mtbaet® < be 
=N 

Then, by equation (14.9) 


< py» 


m 
» é, prdaq-ly 


n=N 


for every integer m greater than N and, therefore, the remainder (equation (14.8)) satisfies 


|IRyO|< py <e, whenN >N,. (14.11) 
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Because N, is independent of t when |t| < |t,|, uniformity of convergence for the R-function is 
established. 

Uniform convergence for the fractional sine, Sin, ,(a, a, B, t), and cosine, Cos, ,(a, @, B, t), 
functions only requires a minor modification of c,,. 


14.4 Numerical Issues in the Fractional Trigonometry 


As stated in the introduction to this chapter, the practical application of the fractional trigonom- 

etry requires the ability to evaluate the various fractional trigonometric functions as well as the 

R-, G-, and H-functions over a wide range of the order variables q and v and over a wide range of 

the arguments a and ¢. Because all of the functions are defined by convergent infinite series, the 

function evaluations may fail for large values of a and t. The issues may be readily understood 

through a simple examination of the R-function. The R-function is defined by the infinite series 
qitetDa-l-v 


R,a,t)= ) —————_., t>0. 
qv\%> ? 
LrG@+q— 
This may also be written as 
— att)" 
Riya t) = ty) a a 
44 T((n + 1)q-v) 

Examining the summation, we see that, as the index 1 becomes large, both the numerator 
and the denominator of this ratio will eventually grow to exceed the maximum number size 
associated with typical computer software. This is clearly indicated in Figure 14.1 where the 
general term in the summation (14.4.2), namely 


(att)” 
T(n+1)q—-v)’ 
is evaluated for three values of at?. When g=1 and v=0, this becomes Term = (at?)"/n!. As 
at! changes from 10 to 40, the value on the largest term grows by approximately 12 orders of 


Term = (14.12) 


1 5 1 9 1 19 
3 * 0 20 x 10 25 * 0 ; 
2.51 at?=10° 
ar 
1.5} 
$s 
g 1.5 / 
= | " 
SJ 1 
0.5> 
0.5 fF 


“0 50 100 0) 50 100 0 #50 100 
n-index term n-index term n-index term 


Figure 14.1 Size of the nth term versus n, with q = 1.0 and at? = 10, 20, 40. 


14.5 The R,Cos- and R,Sin-Function Asymptotic Behavior 


magnitude! Thus, we can see that the numerator and denominator terms separately grow very 
rapidly. Because the gamma function cannot be written as a polynomial, progress cannot be 
made by cancellation of common factors of the numerator and the denominator. The issues 
are the same for the fractional trigonometric functions because of the similar forms for the 
numerators and the denominators. The problem is further compounded for large values of a, t, 
and q. 


14.5 The R,Cos- and R,Sin-Function Asymptotic Behavior 


The principal R,Cos-function is defined as 


q! ptDq-l-v 


R05 = YG Daa 


n=0 


cos{((1+1)q-—1—v)(z/2)}, t>0. 


As we have observed in Chapter 7, the phase plane plots R,Cos, )(1, t) versus R,Sin, (1, t) 
are attracted to (asymptotic to) circles of radius 1/q when 0 < q < 2. Thus, for example, for the 
R,Cos, (1, t), we have 


lim{R,Cos,(1,6)} > + cost), O<q<2 £>0. 
00 q 
We now need to determine the radius when a # 1. Thus, we write 


id pytDaq-1 
R,Cos, (a1, ) = oy (at) cos{((1 + 1)q —1)(a/2)},  t>0, 
n=0 


= a+ Da) 


and we have 
R,Cos, (a4,t) = a~4-R, Cos, o(1,at), O<q<2, t>0. (14.13) 


In a similar manner, for R,Sin, we have 
R,Sin,o(at, ®) =a © R,Sin, (1, at), O<q<2, £>0. (14.14) 


Thus, if R,Cos,o(1,t) versus R,Sin,o(1,t) are attracted to circles of radius 1/q, then 
R,Cos, (41, t) and R,Sin, .(a1, t) will be attracted to circles of radius 


r= (45). (14.15) 


In other words, R, Cos, (a1, t) is asymptotic to (1 /qat) cos(at). Setting b = a7, we have the 
desired results 


R, Cos, o(b, t) is asymptotic to (1/qb*-/1) cos(b4t), O<q<2, t>0, (14.16) 
and 
R, Sin, o(b, t) is asymptotic to (1/qb’4 sin(b4t), O0<q<2, t>0. (14.17) 


The quality of the asymptotic approximation is indicated in Figure 14.2. Note the function 
numerical failure near ¢t = 4 for g=0.4 and at t = 10 for g = 0.6; however, the asymptotic approx- 
imations, of course, successfully continue beyond these points. 

In Chapter 16, the space of neutrally stable fractional oscillators based on the fractional 
trigonometric functions is studied. These functions are also candidates to be continued 
asymptotically. 
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ReCoSzq o(a,t) and cos approximation 


t-Time 


Figure 14.2 R,Cos, (4, t) and the approximation (1/(qa‘?-/4) cos(a'/4t) versus t-Time. Solid line is 
R,Cos, .(a, t) and dashed is approximation, q = 0.4 and 0.6, v=0.0, a= 1.75. 


14.6 R-Function Approximations 


Some approximations for the R-function have been developed in Ref. [70] and are presented in 
this section: 


As suggested in Section 4.2, the principal value in equation (4.26) provides the basis of 
such an approximation. The result (equation (4.27)) is generalized to 


Ro, t) & af t>q>0.5. (14.18) 


The approximation is shown in Figure 14.3. 
The following are improved approximations when t < land0<q<1 


ts (i= gua 

R,o(, t) q (oo * t>0, 0<q< Ks (14.19) 
1- 2.5-q 

R,o(l.t) tet (‘ xu ) , Eo, Ce ges (14.20) 


This approximation is shown graphically in Figure 14.4. These approximations 
(equations (14.18) and (14.19)) may be extended to include R,o(a,t) in the fol- 
lowing manner. By a simple replacement of the ¢ variable with at, we may rewrite 
equation (14.18) as 


R,o(A, at) © et, a>0O, 1>q>0, at>1. 
Now, using equation (4.9) along with equation (14.20), we infer the approximation 


R,o(4,t) © mae a>0, q>0, at>1. (14.21) 


10 


R-function Rg o(1,f) and approximation 


14.6 R-Function Approximations 


q=0.25 /f gq =0.50 


0.5 1 1.5 2 2.5 3 
t-Time 


Figure 14.3 Approximation of R,o(1, 0) by ae. Source: Lorenzo and Hartley 2000a [70]. Public domain. 
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Figure 14.4 Approximation of Rol, t) by equation (14.19). Source: Lorenzo and Hartley 2000a [70]. 
Public domain. Please see www.wiley.com/go/Lorenzo/Fractional_Trigonometry for a color version of this 


figure. 


When the a parameter of the R-function becomes negative, a different set of approxima- 
tions is required. The following approximation works well for 1 < q < 2 


R,o(-1.t) eC? cos(t— 2/2), 1<q<2, t>x/2. (14.22) 


This approximation is shown in Figure 14.5. 
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R-function Rg o(—1,t) and approximation 


ose 
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2 4 6 8 10 12 


t-Time 


Figure 14.5 Approximation of R, 9(—1, t) by equation (14.22), q= 1.0—2.0 in steps of 0.25. Approximations are 
dashed and overlap at q = 2.0. Source: Lorenzo and Hartley 2000a [70]. Public domain. Please see www.wiley 
.com/go/Lorenzo/Fractional_Trigonometry for a color version of this figure. 


Improved approximations may be determined for particular values of q by optimizing 
the A, B, C, and D constants in the following equation: 


R,o(-1, t) # Ae** cos(C(Dt - 2/2)), 1<q<2. (14.23) 


When the a parameter in equation (14.21) takes on values other than —1 the following 
approximation works reasonably well for values of a not too large 


R,0(-4, t) & eg OOO" costa 4p 9/2), t>1, 1<¢ <2. (14.24) 


Continuing from Ref. [70]: 


Figure 14.6 graphically shows this approximation for a = —4. Approximations for values 
of q>2 with parameter a negative, require positive values for the argument of the real 
exponential in the approximation. For example, with 2 < q < 3, the following approxi- 
mation 


R,o(—1, £) & OF H1-454-2-) # cos((-0.2q + 14)t-2/2), 25q53, t>1 (14.25) 


is presented in Figure 14.7. 


An additional approximation of R,, (1, £) based on the equation 


b 


ée 2 
R, o,f) & a + (4) , where b= 3 -—q), t>0O.1, (14.26) 


is shown in Figure 14.8. Compare this approximation with that of Figure 14.4. Clearly, the 
approximations presented in this section only hint at the possibilities, and much more is 
possible. 


14.7 The Near-Order Effect 


0.6 : r + 


R-function Rg o(-4,t) and approximation 
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t-Time 


Figure 14.6 Approximation of R,o(—4, t) by equation (14.24). With q= 1.0—-2.0 in steps of 0.25, a=—4,v=0. 
Approximations are dashed and overlap at q = 2.0. Source: Lorenzo and Hartley 2000a [70]. Public domain. 
Please see www.wiley.com/go/Lorenzo/Fractional_Trigonometry for a color version of this figure. 
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Figure 14.7 Approximation of by equation (14.25). With q = 2.0-3.0 in steps of 0.25,a=—1,v=0. 
Approximations are dashed and overlap at q = 2.0. Source: Lorenzo and Hartley 2000a [70]. Public domain. 
Please see www.wiley.com/go/Lorenzo/Fractional_Trigonometry for a color version of this figure. 


14.7. The Near-Order Effect 


There is an interesting phenomenon that occurs for the fractional trigonometric functions 
when the order variables are not integer. As we have seen in previous chapters, the presence 
of fractional exponents of t in the defining series of the trigonometric functions yields a total 
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Figure 14.8 Approximation of Rio.) by equation (14.26) with q = 0.2-1.0 in steps of 0.2. Note overlap of 
approximation and function for all g at times t >~ 0.3. Please see www.wiley.com/go/Lorenzo/Fractional_ 
Trigonometry for a color version of this figure. 


of D,D, many functions, where the Ds are the denominators of the rational q and v order 
variables. That is, there are D,D, — 1 functions in addition to the principal function. Thus, 
for example, with q=1/n and v = 0/1, there will be a total of 1, R,Sin,,,,o-functions. The 
number of R,Sin,o-functions versus the trigonometric order q (with v=0), for 0 < q < 1 is 
plotted in Figure 14.9 for denominators D, < 50. When the size of the denominators is allowed 
to increase, the density of the points increases but the lower envelope remains the same. 
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Figure 14.9 Number of R, Sin, (4, t) functions versus Order-q for q denominators D, < 50. Source: Lorenzo 
and Hartley 2004b [74]. Reproduced with permission of Springer. 


14.8 High-Precision Software 
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Figure 14.10 Reciprocal of Number of R, Sin, .(a, t) functions versus Order-q for q denominators D, < 500. 
Source: Lorenzo and Hartley 2004b [74]. Reproduced with permission of Springer. 


Note that as the order q approaches 1 (or 0), the number of functions approaches infinity. 
We have called this the “Near-Order Effect” [73, 74]. 

Surprisingly, at the limiting case g=1, only a single function occurs! This likely reflects 
the infinite number of revolutions that occur on the unit circle, as t > oo. That is, we are 
“spiraling” in or out in the phase plane as ¢ increases but with a spiral radius change of zero 
(see Chapter 15). 

In Figure 14.9, the bounding curves, together with those above them, are seen to be segments 
of hyperbolic curves. Note that near-order behavior is also observed in the neighborhood of the 
major fractions, 5? 3 =, 2 , .... A plot of the reciprocal of the number of functions is presented 
in Figure 14.10; for this plot, we have D, < 500. Straight lines and triangular structures are easily 
seen in the figure and validate the presence of hyperbolic curves in Figure 14.9. Note that D, 


becomes infinite at all irrational values of q. 


14.8 High-Precision Software 


Application of asymptotic methods requires individual study of many functions with a variety of 
parameter choices. As such it does not represent a satisfactory general approach to the problem 
of function evaluation for large values of at?. Our experience has shown that the application of 
high-precision symbolic software such as Maple® or Mathematica® has been helpful at extend- 
ing the range of values of at? that may be evaluated. A Maple® program for the evaluation of a 
fractional trigonometric function is given in Appendix B. 
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The Fractional Spiral Functions: Further Characterization of the 
Fractional Trigonometry 


In Chapter 9, we have seen a number of spirals that resulted from the fractional meta- 
trigonometry. Spiral behavior is observed in many areas of physics and nature. Some examples 
are turbulence, vortical flow, weather formations, tornadic and hurricane structures, the shape 
of galaxies, spiral capture of light in a gravitational well (black hole), impact traces in bubble 
chambers, and Nautilus shells. A particularly interesting instance is the Belousov— Zhabotinsky 
(B-Z) chemical reaction where chemical rotors spontaneously exhibit rotating spiral behavior; 
see Winfree [124]. 

Many spiral functions occur in mathematics: the logarithmic or logistic spiral, the hyper- 
bolic, parabolic, and Cornu spirals, and so on. The mathematical relationships between these 
spirals and the fractional spirals described here have not yet been studied. Because of their fre- 
quent occurrence in nature, there have been several books that have studied spirals and their 
occurrences; see Gazale [37], Davis [27], Hargittai [42, 43] and Hartmann and Mislin [50]. 

In this chapter, we study more deeply this important new class, the fractional spirals, and com- 
pare them with some of the classical spirals. Later chapters examine some of the applications 
of the fractional trigonometric spirals. 


15.1. The Fractional Spiral Functions 


In the ordinary trigonometry, it is well known that when x = cos(£) is plotted against y = sin(‘), 
the result is a circle of radius one in the x-y plane. Here, we study some of the phase-plane 
behavior of the fractional trigonometric functions. We also note that a few of figures presented 
in this section do not qualify as a spiral under the definitions given later in this chapter; however, 
they are still of interest in that they help characterize the fractional trigonometric functions. 

In Figure 15.1, R, Sin, ,(1, 0, ¢) is plotted as a function R, Cos, (1, 0, t) for various values of 
the order, g, between zero and one. Note that when q = 1, v = 0, we obtain the well-known 
circular functions. However, when g # 1, we obtain a more general set of plots, the R,-Spiral 
Functions. Parametrically reducing q in Figure 15.1 from q = 1 to g=0.1 generalizes the circular 
functions to the set of fractional spirals that traverse from infinity to the origin. The fractional 
trigonometry releases us from the radius constraint of the unit circle, which is the basis of the 
classical trigonometry! The R,-spiral functions contain the circular functions as a special case. 
Note that, in this figure, the parameter ¢-time increases approaching origin. 

Figure 15.2 is the same plot but with 1 < q < 2. Here, the spirals move outward from the 
origin. Note that the growth rate increases as q increases. The morphology of the R,-spiral 
functions in the range of 1 < q < 2 is not seen in the classical spirals and may be unique. 
This morphology is denoted as a “barred spiral” in astronomy. We consider the application of 
fractional barred spirals to galactic morphology in Chapter 18. 
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RyCosq o(1,t) 


Figure 15.1 Phase plane plot, R, Cos, ,(1, 0, t) versus R, Sin, ,(1, 0, t) for q=0.1-1 in steps of 0.1. With a= 1, 
v=0,t=0-7.4. Source: Lorenzo and Hartley 2004b [74]. Adapted with permission of Springer. 


5 
1.80 9 = 2:00 
1:76 iN 
1.60 
= 1.50 
o 
@ OF 
n 
a Ci 
gq = 1.10 
gq = 1.20 
q = 1.40 
q = 1.30 
5 4 
5 0 5 


R4Cos, 0(1,t) 


Figure 15.2 Phase plane plot, R, Cos, ,(1, t) versus R, Sin, ,(1, t). Effect of q, with q= 1.0—-2.0 in steps of 0.1, 
a=1.0,v=0, t=0 -7.4. Arrows indicate t increasing. Source: Lorenzo and Hartley 2004b [74]. Adapted with 
permission of Springer. 


The R,-trigonometric functions also have a very special spiral-like behavior in the phase 
plane. With v=0, when the order variable q is between zero and two, that is, 0 <q < 2, 
the phase plane loci are always attracted to circles. In Figure 15.3a, for 0.2 < g < 1, the loci 
arrive from infinity and are attracted to circles of radius 1/q. In Figure 15.3b, when 1 < q < 2, 
the loci emanate from the origin and are also attracted to circles of radius 1/q. Figure 15.3c 
shows the loci spiraling outward toward infinity when g>2. A generalization of this behavior 
is discussed in Section 14.5. 
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Figure 15.3 Phase plane plots, R,Cos, ,(1, 0, t) versus R, Sin, ,(1, 0, t) for q=0.2-3 in steps of 0.2 with a= 1, 


v= 0. Source: Lorenzo and Hartley 2004b [74]. Adapted with permission of Springer. (a) 0.2 < q < 1.0, (b) 
1.2<q< 2.0,(c)2.0< q < 3.0 


Phase plane plots for R, Cos,,,(1, 0, t) and R;Sin, ,(1, 0, ¢) for values of q between 1.0 and 5.0 are 
shown in Figures 15.4 and 15.5. The spiral growth rate is seen to rapidly increase with increases 
in q. The effect of v on selected R,-functions is shown in Figure 15.6. 

‘The three-dimensional loci Ry Co583¢ )39 9(1, k, 4) versus R,Sit3g739,9(1, k, A) versus i are shown 
in Figure 15.7. Four views along the major axes of the figure show the effect of variation of the 
index variable, k. Because the order variable g has been selected to be g = 38/39, which is near 
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R3Singo(1,t) 


R3Cos4q (1,1) 


Figure 15.4 Phase plane plot for R;Cos, (1, t) versus R; Sin, 9(1, 6) for g=0.2-2 in steps of 0.2, v=0,a=1, 
k=0,t=0-10. 


RgSing o(1,t) 


R3Cosq o(1 ,t) 


Figure 15.5 Phase plane plot for R,Cos, 9(1,t) versus R; Sin, (1, t) for q=2-5 in steps of 0.25, v=0,a=1,k=0, 
t=0-4. 


15.1 The Fractional Spiral Functions 
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Figure 15.6 Effect of von R,Cos, ,, (0.25, t) versus R, Sin, 55 ,(0.25, t), phase plane plot with q = 1.20, 
v=0-0.15 in steps of 0.05, a= 0.25, k=0, t=0-28. 


unity, we have an example of the “near-order effect” discussed in Section 14.6. Strong symmetry 
may be observed when the Cos plane is viewed from the Sin axis (Figure 15.7b) and in the Cos 
versus Sin phase plane (Figure 15.7d). This figure is strongly suggestive of tornadic or cyclonic 
weather forms. 

Figure 15.8 is another four part view. Panels a—d show four views of R, Coflutsg 39 (1, k, 4) ver- 
sus Ry Covibsg/399(1, k, 1) versus h, for k = 0—38. The unique aspect of this figure is the apparent 
symmetry seen from all three axes. Symmetry seen in Figure 15.8b—d and when viewed along 
the diagonals (view not shown) is stunning. 

The fractional meta-trigonometric functions are rich with spiral behavior. A small selection 
of these functions is shown in Figures 15.9-15.13. Figure 15.9 shows the effect of a on the 
phase plane plot for Sing, (1, a, 0.5, t) versus Cosy, _,(1, a, 0.5, t). The loci for this set are 
unusual for the fractional trigonometric functions in that they do not terminate at infinity, 
the origin, or in a circular orbit. Figures 15.10 and 15.11 are phase plane plots for the complexity 
trigonometric functions Cos, (4, a, B, k,t) versus Sin, (a, a, B, k,t) and —Cos, (a, a, B, k,t) 
versus —Sin, ,(a,a,B,k,t) (dashed). These are typical fractional spirals found in various 
domains of the fractional trigonometry. In Figure 15.10, for qg<1, the loci spiral inward to 
the origin, and in Figure 15.11, for g>1, the loci spiral outward. Figures 15.12 and 15.13 
show some spiral functions found for the parity fractional trigonometric functions. Observe 
how the f# parameter controls the exit angle as the loci leave the end of the bars. The loci in 
Figure 15.14 are not spirals; however, the figure is of interest because the loci leave the origin 
with “double-barred” behavior, a very unusual phenomenon. 
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Figure 15.7 Four views of R,C053g/39.(1,k, t) versus R,SiN3g/39.9(1,k, t) versus h for k= 0-38. 


15.2 Analysis of Spirals 


In this section, a general consideration of spiral behavior is pursued. The objective is the devel- 
opment of a general analysis capability for spirals. This will allow comparison of the fractional 
spirals with some of the classical spirals and enable further exploration of the relationships of 
the fractional spiral functions to the circular functions. 


15.2.1 Descriptions of Spirals 


There are several ways in which spirals, and other plane curves, may be described. The inter- 
ested reader is referred to the books by Lawrence [64], Lockwood [67], and other similar books 
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Figure 15.8 (a—d). Four views of R, Coflutss )399(1 ,k, h) versus R, Covib 39 /39.9(1 , k, h) versus h, for k= 0-38. With 


a=1.0,andv=0. 


referenced therein. We shall consider the polar and parametric descriptions. The parametric 
descriptions are of particular interest since the fractional spirals that have been shown in this 
and previous chapters are in that form. 


15.2.1.1 Polar Description 
The polar representation of a spiral, or more generally of a plane curve, is given by 
r =f (6) or equivalently, 0 = g(r), (15.1) 


where r is a radial distance from the origin, or other point of reference, and 0 is an angle of 
rotation that is positive in the counterclockwise direction; see Figure 15.15. 
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Figure 15.9 Phase plane plot for Sing g(1, @, 0.5, f) versus Cosy, _,(1, a, 0.5, t) forq=0.8, v=—1,a=1.0, 
a = 0.5-0.8 in steps of 0.1, 6 = 0.5,k=0 and t=0-20. 


4 r Figure 15.10 Phase plane plot for Cos, ,(a, a, B, k, t) 
versus Sing (a, a, B, k,t) and —Cos, (4, a, B, k, t) versus 

3+ | —Sing (a, a, B, k, t) (dashed) for g=0.5, v=1, a= 1.0, 
a=0.15, 8 = 0.75,k=0 and t=0-22. 
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15.2.1.2 Parametric Description 
The parametric description of a spiral, or a plane curve, expresses the rectangular (or polar) 
coordinates of the curve in terms of a parametric value, for example, t, thus 


x=x(t) and y=y(t), or r=r(t) and 0 = 0(2). (15.2) 
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-20 -10 0 10 20 
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Figure 15.11 Phase plane plot for Cos, (a, a, PB, k, t) versus Sin, (a, a, B, k, t) and —Cos, (a, a, B, k, t) versus 
—Sing (a, a, B, k, t) (dashed) for q= 1.2, v=—0.8, a= 1.0, a = 1.0, 8 = 0, k=O andt=0-14. 
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Figure 15.12 Phase plane plot for Flut, (a, a, B, k, t) versus Cofl, (a, a, B, k, t) and —Flut, (a, a, B, k, t) versus 
—Cofl, (a, a, B, k, t) (dashed) for q=0.5, v=0, a= 1.0, a = 0.16, B = 0.80, k=0 and t=0-22. 
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Figure 15.13 Phase plane plot for Vib, (a, a, B, k, t) versus Covib, ,(a, a, B, k, t) and —Vib, (a, a, B, k, t) versus 


—Covib, ,(a, a, B, k, t) (dotted) for q= 1.07, v=—0.070, a= 1.0, a = 0.02, f = 1.2-1.4 in steps of 0.05, k=0 and 
t=0-10. 
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Figure 15.14 Phase plane plot for Cofl, (a, a, B, k, t) versus Covib, ,(a, a, B, k, t) and —Cofl, (a, a, B, k, t) 


versus —Covib, (a, a, B, k, t) (dotted) for qg= 1.06, v= —0.01, a= 1.0, a = 0.05, B = 1.2-1.4 in steps of 0.05, 
k=Oandt=0-2.5. 


15.2 Analysis of Spirals 


y Figure 15.15 Coordinate systems for both polar and 
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Figure 15.16 Parametric spiral interpreted as a three-dimensional space curve. 


The conversion between the polar and rectangular forms is described by the well-known 
relationships: 


r= Vx«2+y? and 6=tan! (=) or (15.3) 
x=rcos(@) and y=rsin(6@). (15.4) 


The parametric description may also be considered as a three-dimensional space curve in 
three dimensions x, y, and t. This is illustrated in Figure 15.16 for the spiral defined by the 
equations 

x = R,Cos,39(1,0,¢) and y = R,Sin, 39 (1,0, £), (15.5) 


with t = 0-7.9. 


15.2.1.3 Definitions 

In his book on spirals, Davis [27] describes a search for a meaningful and mathematically useful 
definition for spirals. Specialized definitions for a particular purpose have been used; however, 
few generalized definitions are found. One such definition is found in his notes p. 205. It is 
attributed to G. Fouret, “r = f(9)/(0 + g(8)) where f and g are complex trigonometric functions 
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of 0.” The next section proposes some definitions that may serve as a basis for further study of 
spirals. 


15.2.1.4 Alternate Definitions 
For simplicity, here we consider only the origin as the basis of rotation, and only consider plane 
spirals. 

Let R be a radius vector in a polar coordinate system and 0 the polar angle measured from the 
x-axis. Then, a simple ccw (counter clockwise) spiral is defined by the function r(@), where r(6) 
is a continuous non-negative monotonic function with @ > 0 and 6 > 0. A general, ccw, spiral 
is defined as a function R(@), where 


r\(0) < RO) < r,(0), VASO, (15.6) 


where r,(@) and r,(@) are simple ccw spirals, typically with no common points other than the 
origin (or other point of reference). Note that R(@) may be a discontinuous and/or multivalued 
function with only the constraint that it bounded by the simple spirals. Typically, we could also 
constrain R(@) to be a continuous function. This definition allows considerable latitude in the 
types of functions considered to be spiral while maintaining the general spirit of what a spiral is. 

For spirals that wrap in a clockwise (cw) manner, the definition is as follows: A simple cw 
(clockwise) spiral is defined by the function r(@), where r(@) is a continuous nonpositive mono- 
tonic function with 6 < Oand 6 <0. 

A general, cw, spiral then is defined as a function R(@), where 


(0) < RO) <1), VA<O, (15.7) 


where r,(0) and r,(0) are simple, cw, spirals, typically, with no common points other than pos- 
sibly the origin (or other point of reference). Furthermore, R(@) may be a discontinuous and/or 
multivalued function with only the constraint that it is bounded by the simple spirals. From 
these definitions, a mathematical theory of spirals, that is, addition, multiplication, and so on, 
is possible. 


15.2.1.5 Examples 
Consider the three curves defined by r, = 0.5exp(0.30), r, =1.0exp(0.30), and r, = 
0.2 exp(0.38) sin(50) + “2, 

This spiral is shown in Figure 15.17a. For the spiral in Figure 15.17a, the r, and r, curves are 
simple ccw spirals, and the r, curve is seen to be a continuous general ccw spiral (over the range 
shown). Figure 15.17b shows a general ccw spiral composed of a random sequence of points 
bounded by the same r, and r, simple ccw spirals. 


15.2.2 Spiral Length and Growth/Decay Rates 


15.2.2.1 Spiral Length 
The length of an arc is well known from the classical calculus. It is given in rectangular coordi- 


nates by the equation 
(F) (#) 
yit “d = / f1+( — 15.8 
t= | (F) me (#) oe) 


15.2 Analysis of Spirals 


180 180 


210 


Figure 15.17 Polar plot showing two simple counterclockwise spirals bounding (a) a general continuous and 
(b) a general discontinuous counterclockwise spiral. 


rar d dx ’ ‘ ; 
where it is assumed that = or a is a continuous bounded function. In polar coordinates, 


62 F 
| dr 
L= 2 pts ; 
/ n+(2) do 
él 


where again it is assumed that # is a continuous bounded function. The parametric form will 
be most useful for application to the fractional spirals, that is, 


the arc length is given as 


(15.9) 


where again the derivatives are continuous bounded functions. For application to an 
R,-spiral, for example, the relationships £R,Cos,,,(a, t) = R,Cos,,,,(4, t) and £R Sin, (4, h= 
R, Sin, ,4:(a, t) are applied to an R,-spiral to provide the length from the origin to ¢;,,,) aS 


lng 


1/2 
Lit) = | ((RiCosgu4i(as))” + (Ry Sittyyes(a,0)”) dt, t>0. (15.10) 


t,,j=0+ 


15.2.2.2 Spiral Growth Rates for ccw Spirals 
The rate of growth or decay of spirals described using the polar representation (equation (15.1)) 
is given by 


Radial Growth Rate = a (15.11) 


where a positive value indicates spiral growth and a negative value indicates decay for ccw spi- 
rals. When the spiral is described by the parametric form, the growth rate can also be set in 
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those terms. Thus, based on equation (15.3), 


x(t)dx(t) + y(t)dy(t) 


dr(t) = d(t) + (p)? = GA) + AD)IP (15.12) 
and the time rate of growth of the radius is 
dr _ x(t)x'(t) + Oy" (15.13) 
a (+70) 
For the spiral angle 
- (YON) _ #OdyO - y¥Odx@ 
do(t)=d («on (= )) a Orr CIES . (15.14) 
Similarly, the time rate of growth of the angle is given as 
dO(t) _ x(t)y'(t) — y(O)x'() 
dt (+>) ae 
Combining the results of equations (15.12) and (15.14) gives 
dr(t) _ (x(t)dx(t) + yOdy(t)) (x(t) + (Oy? (1516) 
do(t) — x(t)dy(t) — y(t)dx(t) 
Similarly, from the time rates, equations (15.13) and (15.15), we have 
, ! 2 2 1/2 
dr _ drfdt _ (xd)x'() t+ yO OVO + PO) Hees 


do do/dt — x(t)y"(t) — y(Dx"(t) 


15.2.2.3 Component Growth Rates 
It is necessary in some analysis to use the component growth rates; these are obtained as follows. 
Differentiating x = rcos(@) and y = rsin(@) gives 


dx = cos(0) dr — rsin(6)d0, dy = sin(@)dr + r cos(@)d0. (15.18) 
Now, r = f(0) > dr = f'(0)d6 in the aforementioned equations 


7 = cos(O)f’(9) — rsin(6), a = sin(6)f'(@) + rcos(9) or 


a = cos(0)f’(9) — f(@) sin(@), 2 = sin()f'(0) + f(9) cos(6). (15.19) 
Alternatively, 6 = g(r) > dO = g’(r)dr in equation (15.18) gives 


Chis cos(0) — rg’(r) sin(0) cd = sin(@) + rg/(r) cos(@) or 

dr > dr 

dx , + dy era ee / 

at cos(g(r)) — rg'(r) sin(g(r)), a sin(g(r)) + rg’(r) cos(g(r)). (15.20) 
15.2.3 Scaling of Spirals 


In this section, we consider the process of scaling spiral functions; consideration shall be done 
in both polar and rectangular forms. The parameters of the original (reference) spiral are 
subscripted as x,(¢) and y,(t), while the scaled versions are given as x,(t) and y,(¢), and so on. 


15.2 Analysis of Spirals 


15.2.3.1 Uniform Rectangular Scaling 
In uniform rectangular scaling, the parametric or rectangular values defining the spiral are 
multiplied by the same scale factor, k. Thus, 


x,=kx, and y,=ky,. (15.21) 
The polar variables are 
r= VEEP EO = kV Pai? oF (15.22) 
r, =kr, 


and 


ky, 
tan 0, = ie tand, > 0,=9,. (15.23) 
k. 


oO 


Since dr, = kdr, and d0, = d0,, we have 


as =k ar, (15.24) 
do, do,” ; 


Thus, we see that the growth rate of the uniformly scaled spiral increases or decreases 
proportional to the value of the scale factor, k. 


15.2.3.2 Nonuniform Rectangular Scaling 
In nonuniform rectangular scaling, different factors are used to multiply the parametric or 
rectangular values of the defining the spiral. Thus, 


x,=k,x, and y,=ky,, (15.25) 


and the polar variables are 


/ ky kx, \* 
= 3 highs xo 
r, (kx)? + (ky op)? =k AL x? + ( ; ) = k, ( ; ) +y,2, 


xo Ky 
kx, \? ie 
r, = kyo a?) +1=kKy%,1/14+ (= } cot?@,). (15.26) 
Ko Ky; 


r, 
x, = ; (15.27) 
2 
k,Ajl+ (2) tan?(0,) 
k, 
r, 
0 a (15.28) 
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2 2 


y= V@P +O. = aoa tae 


ki +kytan’(0,) ky + k2cot2(0,) 


ne (15.29) 
oes oe eS 
ki +k;tan’(0,) ky + kcot?(@,) 
and 
ky, k 
tan(9,) = —" = — tan(6,), (15.30) 
kx,  k, 
ky 
6, = tan! (2 tan(@,)) : (15.31) 
k, 


Therefore, the nonuniform scaling distorts the x, y relationship, it scales the radius and rotates 
the spiral. It is noted that if k, = k, = k in equations (15.28) and (15.29) the equations reduce 
to the uniform scaling equations (15.22) and (15.23). 


15.2.3.3 Polar Scaling 
In the following sections, we apply scaling factors to the polar variables and examine the effect 
on the rectangular variables. 


15.2.3.4 Radial Scaling 
In radial scaling, we scale the radius while keeping the polar angle fixed, that is, 


r,=k,r, and 6,=9,, then 


r= kx? +92 = Vk, x) + (ky)? = Vx? +92. (15.32) 

One possible relationship pair to satisfy equation (15.32) is 
x= kx, Ve =k Nos (15.33) 
that is, the condition resulting from uniform rectangular scaling. Thus, we see radial scaling is 


equivalent to uniform rectangular scaling. 


15.2.3.5 Angular Scaling 
In angular scaling, the radius is fixed while the angle is scaled; thus, 


0,=k,0,. yo =Vo (15.34) 
Now, 
x,=r,cos(@,), yy, =r, sin(,), 
and 


x, =r,cos(O,), yy, =r, sin(@,). 


cos(k,6,) _ (sintk,9,) 
== (Baas) = (Gay) my 


Thus, we see that the scaling of the x and y coordinate varies with 0. 


Since r, = r,; 
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Figure 15.18 Velocity components. 


15.2.4 Spiral Velocities 


Ifa spiral, such as that shown in Figure 15.18, is considered as a trajectory, then velocities along 
the trajectory may be determined when the ¢ parameter is treated as time. Our goal here is treat- 
ment of the fractional spiral functions; however, we start with a general treatment for spirals 
expressed rectangular parametric form. Based on the parametric definition (equation (15.2)), 
the x and y components of velocity are defined as 


a fyét+o-yO | _ & 


Thus, the resultant velocity is given by 


VO = V/V20+ VO, (15.38) 


and the associated direction is expressed as 


Vi (2) 
—tan i { _2 
g(t) = tan ( 7) : (15.39) 


Now, the slope of the spiral at time equal t is M = dy(t)/dx(t). The angle associated with this 


slope is given by 
dy(t "(dt 
B =tan! (22) =tan * (2 ) = g(t), 


dx(t) x! (t)dt 


and we see that the resultant velocity is tangent to the spiral at time ¢. 
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It is also of interest to determine the radial and normal components of the resultant velocity 
relative to the vector from the origin to the spiral at time t¢. If 0 is the angle from the posi- 
tive x axis to the point x(¢), y(£); see Figure 15.18. Then, the radial and normal components, 
V,,d£) and V,,, respectively, are determined as follows: 


V,.d(£) = V,(t) cos(a — 0 — d) = —V,,(t) cos(@ + ), (15.40) 


where ¢ is defined by equation (15.39). Applying the sum of angles formula for the cosine 
function from the ordinary trigonometry, 


Vi adit) = —V,(t){ cos(@) cos(f) — sin(@) sin(¢)}, 


Vv; 
cos (tan (22)) cos (tan (=)) - 
(t) V, 


Vad) = -V,() , 


sin (tan (2 )) sin (tan (=) ) 
x(t) Vv, 


vy 
V(t) = -V.(0) xe) Wt) 


yer ty? oe vz very? Jve+va|. 


V_(t)x(t) — V(t)y(t 
V adit) = -V,() 2 5 (15.41) 


VVv OF VO VHO +70 
But /x?+y?=~r, the radial distance from the origin to the point x(t), y(t), and 


\/V; + Vy = V, giving 


VO -— V,@Qx(t 
V,aa(t) = aa (15.42) 


The normal velocity is determined in similar manner, that is, 
V(t) = V,(t) sin(a — 8 — d) = V,(£) sin(6 + ¢). (15.43) 
Applying the sum of angles formula for the sine from the ordinary trigonometry 


V(t) = V,(t) {sin(@) cos(p) + cos(@) sin(p)}, 


Vy, t 
V(t) = V(t) {sin («an (22)) co s(t suet (= -)) 
wo (55) = (a) 
x(t) 


V,(t) = vol MO iO (15.44) 


VC) + al _ VCO) + vy(0at0) 


15.45 
rv, ( ) 


V(t) = V0) zi 


15.2 Analysis of Spirals 
When applied to say, the R,-spiral functions, we have 
x(t) = R, Cos, (a, t), 


y(t) = R, Sin, (4, t), 


R, Cos, (a, t + 6t) — R\Cos,,(4, t) 
VQ) = lim jae \ 
6t0 ot 
= D;R, Cos, ,(4, t) = R,Cos,,,,(a, 0), (15.46) 
R, Sin, (4, t + 6t) — R Sin, (a, t) 
V,(¢) = lim { ee \ 
6t30 bt 


= 9D} R,Sin,,(a, t) = R,Sin,,.1(4, 6), (15.47) 


where the differentiation rules (equations (6.36) and (6.40)) have been applied. The veloc- 
ities for the R,-spiral functions then may be obtained by substitution of these values into 
equations (15.33), (15.42), and (15.44); thus, 


V,(O) = y/R,Cos?.,, (a, t) + R Sin? (a,b), (15.48) 


R, Sin, »41(4, t)R, Sin, (a, t) — R, Cos, ,,,(4, t)R, Cos, ,(a, t) 
Vead(t) = ee eee ess (15.49) 


4/R, Cos; (a, t) + Ry Sing(a, t) 


Rj C084 41(4, t)R, Sing (a, t) + Ry Sing 1 (4, DR Cos, (a, t) 


V,) = (15.50) 


[Ri Cosi, t) +R, Sin (a, 0) 


These results may be readily extended to the meta-trigonometric spirals. 


15.2.5 Referenced Spirals: Retardation 


It is useful at times to compare spirals either from the same family or of different families. It is of 
particular interest to compare with a special spiral, the zero growth spiral, that is, the unit circle. 
The unit circle is, of course, the basis of the circular functions and is the geometric locus for 
the q=1, v=0, R,-trigonometry. As a spiral, it is obtained when x(¢) = cos(¢) and y(£) = sin(¢), 
where typically ¢ is considered to be the time variable. We observe that t = tan!(y(t)/x(t)), 
for 0 < t < 2z, that is, for the first revolution. Thus, for this situation, t represents both t-time 
the parameter and ¢ the geometric angle. This is not the typical case for the R,- and R,-spiral 
functions, or the meta-trigonometric spirals. Note, the results and definitions in this section 
apply only to positive evolving or counterclockwise developing spirals. Obvious changes are 
required for clockwise evolving spirals. 

In Figure 15.19, we compare spirals that have evolved to the same time ¢. The angles, a, asso- 
ciated with these spirals are in general different. When, for the same value of the parametric 
variable ¢, the angle of a test spiral is smaller than that for the reference spiral to which it is 
being compared, we consider it to be “retarded,” and if larger it is considered to be “advanced.” 
We define 


Angle of Retardation 1,(t) = Qyer(£) — Ges:(t)- (15.51) 


301 


302 


15 The Fractional Spiral Functions: Further Characterization of the Fractional Trigonometry 


T T T T 
Common times, 


124 > ~ a | 
Test spiral, > < gt {29 


1b q=141 


y(t) 
° 
® 


Et 


-15 -1 -0.5 0 0.5 1 


Figure 15.19 Angular retardation demonstrated for spiral defined by R, Trig, ,(a, t) with q = 1.1 for test spiral 
and q= 1.0 for reference spiral; for both spirals, a= 1, k=0, and v=0, x(t) = R, Cos, (a, t) and 
y(t) = R, Sing (4, t). 


If the unit circle is considered to be the reference spiral in this instance, then the retardation 
angle 4, is given by 
A(t) = t = Qe (Et). (15.52) 


Spirals may also be compared based on the value of the parameter ¢ (time) for spirals that 
have evolved to a common angle. Thus, with reference to Figure 15.20, the retardation time is 
defined as 


Retardation Time = 6£,(a) = Cye(@) — Lyest(). (15.53) 


Again if the unit circle is considered to be the reference spiral, then the retardation time 6t, 
is given by 
bt,(a) = t — typ). (15.54) 


When the retardation time is positive, 6t,(a) < 0, the test spiral is “late or retarded” relative 
to the reference spiral, and conversely it is “early or advanced” when 6t,(a) > 0. 


Test spiral, 
g=1.1 


y(t) 
° 
® 


Reference spiral, 
g=1.0 


x(t) 


Figure 15.20 Time retardation demonstrated for spiral defined by R, Trig, ,(a, t) with q=1.1 for test spiral and 
q= 1.0 for reference spiral; for both spirals, a= 1, k=0, and v=0, x(t) = R, Cos, (a, t) and y(t) = R, Sing (4, t) 


15.3 Relation to the Classical Spirals 


We now consider, as an example, the R, family of spirals. The retardation angle is given by 
A, — Ger ~ West = tan”! (R, TAN gro yrey (Aref> t)) — tan? (R, TAN gtest,vtest(A tests t)) , 


where the reference spiral is taken to be a general member of the R, family. If the reference 
spiral is taken to be the unit circle, this becomes 


A, = Bret — Brest = E- tan(R, TAN grest.vtest(Atest> t)). (15.55) 


For the retardation time of the R, family of spirals, we need a common reference angle a on 
which to base the comparison. For the test and reference spirals, these are given by 


tan(a) > Ry TAN gtese.vtest(Atest> Lest) = Ry TAN gref vre Aref > bop)» 


and the related times are 


axe -1 = 
Lest i R, TAM jest vtest(Atest) and lof ~ R Tan ef vre 


wD), (15.56) 


Note that explicit forms for the R, Tan7}, are not available; thus, numerical computations are 
required. The retardation time 6t,(a) is then determined as 
= -1 -1 
5,(0) = Crop (A) — bpest(@) = Ry TANG, op pep Grop) — Ry TaN Grose. vtest Artest): (15.57) 
If the reference spiral is taken to be the unit circle, the retardation time becomes 


5t(A) = byep(@) — byes (Or) = t — R, Tanyy, (rest): (15.58) 


qtest,vtest 


15.3. Relation to the Classical Spirals 


In this section, a comparison is made between some of the classical spirals and the fractional 
spirals. 
15.3.1 Classical Spirals 


Here, we examine the behavior of a few of the classical spirals of mathematics. Perhaps the most 
famous is the spiral of Archimedes; this is defined by the equation 


r = ba. (15.59) 
The general family of Archimedean-like spirals is given by 
r"=b"a, me=...,—2,-1,1,2,..., (15.60) 


where m=1 is equation (15.3.1) and m=2 defines Fermat's spiral. The Hyperbolic spiral is 
defined as 
ra=b. (15.61) 


The Logistic or Logarithmic spiral is well known for its fractal behavior, that is, it looks the 
same at all scales. Its equation is 


logr=ba or r=e". (15.62) 
Finally, the parabolic spiral is given by 
r’ = ba, (15.63) 


another special case of equation (15.60). 
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Table 15.1 The classical spirals in polar, rectangular, and parametric forms. 


Spiral Polar Rectangular Parametric 
Archimedes r= ba x? +9? = b*(arctan(y/x))* x = bacos(a) 
y = basin(a) 
Fermat r=ba x? +9? = b’ arctan(y/x) x = ba'/? cos(a) 
y = ba? sin(@) 
General r"™=b"a x? +? = b(arctan(y/x))?/" « = ba!" cos(a) 
y = ba sin(@) 
Hyperbolic ra=b (x? + y?)(arctan(y/x))? = b? w= cos(a) 
y= sin(a) 
Parabolic r? = ba x? +? = barctan(y/x) x= vba cos(a) 
y= Vbasin(a) 
Logarithmic logr = ba or r = e* x? $y? = 24 arctan(y/x) x = e°* cos(a) 
y =e sin(@) 
8 


Logarithmic spiral 
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Figure 15.21 Rectangular plots for some of the classical spirals. 


Asummary of some of the classical spirals in the three basic forms is shown in Table 15.1. The 
rectangular forms are easily converted from the polar form using equation (15.3). These spirals 
are better differentiated from each other graphically by comparing r versus a rectangular 
plots than by comparing the actual spirals. A number of these cases are shown graphically 
in Figure 15.21. The equivalent plot for the spirals generated from the parametric equations 
x =R\Cos,(1,t) and y = R, Sin, (1, t) is presented in Figure 15.22. By comparing the two 
figures, we can see that for g > 1 and f > 1 the spirals have the character of the Logistic spiral, 
and when q < 1 the spirals mimic the hyperbolic spiral. 


15.3 Relation to the Classical Spirals 


a- Angle 


Figure 15.22 Radius versus a-angle for spiral defined by R, Cos, (1, t) versus R, Sin, (1, t), q=0.2—2.0 by 0.2, 
v=0,a=1,k=0 with marker data points for t = 2.0, 3.0, 4.0, and 5.0. 
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Figure 15.23 Radius versus angle for spiral defined by R,Cos, .(1, t) versus R, Sin, (1, t), q=0.1-1.0 by 0.1, 
v=0,a=1,k=0 with marker data points for t = 1.0, 2.0, 3.0, 4.0, and 5.0. 


Figures 15.23 is the equivalent plot for the parametric equations x = R,Cos,9(1,t) and 
y = R,Sin, (1, t). Observe for this case that ¢-time and a-angle are much more closely related 
than in the R,-trigonometric case. For all the figures, the constant lines for the q=1 case 
represents the unit circle and of course the classical trigonometry. For the R,-trigonometric 
case, it may also be seen that for all q such that 0 < g < 2 the loci are attracted to radii of 
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Figure 15.24 Radius versus angle for spiral defined by Singo( , 0.5, 0.5, t) versus Cos, (1 , 0.5, 0.5, f), 
q=0.1-1.0 by 0.1, v=0,a=1, k=0 with marker data points for t = 1.0, 2.0, 3.0, 4.0, and 5.0. 
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Figure 15.25 Comparison of an Archimedean spiral 15-25a and a Fractional spiral 15-25b. (a) Archimedean 
spiral defined by r” = B™ @ with B= 1.25 and m= 1.8, 0 = 0-7.2. (b) Fractional spiral with Cos, (a, a, B, k, t) 
versus Sin, (a, a, B, k, t) and —Cos, (a, a, B, k, t) versus —Sin, (a, a, B, k, t), dashed line, for g= 1.15, v=0, 
a=1.0,a = 1.0, 8 = 0,k=Oandt=0-8. 


r=1/q. Figure 15.24 shows the fractional meta-trigonometric functions Sin, (1, 0.5, 0.5, ¢) 
versus Cos, (1,0.5, 0.5, ¢), as rectangular plots, with a = 0.5 and # = 0.5 and q=0.1—1.0. We 
note that the R,-loci may not satisfy our criteria for spirals because they may not be monotonic. 

The panels a and b of Figure 15.25 compare the morphologies of a generalized Archimedean 
spiral defined by r” = B”6 [64] to a fractional barred spiral in the vicinity of the origin. 
While the shapes are quite similar in this area, the growth rates are quite different as the spirals 


15.4 Discussion 
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Figure 15.26 Comparison of the Spiral of Theodorus, and a fractional spiral. Solid line is the Theodorus spiral 
with k, = 1000, b = —1—33.35 in steps of 0.05, and circles are a meta-trigonometric spiral with q = 1.0239, 
v=—0.22, a = 4.2, B = —3.204, k=0, n = 0-9.2. 


continue to develop. Furthermore, by changing v from zero, the bar of the fractional spiral may 
be softened to more closely match the Archimedean spiral near the origin. 

In his book “Spirals from Theodorus to Chaos,” Davis [26] gives considerable attention to 
the spiral of Theodorus. While this spiral is not generally considered to be one of the classical 
spirals, its apparent antiquity is of some interest. Davis dates Theodorus around 465-399 B.C. 
and uses the following infinite product to define the spiral in the complex plane: 


2 (1+i/vk 
T(b) =|] Boum (15.64) 


k=l (1+i/Vk4b) 


In Figure 15.26, the Theodorus spiral with b = —1 to 33.35 in steps of 0.05 andk = 1 to 1000 has 
been approximated by a fractional meta-trigonometric spiral with the parameter set q = 1.0239, 
v=-—0.22, a=1.0, a = 4.2, B = —3.204, k = 0,4 = 0 > 9.2 with both axes scaled by a factor of 
1.43 and rotated by 240°. The fit is fairly good over the range considered, but could possibly be 
improved with continued search and perhaps even matched with some analytical study. 


15.4 Discussion 


The fractional spirals are an important addition to the classical spirals. These spirals are general- 
izations of the circle in the same way that the fractional trigonometric functions are generaliza- 
tions of the classical trigonometric functions. Importantly, based on their Laplace transforms, 
we may associate fractional differential equations with the morphology of these spirals. 
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Fractional Oscillators 


Oscillators, electrical, mechanical and natural, are found in many applications and situations in 
the physical world. In the past, analysis of such oscillators has been based on the methods of the 
integer-order calculus and the application of ordinary differential equations. With the growing 
number of applications of the fractional calculus and fractional differential equations, there is 
considerable interest in determining how these new analytical tools will impact the practical 
and theoretical applications of fractional-order oscillators. 

Ina series of papers, the dynamics- and energy-based behaviors of fractional oscillators have 
been studied by Achar et al. [1-4]. Their work has also forwarded a concept of generalized 
momentum for application to the area and further studies of chained fractional oscillators [4]. 

Others have studied various aspects concerning fractional oscillators. Practical implementa- 
tion of fractance-based oscillators and derivation of the Barkhausen conditions has been done 
by Radwan et al. [111]. The concept of fractional calculus-based oscillators modeled by ensem- 
bles of harmonic oscillators has been contributed by Stanislavsky [117]. Gorenflo and Mainardi 
[39] provide fundamental analysis of fractional oscillations and relaxation. Additional papers 
on the subject include Koh and Kelly [59], Eab and Lim [32], and Drodzdov [30]. Lorenzo et al. 
[84] have determined the space of fractional oscillators defined by the fractional trigonometry. 
This work is the basis of the following section. 


16.1 The Space of Linear Fractional Oscillators 


A fractional oscillator is a physical system definable by a fractional differential equation and 
characterized by sustained oscillations after an initial transient. The Laplace transforms of the 
fractional meta-trigonometric functions when considered as system transfer functions may 
yield such sustained oscillations, Lorenzo et al. [84]. The objective of this section is to identify 
the parameters of the fractional trigonometric functions that cause their transfer functions to 
behave as fractional oscillators. In other words, the goal is to identify the trigonometric-based 
transfer functions that are oscillatory and are neutrally stable. Because the oscillators are defin- 
able as transfer functions, they will also be linear as well as fractional. 
Such a transfer function based on the Laplace transform L{ Sin, ,(a, a, B, k,t)} is given as 


0,(s) _,? s?sin(A) — a sin(A — o) 
0,(s) ~ s24 — 2a cos(o)s1 + a? 


and for the L{ Cos,,(4, a, B,k, £)} 


> |>Y, (16.1) 


O,(s) _ ’ s? cos(A) — a cos(A — 0) 
0,(s) s24 — 2a cos(o)s? + a? 
The Fractional Trigonometry: With Applications to Fractional Differential Equations and Science, First Edition. 
Carl F. Lorenzo and Tom T. Hartley. 


© 2017 John Wiley & Sons, Inc. Published 2017 by John Wiley & Sons, Inc. 
Companion Website: www.wiley.com/go/Lorenzo/Fractional_Trigonometry 


» |G>y. (16.2) 
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Here, 6,(s) is considered to be a system output variable and 0,(s) is a system input variable. 
Solving for the highest order output term from equation (16.1) gives 


$10 (8) = 2a cos(o)s?0,(s) — a’, (s) 


+s?” sin(A)6(s) — a sin(A — 0)s’O(s), gq >, (16.3) 
0,(s) = 24 cos(o)s20,(s) — a’s~*40,,(s) 
+ s’4 sin(A)6,(s) — a sin(A — o)s"40,(s),  g>v. (16.4) 


As a practical consideration, because q>v, 0,(s) can be computed using only fractional inte- 
grations based on equation (16.4). Figure 16.1 shows a fractional integration-based block dia- 
gram fora Sin, (a, a, B, k, t)-based system. 

The objective of the following sections is to determine the arguments for the set of fractional 
meta-trigonometric functions that define the space of linear neutrally stable fractional oscilla- 
tors for the fractional meta-trigonometry. 


16.1.1 Complexity Function-Based Oscillators 
The following results are adapted from Lorenzo et al. [84): 


The numerator terms of equations (16.1) and (16.2) do not influence the stability for these 
transforms, thus the form 


He |= | (16.5) 


0(s) 824 — 2a cos(o)s4 + a2 


L 


with o = (a+ fq) ( + 2nk) is applicable to both the fractional sine and cosine trans- 


forms. In Chapter 13, the conditions for neutral stability for the complexity functions 
were determined in Section 13.9.1 and given as equation (13.36), that is, 


cos(o) = sgn(a) cos (=) , and, 0<q<2. (16.6) 
Now, when a is positive, that is, sgn(a) = 1, 


qu 
oO = arccos (cos (=)) , 


and when a is negative, that is, sgn(a) = —1, 


qn 
oO = arccos (cos (& -x)). 


Both cases are captured by the equation 


z af 5, -=)) 
o = arccos (cos (4 + 5sen(a) a) )r 


Figure 16.1 Block diagram for 
Sin, ,(a, a, B, k, t) interpreted as a physical 
system. 
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For the complexity-based oscillators (equations (16.5) and (16.6)), o = (a + Bq) ( + ank), 
and withO<q<2 


= Zz By eld a ne ! 
o = (a+ bq) (2 + 2nk) = ( 5 )+ 7 80) ; +2k'x, (16.7) 


or 
q+ sgn(a) — 1+ 4k’ 
14+ 4k 


(a + Bq) = 
kK’ =0,+1,4+2,..., 0<q <2, (16.8) 


defines the argument relationships for neutrally stable responses and hence defines the 
space of linear fractional oscillators for the complexity functions. For a > 0, sgn(a) = 1 
and this simplifies to 


Gap =. REWISh Dee Pe Oa wh SO RRS 
134k’ es Dosis ; Ve ol i Pe , < 2, 
while a < 0 gives 
aieye to = k=0, 1,2 D-1, k'=0,+1,+2 a<0, 0<q<2 
ina Fa yer ; ply 2st 22.3 F <2. 
For convenience, alternative expressions are given. These simplify to 
q+4k’ qt4k' 
=a te gg 
k=0,1,2,...,.D—-—1, k’ =0,41,42,...,a>0, 0<q<2, (16.9) 
q-2+4k’ q-2+4k’ «a 
P Sateme, hehe Geang: ~ g! 
k=0,1,2,...,D—1, k’ =0,41,42,...,a<0,0<q<2. (16.10) 


For the principal meta-trigonometric functions k = 0, and when k’ = 0, these results sim- 
plify further. 


16.1.2 Parity Function-Based Oscillators 


Similar arguments apply to transfer functions of fractional oscillators associated with the parity 
functions (equations (13.17)—(13.22), also Section 9.2). Here again, the numerator terms of 
these functions do not influence the stability; thus, for these transforms, we consider the form 


0,(8) _ K | 


0(s) ~ | 544 — 2a? cos(20)s24 + a4 


(16.11) 


as applicable to all four forms and again where o = (a + fq) ( + ak). In Chapter 13, the 


conditions for stability for the parity functions were determined in Section 13.9.2 and given as 
equation (13.41), that is, the parity function-based oscillators will be neutrally stable when 


cos(20) = cos(qz), O<q<l, (16.12) 


or 
20 = arccos(cos(qz)), O<q<l. 
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Thus, 
2(a + Bq) (5 + 2nk) =qn+2k'a, 0<q<l, 
q+ 2k’ ; 
a+ bq = ——, k=0,1,2,...,.D-1, k’ =0,+1,+2,...,0<q <1, (16.13) 
1+4k 


defines the argument relationships for neutrally stable responses and hence defines the space 
of linear fractional oscillators for the parity functions. Note that the order variable, q, is limited 
to values between 0 and 1. For convenience, alternative expressions are given: 


q+ 2k’ q+ 2k’ Qa 

a= — pq, or p= ~ 9 

1+ 4k (1+4k)q 4q 
k=0,1,2,...,D—-1, k’ =0,+1,+2,...,a>0, 0<q<1. (16.14) 


Figure 16.2 shows selected fractional oscillators based on the results for the complexity 
function Cos, ,(4, a, $,k,t). Figure 16.3 presents a set of oscillators using the parity function 
Vib,,(a, a, B,k,t). The effect of variations in the index variable, k, for a set of fractional 
oscillators based on the Flut, (a, a, 6, k, t)-function is presented in Figure 16.4. 


16.1.3 Intrinsic Oscillator Damping 


The previous sections have studied neutrally stable oscillators; here, we consider briefly damped 
oscillators. It is interesting to observe that the pseudo (or fractional)-damping of the oscillators 
associated with the fractional trigonometric functions is fixed when the oscillator parameters 
are chosen. That is, when q,v,a, and f are selected for any oscillator based on a fractional 
trigonometric function, the pseudo-damping is determined. To see this, from Chapter 13, the 
pseudo-damping factor, ¢, for the complexity functions is given by 


¢ = —sgn(a) cos(o), (16.15) 


Cos, (a,a,f,k,t) 


Figure 16.2 A set of linear fractional oscillators based on the complexity function Cos, (a, a, B,k, t), with 
k' = 0, B from equation (16.9), a = 0.1 to 1.0 insteps of 0.1,q¢=0.5, v=0,a=1.0,and k=0. 
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Vibg,(a,a,p,k.t) 


t-Time 


Figure 16.3 A set of linear fractional oscillators based on the parity function Vib, (a, a, B,k, t), with B from 
equation (16.14), a = 0.1 to 1.0 insteps of 0.1,q=0.5,v=0,a=1.0,k’ = 0,andk=0. 


Flut,,(a,a,p,k,t) 


t-Time 


Figure 16.4 Effect of variation of k, for a set of linear fractional oscillators based on the parity function 
Flut, (a, a, B, k, t), with a from equation (16.14) q=0.9, v=0,a=1.0, 6 = 1/2, k’ = 0, and k = 0to6, 
in steps of 1. 


where o = (a + fq) ( + ank). For the oscillators associated with the parity functions, we also 
have from Chapter 13 


¢ =—cos(20), (16.16) 
where again o = (a + fq) ( + atk). The pseudo-damping factor, of course, determines the 


length of time required for the oscillator to arrive at its long-term amplitude. The reader inter- 
ested in this area is referred to [119] and the references therein. 
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16.2 Coupled Fractional Oscillators 


Coupled oscillators have found important application in the study of physical systems (cf. 
Achar [4)]. It is reasonable to expect that coupled fractional oscillators will similarly find 
important application to systems exhibiting fractional behavior. The coupling of fractional 
oscillators is considered here by application to the linear commensurate-order time-fractional 
diffusion—wave equation. Thus, we consider equations of the form 

ru Ou ou 

a2 = C15 pa + Cy ara + Cyt. (16.17) 

Discretizing in the x dimension (Figure 16.5) will allow this equation to be approximated by 

a system of (nonpartial) fractional differential equations. Then, the second spatial derivative is 
approximated by the following second-order central difference approximation: 


OP u(x,t) u(x + Ax, t) — 2u(x, t) + u(x — Ax, t) 


Ox? (Ax)? (16.18) 
For the nth increment, we have 
O2u(n,t) — Uynyy — 2U, + U4 a, du, 
Ll, = ——_ = op Yt Ht, 
ox? Ax? dt24 dt’ 
or : 
o-u(n, t Unry — 2U, +U,_ 

1, = cate es C1 {De Uy} + Co{ Diu} + CaUy- (16.19) 


7 Ox? Ax? 
In terms of the highest order derivative, we have the system of N fractional differential 
equations of the form 


sO i, = =U, —¢{Diu,}—cu,], n=1,2,3,...,N. (16.20) 

Each of these N equations is, of course, a fractional oscillator of (differential) order 24 and of 
trigonometric order A. 

The coupling of these equations to approximate the solution of time-fractional diffusion -—wave 
equation is illustrated in Figure 16.6. Note that, for clarity of the figure, the oscillator prefilter 
shown in Figure 16.2 has been omitted. This figure, of course, illustrates only two oscillators, 
without consideration of driving forces or boundary and initial conditions. However, as 
the number of oscillators, N, approaches infinity, the size of Ax approaches zero and the 
approximation approaches the exact solution. 

The transfer function associated with these oscillators is obtained by taking the Laplace trans- 
form of equation (16.19), neglecting initialization, 


Uy4(S) — 2u,,(s) + u,,_;(s) _ 


E(s)= oo c,8"4u,(S) + cs*u,,(s) + Cgt,,(S), (16.21) 
eee Un 4 Un, Uni, @@ @ 


X 


Figure 16.5 Spatial discretization. 


16.2 Coupled Fractional Oscillators 


Figure 16.6 Coupled fractional oscillators. Individual oscillators are indicated by dashed boxes. 


or 
2 a (16.22) 
Is) g2A + ©2 A + a) 
Cy Cy 


These forms are readily analyzed using the fractional meta-trigonometric functions 
developed in Chapter 12, specifically, equations (12.21), (12.24), (12.27) (12.29) (12.35), 
(12.38), and (12.40). These results clearly indicate the importance of fractional oscillators and 
fractional-trigonometric-function-based oscillators in the analysis of physical systems. The 
results also lead to the expectation that the fractional meta-trigonometric functions will be 
components of the solution of equations of the form of the time-fractional diffusion—wave 
equation (16.17). 

The question one might ask is: what is the benefit of using a fractional oscillator over using 
an integer-order sinusoidal oscillator, since the fractional oscillator response is ultimately sinu- 
soidal? The primary answer, of course, is that the local oscillation is fractional, leading to the 
fractional behavior defined by equation (16.17). However, it may be more important in many 
applications, such as those discussed in the later chapters, that the transient preceding the sus- 
tained oscillation is the focus of interest. 
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In Chapter 15, detailed studies of the parametrically defined fractional spirals exposed their 
geometry and potential application. Spiral behavior is seen in many areas of natural science. 
In this chapter, we study the applicability of the fractional trigonometric spirals to the mor- 
phology and growth of shelled sea animals. The spiral shape is nearly ubiquitous in shelled sea 
animals. The beauty and large variety of these creatures have been the basis of numerous scien- 
tific and common interest studies. These include an encyclopedic book on shells by Dance [25], 
a natural history study by Vermeij [120], and an excellent X-ray study by Conklin [24], which 
nicely expose the inner structure of sea shells. Here, a detailed study of the shell of the Nautilus 
pompilius as well as a simple morphological study of six additional animal shells are presented. 


17.1. Nautilus pompilius 


This section studies the morphology and evolutionary growth of the Nautilus pompilius based 
on the fractional R,-trigonometry. This study, Lorenzo [86], was performed prior to the devel- 
opment of the fractional meta-trigonometry. It is likely that the fractional meta-trigonometric 
functions would show somewhat improved results over those based on the R,-trigonometry. 
Morphological models based on the fractional trigonometry are shown to be superior to those 
of the commonly assumed logarithmic spiral. The R,-trigonometric functions further infer frac- 
tional differential equations (FDEs) which, together with power law parametric functions, will 
be used to develop a fractional growth equation modeling evolution of the Nautilus from con- 
ception to maturity. 


17.1.1 Introduction 


One of the earliest studies concerning the mathematical morphology of the N. pompilius shell 
was the classic work of Thompson [118]. Use of the logarithmic or equiangular spiral to model 
this shell has been forwarded by several authors. From a scientific point of view, there is the 
book by Thompson [118] and the later effort by McMahon and Bonner [93]. In books to popu- 
larize mathematics and its application, there are contributions by Land [61] and Hargittai [43]. 
Because the Nautilus is considered endangered, there has been significant scientific interest in 
its growth rate. Intensive studies in this area include Landman et al. [62, 63], Cochran [23], and 
Westermann et al. [122]. Studies on the fractal nature of the Nautilus [21] have been done by 
Castrejon et al. 

The objective here is to create a model for the Nautilus morphology based on the fractional 
trigonometry or more specifically on the R, -fractional trigonometry, for comparison to the ear- 
lier modeling based on the logarithmic spiral. Beyond the issues of morphology, the fractional 
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Table 17.1 Shell dimensions. 


Shell Linax Maximum ¢,max. Number L., spiral c recession 
number dimension radius mm of septa length mm mm/° 


(diameter) mm 


1 170.5 108.0 - - na. 

2 180.5 112.5 33 640.4 1mm/8° 

3 174.0 111.0 35 618.0 1mm/23° 
4 175.0 111.5 33 622.5 1.5mm/25° 


Note: c is the maximum tip recession from plane in mm/number of degrees over which it tapers to zero. 
Source: Lorenzo 2011b [86]. Reproduced with permission of ASME. 


trigonometric approach allows modeling of the growth rate of the animal and the creation of a 
fractional growth rate equation. 

The shells of four N. pompilius were studied. Three shells were sectioned along the plane 
of symmetry for use in the morphology studies. A fourth tri-cut shell was used to model the 
locus of the siphuncles. Details on the photography and measurements used in this study may 
be found in Lorenzo [86]. The results of these measurements are contained in Table 17.1. The 
computational and fitting procedures are summarized in the following section on morphology. 
The following sections are adapted from Lorenzo [86] with permission of ASME. 


17.1.2 Nautilus Morphology 


Of the four shells studied, shell 1 was used to study the siphuncle morphology. For shells 2-4, 
logarithmic and R,-fractional spirals were chosen to best fit the photographed shell spiral mor- 
phology. The fitting process was performed manually for all cases. 

The R,-fractional spirals are computed based on the following forms: 


x =KR Cos, (4, bt), tm > 0, 
y =KR Sing (4, bt), tn > 9, (17.1) 


where k, and b are scaling factors determined in the fitting process along with the parameters 
q, V, a, and t,,. Note that ¢,, is the formal parameter of the fractional spiral, and it is a spatial 
parameter rather than a temporal parameter. 

Because the fractional trigonometric functions are defined by infinite series and are not 
periodic as are the circular functions, evaluation for large arguments requires high-precision 
computations. Thus, the unscaled functions are evaluated in the symbolic computer program 
Maple®. In the Maple® code, a minimum of 100 digits of precision was used to allow the func- 
tions to be determined for the number of rotations needed to define the shell morphologies. 
The output of the Maple® code is linked to code written in Matlab® where the results are 
scaled by k, and rotated to match the shell orientation in the photographs. The results are then 
plotted atop the shell image together with the logarithmic spiral that is computed in Matlab®. 

The fitting process for both the R,-fractional spirals and the logarithmic spirals was done 
manually. The logarithmic or equiangular spirals are defined by the polar equation 


r= Ce”, (17.2) 


17.1 Nautilus pompilius 


The results presented are based on the equivalent rectangular parametric forms: 
= b,0 = ‘ b,0 
x, = C,cos(O Je” and y,=C,sin(0 )e", (17.3) 


where @ is the angle of rotation. Thus, only two parameters are required to fit the logarithmic 
spirals, C, the logarithmic scaling constant, and b, the logarithmic spiral growth rate parameter. 

Figures 17.1—17.3 present the results of the morphological fitting of shells 2—4, respectively. 
For each shell, four image panels are given: (a) with the logarithmic spiral, (b) with the 
R,-trigonometric spiral, (c) with both spirals on the same plot, and lastly, (d) various enlarged 
views of panel (c) to show important inner details. The numerations on the axes of these figures 
are in pixels and a slightly different (pixel/mm) calibration applies for each figure. 

The calibration factors for shells 2—4 are 13.30, 13.20, and 13.16 pixels/mm, respectively. 

The axes of the plots are nominally —k,R\Cos,,(a,bt,,) for the x-axis and 
—k,R, Sin, (a, bt,,) for the y-axis. The negation is required because spiral rotation of each (half) 
shell is clockwise. The axis orientation of each shell is not known prior to the photography and 
fitting process. Thus, an angular offset is applied during the fitting process for the fractional 
spirals. These offsets rotate the plots in the clockwise direction. For shells 2—4, the angular 
offsets were found to be 85°, 84°, and 90°, respectively. Thus, the axes are reversed for shell 4 
and nearly so for shells 2 and 3. 

The morphological results for the three shells showed a remarkable similarity. Curiously, the 
geometrical centers of the shells as inferred by both the logarithmic and the fractional spirals 
were displaced (~1—2 mm) from the physical center of the shell. In all cases, the geometric 
center was slightly below and to the left of the physical center (i.e., the void center). This can be 
seen in the enlargement panels of the figures. A common center was found to best fit both the 
logarithmic and fractional spirals for each shell. 

The logarithmic spiral parameters for all three shells were found to be C, =75 (in pixels) and 
growth rate b, = 0.171. The logarithmic spirals with these parameters fit the shell morphologies 
quite well after approximately a half revolution of the shell spiral (see enlargements, panel d, 
of Figures 17.1-17.3). With only two parameters, the fitting process for the logarithmic spirals 
was simple and direct. However, the fit of the logarithmic spiral to the Nautilus morphology 
became progressively worse approaching the origin from the one-half revolution point. And, 
of course, the infinite number of rotations around the origin from the half revolution point 
inward does not match at all. 

The resulting R,-trigonometric spiral parameters required to fit the three shells are pre- 
sented in Table 17.2. As mentioned earlier, the resulting parameters are remarkably similar. 
The following observations are made. As expected, the parameter g controls the growth rate of 
the R,-spirals and the maximum difference in g (growth rate) is only 0.0010 measured against 
an average q= 1.1220. Furthermore, the fitting process was very sensitive to the magnitude 
of gq. The parameter v was found to be of relatively weak influence and could easily have been 
selected at v= —0.2 with an attendant adjustment of the scaling factor k. Similarly, because the 
spiral bar was so small, the quency-related parameter a could have ranged by over an order 
of magnitude with little apparent change in the form of the fractional spiral; again however, 
the scale factor k would require adjustment. Thus, the morphological fits are not unique. 
The parameter b is a scale factor on the logarithmic spiral spatial growth rate and also the 
increment between the plotted points. Finally, the value of t,, (the spatial parametric variable 
of the fractional spiral) increases from zero at the origin of the plots to a maximum at the tip. 
The last datum point did not necessarily coincide with the maximum radius point of the shell. 
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Figure 17.1 Shell number 2. Morphological models: (a) Logarithmic spiral, (b) R, trigonometric spiral, (c) both 
spirals, (d) both spirals enlarged; see Table 17.2 for parameters. Axes are in pixels. Source: Lorenzo 201 1b [86]. 
Reproduced with permission of ASME. Please see www.wiley.com/go/Lorenzo/Fractional_Trigonometry for a 


color version of this figure. 
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Figure 17.2 Shell number 3. Morphological models: (a) Logarithmic spiral, (b) R,-trigonometric spiral, (c) both 
spirals, (d) both spirals enlarged; see Table 17.2 for parameters. Axes are in pixels. Source: Lorenzo 2011b [86]. 
Reproduced with permission of ASME. Please see www.wiley.com/go/Lorenzo/Fractional_Trigonometry for a 
color version of this figure. 
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Figure 17.3 Shell number 4. Morphological models: (a) Logarithmic spiral, (b) R,-trigonometric spiral, (c) both 
spirals, (d) both spirals enlarged; see Table 17.2 for parameters. Axes are in pixels. Source: Lorenzo 201 1b [86]. 
Reproduced with permission of ASME. Please see www.wiley.com/go/Lorenzo/Fractional_Trigonometry for a 
color version of this figure. 
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Table 17.2 Parameters for morphological fit using R,-trigonometric fractional spirals. 


Shellno. Figureno. 0b q v a k pixmm Offset (°) _t,, at max. radius 
2 17.1 200,000 1.1215 -03 2x10’ 0.180 85° 94. 
0.01353 
3 17.2 200,000 1.1220 -0.3 2x10’ 0.167 84° 93 
0.01265 
4 17.3 200,000 1.1225 -0.3 2x10’ 0.169 90° 91 
0.01284 


Source: Lorenzo 2011b [86]. Reproduced with permission of ASME. 


17.1.2.1 Fractional Differential Equations 

The morphological data presented in Table 17.2 may be used together with the Laplace trans- 
forms of Table 6.1 to determine the FDEs representing the Nautilus fractional spiral morphol- 
ogy. It may be readily shown that 


R,Cos,,(a, bt) = bt *R, Cos, (ab, t) 


and 
R, Sin, (4, bt) = b™*’R, Sin, ,(ab’, t). 


Thus, the simultaneous FDEs representing the morphology (in pixels) are 
Detx(t,) + (ab1)?x(t,,) = kbt Dy 46 (tg) bg > 0 (17.4) 


and 
DV tin) + (DY V(t) = k,abT D5 (tn), tim > 0; (17.5) 


where 6 (¢,,) is the unit impulse function. The scaling and functional form of t,, must be deter- 
mined from additional data (see Section 17.1.5). Note that the order of the FDE is twice the 
trigonometric order. The solutions to equations (17.4) and (17.5) are 


X(ty) = k,bt'"R, Cos, ,(ab4,t,), ty > 0, (17.6) 
Wb) = K,bT*R, Sin, (GD",bm)> Em > 9. (17.7) 


The R,-fractional spiral fits were viewed to be excellent over nearly the entire range of rota- 
tion, from the origin to the point of maximum radius. Of course, Nautilus, similar to all nat- 
ural creatures, have differing degrees of perfection of form, and minor deviations are found. 
It is observed that the logarithmic spiral and the R,-fractional spiral become (approximately) 
asymptotic to each other after about one-half to one revolution of the fractional spiral for all 
cases studied. It can be seen that near the shell origin, the logarithmic spiral continues to rotate 
and does not match the morphology of the Nautilus and has an infinite error relative to the 
actual shell morphology! The maximum deviation of the fractional spiral from the shell spi- 
ral occurred over the range from the origin to the next plotted point; see Figures 17.1d and 
17.3d. The logarithmic spiral, of course, spirals forever around the mathematical origin with 
ever decreasing radius. Clearly, the logarithmic spiral cannot represent the Nautilus over this 
important range and thus cannot be used as a basis for further detailed scientific study of its 
evolution. Notice that the two FDEs are independent of each other except for the common syn- 
chronizing impulse that starts the dynamic process. The addition of cross-coupling terms to 
equations (17.4) and (17.5) may allow improved modeling near the origin but is beyond the 
scope of this study. 

It is of interest to take a detailed view of the R,-fractional spirals used to fit the shells. The 
data shown in Figures 17.4 and 17.5 apply to shell 4, which is taken as typical. It is in the range 
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Figure 17.4 Shell 4, x, y, and radius components of R,-trigonometric spiral shown in Figure 17.3b versus 
fractional spiral rotation © in radians. Source: Lorenzo 201 1b [86]. Reproduced with permission of ASME. Please 
see www.wiley.com/go/Lorenzo/Fractional_Trigonometry for a color version of this figure. 
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Figure 17.5 Expanded view spiral radii (in pixels) for logarithmic and fractional spirals versus spiral angle theta 
(in radians). Source: Lorenzo 201 1b [86]. Reproduced with permission of ASME. Please see www.wiley.com/go/ 
Lorenzo/Fractional_Trigonometry for a color version of this figure. 


t,, < 12, where the important deviation from the logarithmic spiral occurs. This deviation from 
exponential behavior is also seen in the plot of radius versus t,,,. Figure 17.4 shows the x and y 
components of the fractional spiral shown in Figure 17.3b. In the figure, the components are 
scaled to match those of Figure 17.3. The angular rotation of the spiral required to match the 
image is accounted for. It is also noted that the y component is proportional to R; Cos, ,(4, bt,,) 
and the x component is proportional to R, Sin, ,(a, bt,,). Figure 17.5 shows the spiral radius 


17.1 Nautilus pompilius 


(in pixels) for the logarithmic and fractional spirals versus spiral angle theta (in radians). In 
Figure 17.5, exponential behavior of both the logarithmic and the R,-spirals for theta greater 
than approximately 2.5 radians is seen. It is in the range ¢,,, < 12, where the important deviation 
of the logarithmic spiral from the actual morphology occurs. This deviation from exponential 
behavior is also seen in the plot of radius versus t¢,,,. Behavior in this range is important to pos- 
sible understanding of the conceptional period of shell growth. 


17.1.3 Spiral Length 


The length of an arc expressed in parametric form is given by (equation (15.9)) 


& ( (dxt,)\?  (dylt,)\?\" 
Lanne fi ( (82) (2), ts 


The relationships £R,Cos,,,(a, t) = R,Cos,,,,(a,t) and £R Sin, (a, t) = R, Sin, ,.,(4, t) from 
equations (6.36) and (6.40) are applied to an R, -spiral in the form of equation (17.1) to provide 
the length from origin to tip as 


ty 
Lt) = k,bt 1” | (Ry C08, 44 (Ab4, ty,))” + (Ry Sing 41 (ab, ty,)?) dt, (17.9) 
0+ 


This equation was numerically integrated for each of the shells, using the various param- 
eters as provided in Table 17.2, to give the computed lengths for shells 2—4, respectively, as 
658.1, 612.3, and 596.0mm with a maximum error of 4.3% of the measured results indicated 
in Table 17.1. The singularity of the R, Cos, ,,,(a, t) was avoided by starting the integration at 
t,, = 0+, the integration was stopped at the datum point corresponding to the largest radius; 
see, for example, Figure 17.4. 


17.1.4 Morphology of the Siphuncle Spiral 


The morphology associated with the locus of siphuncles of shell 1 is considered in this section. 
To expose most of the siphuncles, a shell sectioned with two lateral cuts created a 14mm thick 
slice that contained the center portion of the shell used for this study. Figure 17.6a shows an 
image of the shell slice without modeling data. The calibration factor for this image is 13.03 
pixels/mm. Table 17.3 contains the parametric constants used for the R,-trigonometric spi- 
ral seen in Figure 17.6b—d. The enlargement shown in panel c indicates a high-quality match 
between the model and the locus. The dark triangles shown in the further enlargement (panel 
d) extrapolate the model inward presumably modeling the inner siphuncles that are hidden by 
the outer shell of the animal in this cut. 

Notice that the siphuncle locus has a more rapid divergence than seen for the main spirals of 
shells 2—4. This is validated by the fact that the order parameter q for the siphuncle is q = 1.1375 
as opposed to g = 1.1220 for shells 2-4. 


17.1.5 Fractional Growth Rate 


There has been considerable interest in the growth rate of the Nautilus. Landman 
et al. [63] have used radiometric methods to determine the apertural growth rates in 
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Figure 17.6 Shell number 1. Siphuncle morphological models: (a) Image without model, (b) R, -trigonometric 
spiral of observed locus, (c) panel (b) enlarged, (d) spirals enlarged further with model of hidden locus 
indicated. See text and Table 17.3 for parameters. Source: Lorenzo 201 1b [86]. Reproduced with permission of 
ASME. Please see www.wiley.com/go/Lorenzo/Fractional_Trigonometry for a color version of this figure. 
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Table 17.3 Parameters for morphological fit of shell 1 siphuncle locus using the R, -trigonometric fractional 
spirals. 


Shellno. Figureno. 6b q v a k pix mm Offset (°) —_t,, at max. radius 
1 17.6 200,000 1.13575 -03 2x10’ 0.12 —120° 59 
0.00921 


Source: Lorenzo 2011b [86]. Reproduced with permission of ASME. 


immature N. pompilius of 0.19-0.31 and 0.12 mm/day in submature animals. Cochran and 
Landman [23] report apertural growth rates of 0.07—0.14mm/day for Nautilus belauensis for 
growth between the last two septa for the mature animal and a minimum of 10 years to reach 
maturity. Westermann et al. [122], using X-ray techniques to study the shell growth of the N. 
pompilius, indicate apertural growth of 0.11-—0.18 mm/day for juvenile and early adolescents 
and estimates 2673 days (7-8 years) to reach maturity. Detailed analysis of these results and 
more are beyond the scope of this work. 

The motivation of these studies has been to develop an understanding that will contribute 
to the survival of this last existing cephalopod. This study attempts to use the results of these 
investigators to forward a possible growth model for the Nautilus. As a crude guideline for 
the analysis to follow, we arbitrarily accept growth rates of 0.20—0.40 mm/day for immature 
Nautilus at age of about 2—3 years and 0.10—0.14mm/day for mature Nautilus at maturity 
of 8-10 years. In this section, we consider the issue of growth of the Nautilus as inferred by 
fractional spiral morphology. 

The parametric fractional trigonometric functions that morphologically match the Nautilus 
spirals contain the formal spatial parameter t,,,. It is clear that ¢,,, can be virtually any continuous 
function of actual time ¢ and still match the morphology. The problem is to determine ¢,,, = f() 
to fit the constraints. 

The fractional morphology of the Nautilus is expressed as the pair of scaled simultaneous 
equations (equation (17.1)). This description differs from that of the logarithmic spiral in that 
its basis derives from the fundamental FDE (Hartley and Lorenzo [45]). Might the dynamic 
differential equations associated with the fractional spirals in fact define the evolution of the 
Nautilus shell and by implication the animal growth? 

Now, equation (17.9) 


Eng 1/2 
L(t) = kb ‘ ((R,CoSpy41(4b",t,,)) + (R,Sitg (Ab. t,,)) dl 
ty; =O+ 


(17.10) 


provides an expression for the scaled length of an R,-fractional spiral in pixels. We now let 
tm =f(t) > dt, =f" (t)dt then t =f(t,,) > ty =f (Eng) and t; = f~"'(Eni)- Then, 


t 


a 1/2 
L(t) =kbo’ i ((Ri Cosy y4.(ab%, f(D)? + (RySittg yy (ab4, fo)’) f' (dt. 
ti=O+ 
(17.11) 
The growth rate of the spiral is the derivative of this expression, namely 


6@= Kb "(Ry CoS jilab4 f(D)” + (RySittgy (abt, roy) F, t>0. 
(17.12) 
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To determine f(t) to satisfy the observed growth rate constraints of the Nautilus, several 
linear, exponential, and logarithmic forms were considered for f(t). A power law relation for t,, 
was found to reasonably satisfy the constraints, namely 


=k Sat jkul a (17.13) 
and 
f@o= Mi k,,ut* (17.14) 
a ; , 
Then, 


—lpq-l- 2 . at? 
G(t) = k,k,, ut" b4 Hf (R, Cos, ,4,(ab4, Kyl) + (R, Sin, ,.,(ab4, Ra) ) , t>0. 
(17.15) 


Scaling this result to millimeters, and selecting k,,= 16.4 and u=0.211, the growth 
rate versus ¢,, is presented in Figure 17.7. The final point on the graph corresponds to 
t=3650 days or approximately 10 years. At that point, the growth rate is 0.13 mm/day. 
The growth rate when f=300 days is approximately 0.2 mm/day. It is noted that t=0 
relates to the time of conception of the Nautilus and the times estimated here relate to that 
starting point. Thus, the beginning of life is seen to be, both literally and mathematically, 
a singular event. The power law form appears to be reasonable model for the Nautilus 
evolution. 

Clearly, the mapping t¢,,=k,,t’ from equation (17.13), together with morphological 
equations (17.4) and (17.5), then represent a complete inferred dynamic description of the 
evolution of the Nautilus. 

Of importance beyond this particular application is the fact that the aforementioned pro- 
cess provides a possible methodology for converting fractional trigonometric morphological 
information into a dynamic model using auxiliary data. 


17.1.6 Nautilus Study Summary 


The morphology and growth rate of the N. pompilius has been studied based on the 
R,-fractional trigonometry. Very good fits of the Nautilus spiral were shown for the three 
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shells studied. The fits did not appear to be unique in that various ranges of some of the 
parameters would allow equivalent quality fits of the Nautilus spiral. Beyond roughly one-half 
revolution of the shell’s spiral, the logarithmic and fractional spiral fits were both very good. 
However, the morphology fits of the shells using the fractional trigonometric spirals were 
superior to those of the logarithmic spiral in that they matched the much more closely near 
the origin and allowed the modeling of growth rate. 

The growth rate associated with the evolution of the Nautilus was also studied. It was found 
that a power law relationship between the morphological parameter ¢,,, and actual time ¢ pro- 
vided a reasonable approximation to observed growth rates. An important feature of the growth 
rate model is that it provides growth estimates from conception to maturity. 

A fractional growth rate equation (equation (17.12)) based on the R, -fractional trigonome- 
try was determined. A further generalization of the fractional growth equation (17.15) is eas- 
ily obtained by replacing the R,-trigonometric functions by the more general the fractional 
meta-trigonometric of Chapter 9. Because of the importance of growth rate of agricultural ani- 
mals and because of the occurrence of spiral (and helical) morphology in other animals, plants, 
and microbiological life forms, the breadth of application of such an equation may be very wide. 

This study is considered preliminary in that superior fits of the morphology may be possible 
with the more general fractional meta-trigonometry of Chapter 9. Also, the inclusion of cou- 
pling terms between the x(t) and y(t) terms may further improve modeling near the origin. In 
addition, more detailed analysis of the ¢,, = f(¢) relationship with observed growth may yield 
superior growth rate relationships. 
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Super Family: Strombacea 
Family: Strombidae 
Genus: Strombus alatus 
Common name: Florida fighting conch 

In this and the following sections, the morphology of a variety of shells is studied. The iden- 
tifications of the shells from this point forward have been made on the image based approach 
of Dance [25], in which only the characteristics of the shell are considered, ignoring the soft 
anatomy of the animal (see also Harasewych [41]). They are fitted with parametrically defined 
fractional meta-trigonometric spirals defined by 


x = K Cos, (4, a, B,k, w), y = K Sin, (a, a, Bk, y). (17.16) 


The Laplace transform for Cos, (4, a, B,k, uw) and Sing, (4, a, B,k, 4) are given in equations 
(9.66) and (9.67), respectively. From these transforms, a pair of spatial simultaneous FDEs may 
be inferred 


Diix(w) — 2a cos(o))D4.x(u) + a°x(u) 
= K {cos(A)gDj,“5(u) — acos(A — 6) ,D',5(u)} (17.17) 
and 


oDitx(M) — 2a cos(o) Dix(u) + a?x(W) 
= K {sin(A))Dj"15(u) — asin(A — 0))D!,6(u)} , (17.18) 
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where o = (a+ fq) ( ,A=Pplq-1-y] (<) and k=0. Note that the right sides of 
equations (17.17) and (17.18) may be significantly simplified by using selected Laplace 
transforms from Section 12.4. 

Rather than repeat these FDEs for these shells, we simply list the defining parameters for each 
case which in turn define the constants in equations (17.17) and (17.18). The reader should also 
be aware that the spiral plots are x and y biased and rotated as required to align with the images. 

Shell 5 is identified as a Florida fighting conch based on its knobbed spire and coloration; 
however, the thin lip does not match that species which has a much thicker lip (see Figure 17.8f 
and g). The shell has been cut to expose an inner spiral; this cut, perpendicular to the axis of 
coiling, is shown in Figure 17.8a. The prominent spire viewed from the side is also seen here. 
The spire as viewed from above is shown in Figure 17.8b and c. In panel c the projected spiral, 
in pixels, is fitted with the parameters 


q= 1.055, v= —-0.400, a=1.5, a=0.910, 6 = 0.09, k=0, K = 34.8, w=0---13. 


The calibration factor for this image is 391.0 pixels/cm. Note in panel c, because of the many 
rotations of the physical spiral, the fractional spiral (center) is extended by a logarithmic spiral 
after approximately three rotations (see numerical issues 14.3). This is more clearly seen in 
the magnified views of panels (d) and (e) where the dark gray data points are the logarithmic 
extension. A few overlapping points are shown. Further note that at the origin (panel d), it 
appears that two spirals start the growth process and then merge into a single spiral form. The 
logarithmic spiral is described by 


x=C, cos(A)e”* and y=C, sin(A)e”, (17.19) 


with C, = 78 and b = 0.069 and appropriate bias and rotation. 

Of greater interest for this shell is the body whorl (volume below the spire). The cut through 
this volume exposes the spiral shown in Figure 17.8f and g. This spiral is well fit with the 
parameters 


q=1.16, v=-1.0, a= 2.5,a =0.850, 6 = 0.14333, k=0, K = 135, w =0,...,47. 


The calibration factor for this image is 480.4 pixels/cm. Observe that there is an inward clo- 
sure of the shell away from the fractional spiral near the end of growth. The reason for this is 
unexplained. However, this behavior is also seen on the remaining shells. As mentioned ear- 
lier, the cuts through the body whorl were perpendicular to the axis of coiling, slightly different 
results would likely be obtained if the cut were made parallel to the inclination of the final 
rotation of the spire. 

Finally, it is interesting to note that a spiral with approximately 10 rotations exists for the spire 
spiral and one with approximately 23/, rotations fills nearly the same space in the body whorl 
leading to the conclusion that spiral growth is fundamental to these creatures. 


17.3 Shell 6 


Family: Conus 
Genus: tinianus or vexillum 

This shell (Figure 17.9) is characterized by its shallow spire and rounded shoulder. The 
coloration seen in this specimen is different from that seen in reference books (Dance 
pp. 214-215). The spiral of the spire is indistinctly defined and, therefore, not modeled. 
However, it appears to have approximately six or more rotations. 
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Figure 17.8 Shell 5. (a) Normal view of cut shell, (b) top view of spire, (c) spire with spiral fit, (d) enlarged view 
of spire, (e) enlarged view with spiral fit, (f) view of body interior, (g) body interior with spiral fit. Please see 
www.wiley.com/go/Lorenzo/Fractional_Trigonometry for a color version of this figure. 
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(f) (9) 
Figure 17.8 (Continued) 


The cut through the body whorl exposes the spiral shown in Figure 17.9c and d. This spiral is 
well fit with the parameters 


q = 1.089, v = —0.2, a = 4000, a = 0.995, 6 = 0.02381, k = 0, K = 1660, w = 0,...,47. 


The calibration factor for this image is 480.4 pixels/cm. Observe that there is an inward clo- 
sure of the shell away from the fractional spiral near the end of growth. 


17.4 Shell 7 


Super Family: Cypraeacea 
Family: Cypraea Tigris 
Genus: Cypraea linnaeus 
Common name: Tiger Cowry 

This is the first of two different-sized cowries to be studied, Figure 17.10. Viewed from the 
outside, the shape of these shells does not suggest a spiral structure. Figure 17.10a shows the 
shell of the larger cowry witha cut perpendicular to its length. The cut through the body exposes 
the spiral shown in Figure 17.10c and d. This spiral is well fit with the parameters 


q = 1.150, v= -0.1, a=1, a=0.910, 6 = 0.090, k= 0, K = 147, uw =0,..., 12.6. 


The calibration factor for this image is 300 pixels/cm. Observe that there is an inward closure 
of the shell away from the fractional spiral near the end of growth. 

Figure 17.10c shows the fractional spiral fit to the shell cross section, and Figure 17.10b pro- 
vides a reference without the analytical result. Figure 17.10d gives a magnified view of the fit 
near the origin. 


17.5 Shell8 


Super Family: Strombacea 
Family: Strombidae 
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Figure 17.9 Shell 6. (a) Cut shell side view, (b) shell top view, (c) view showing interior fractional spiral fit, (d) 
magnified view. Please see www.wiley.com/go/Lorenzo/Fractional_Trigonometry for a color version of this 
figure. 


Genus: Tibia insulaechorab 
Common Name: Arabian Tibia 

The lip of this shell (Figure 17.11a) is normally thicker and has several blunt projections, 
Dance [25] pp. 76-77. However, the shell has been damaged and shows possible attack wounds. 
This shell has been fit with two fractional spirals: the inner spiral beginning at the origin and an 
outer spiral starting a common point (black circle), which ends the inner spiral and becomes 
the origin of the outer spiral. Panels (b) and (d) show the internal spiral structure with the 
common point shown on the magnified view. Panels (d) and (e) show the inner and outer spirals, 
respectively. 
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Figure 17.10 Shell 7. (a) External view of cut, (b) cut section of shell, (c) fractional spiral fit, (d) magnified view 
of spiral fit. Please see www.wiley.com/go/Lorenzo/Fractional_Trigonometry for a color version of this figure. 
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Figure 17.11 Shell 8. (a) External view of cut, (b) magnified view near origin, (c) view of cut section, (d) inner 


spiral fit, (e) outer spiral fit. Please see www.wiley.com/go/Lorenzo/Fractional_Trigonometry for a color version 
of this figure. 
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The outer spiral is well fit with the parameters 
q = 1.089, v = —0.4, a= 1.2, a = 0.630, Bp = 0.380, k= 0, K = 500, w = 0,...,7.9. 
The inner spiral is well fit with the parameters 
q=1.18, v=—-0.4, a= 1.2, a = 0.950, 6 = 0.050, k= 0, K = 35, w =0,..., 4.0. 


The calibration factor for this image is 374 pixels/cm. 


17.6 Shell9 


Super Family: Cypraeacea 
Family: Cypraea Tigris 
Genus: Cypraea linnaeus 
Common name: Tiger Cowry 

This is the second and smaller of the cowries studied. Figure 17.12a shows the shell of the 
smaller cowry with a cut perpendicular to its length. The cut through the body exposes the 
spiral shown in Figure 17.12b and c. This spiral is well fit with the parameters 


q= 1.185, v=-0.1, a= 1.0, a=0.910, 6 = 0.113, k = 0, K = 170, w =0,...,11.0. 


The calibration factor for this image is 368 pixels/cm. Observe that, again, there is an inward 
closure of the shell away from the fractional spiral near the end of growth. It is important to 
note that in spite of the size change of approximately 0.5x; the parameters are nearly identical 
with those of Shell 7. Figure 17.12b and c shows the fractional spiral fit and a magnified view. 
Evidence of some chipping, from the cut, is seen in the magnified view. 


17.7. Shell 10 


Super Family: Cardiacea 
Family: Cardiidae 


Figure 17.12 Shell 9. (a) External view of cut, (b) fractional spiral fit, 
(c) magnified view. Please see www.wiley.com/go/Lorenzo/ 
Fractional_Trigonometry for a color version of this figure. 
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Figure 17.12 (Continued) 
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Figure 17.13 Shell 10. (a) Top view, (b) location of cut, (c) side view of cut, (d) fractional spiral fit. (e) magnified 
view. Please see www.wiley.com/go/Lorenzo/Fractional_Trigonometry for a color version of this figure. 


Genus: Trachycardium magnum or Acrosterigma burchardi 

It is of some interest to know if the shells of bivalves, which differ greatly from the shells 
previously studied, showed any evidence of fractional geometry. Figure 17.13a—c shows the 
top view of the uncut and cut shell and side view of cut shell. The side view (Figure 17.13d) 
and the magnified view (Figure 17.13e) show an excellent fit of a fractional meta-trigonometric 
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Figure 17.13 (Continued) 


spiral defined by the parameter set 


1500 2000 


2000 2100 


q= 1.90, v=0.0, a= 1.5, a =0.910, 6 = 0.113, k=0, K = 147, pw =0,..., 43. 


The calibration factor for this image is 347.6 pixels/cm. 


The important difference between this shell and the predecessors is the relatively large value 
of the fractional trigonometric order parameter q, which defines the spiral divergence rate. 
Clearly, fractional trigonometrically defined geometry also applies to the shell of this creature. 


17.8. Ammonite 


An ammonite is the fossil shell of a sea creature (cephalopod) likely dating back to the Mesozoic 
age. The ammonite studied here (Figure 17.14) was found in Madagascar and was estimated to 
be about 100,000 years old. Unfortunately, there was some grinding of the outer perimeter, 
possibly 1-2 mm in places, presumably to remove sharp edges of the fossil. Figure 17.14b and 


17.8 Ammonite 


d shows a very good fit using the fractional meta-trigonometric functions 
q=1.116, v=0.116, a= 0.23, a = 0.83, B =0.17, k=0, K = 53.2, w =0,..., 98. 
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Figure 17.14 Ammonite fossil. (a) External view of fossil, (b) fractional spiral fit, (c) magnified view, 
(d) magnified view of fit. Please see www.wiley.com/go/Lorenzo/Fractional_Trigonometry for a color version 


of this figure. 
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The calibration factor for these images is 125.0 pixels/cm, and the spiral has been rotated 32° 
to align with the image. This ammonite fossil appears to be quite similar to the Nautilus, and 
it is interesting to note that the ammonite has 75 clearly defined septa, while the N. pompilius 
studied in Section 17.1 had only 33-35. However, the growth rate parameters were quite similar, 
with for the Nautilus and for the ammonite. The fractional meta-trigonometric functions used 
here allowed a very good fit over much of the spiral. 


17.9 Discussion 


With the need to fit six parameters for each fractional spiral fit, the fidelity of the manually fit 
fractional spirals is far from optimal. Several hours were dedicated to each fitting. It is likely 
that greatly improved fidelity may be achieved with either more dedicated time or application 
of some automated optimization process. 

It seems clear that the geometric form of these creatures (shells) is well defined by the 
fractional trigonometric spirals. As mentioned previously, the cuts made on the shell were 
approximately perpendicular to the axis of coiling. It would be of significant interest to study 
the spirals that would occur if the cuts were made through the body whorl but parallel to the 
last spire whorl. 

Surprisingly, even the shell of the Cowry is internally of spiral form, while it does not appear 
to be so when viewed externally. An important common feature of all, but shell 10, is that the 
spiral growth rate as indicated by the value of q, is found to be limited to the narrow range 
of 1.089 <q < 1.185. Does this indicate some optimum in form for strength or efficient use of 
space? Or, does it possibly indicate the limits of nourishment available to support the growth 
rate? 

Finally and quite importantly, for the Nautilus, we have seen that when the temporal growth 
can be related to the spiral geometry, dynamic fractional growth equations may be inferred. 
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Mathematical Classification of the Spiral and Ring Galaxy 
Morphologies 


18.1 


Introduction 


Knowledge of the galaxies and astronomical bodies and their behavior has long been a human 
striving. In particular, the spiral galaxies have held our attention since their discovery. It has long 
been our desire to understand and codify their shapes and evolution. This chapter studies the 
application of the fractional trigonometry to the mathematical definition of the morphology 
of the spiral and ring galaxies. This chapter is adapted from Lorenzo and Hartley [89] with 
permission of the ASME: 


Perhaps the most fundamental knowledge that we can have about an object or collection 
of objects is its morphology, that is, its size, shape, and dimension. In most instances, 
this is the first differentiator between objects. The more accurately or completely this 
information is known the better we can proceed to more defining issues of kinemat- 
ics, dynamics, and evolution. This chapter studies the morphology of the spiral and ring 
galaxies based on the fractional meta-trigonometric spiral functions. There have been 
numerous classifications proposed and used since that proposed by Hubble [52] in 1936. 
However, to the knowledge of the authors, there are no classifications of the galaxies that 
provide a mathematical description of the morphology of the spiral arms. Hopefully, the 
work to be presented here augments and helps remove some of the subjectivity of the 
existing morphological classifications. 

Van den Bergh [12] has helpfully provided coverage of many galactic classifications 
including those of Hubble, de Vaucouleurs, and Elmegreen. In an earlier work, Sandage 
et al. p. 28 [115], references five classification schemes of galaxies that are obtained 
from direct photography. These are the various modifications and extensions of the 
Hubble classification, by Pettit [108], Holmberg [53], de Vaucouleurs [29], van den 
Bergh [13-16], and Morgan [100, 101]. 

The classification by Hubble [52] was originally based on the so-called “tuning fork dia- 
gram” (Figure 18.1). Basically, galaxy morphology is divided into elliptical and spiral 
shapes with the spirals further divided into normal and barred types, which are further 
subdivided into classes based on the openness of the spiral arms. A circular type, the SO 
class, provided transition between the elliptical and the spiral types. This useful classi- 
fication method was further refined by de Vaucouleurs to include r and s types, which 
describe the manner in which the spiral arms emanate from the end of the bar. For ther 
type, the arms emanate tangential to a ring at the end of the bar, and for the s type, the 
arms emanate more or less radially from the ends of the bar. 

The classifications of van den Bergh and Morgan introduce luminosity effects and along 
with many later classification schemes provide useful information to the understanding 


The Fractional Trigonometry: With Applications to Fractional Differential Equations and Science, First Edition. 
Carl F. Lorenzo and Tom T. Hartley. 

© 2017 John Wiley & Sons, Inc. Published 2017 by John Wiley & Sons, Inc. 
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Figure 18.1 The morphological classification of the galaxies as suggested by Edwin Hubble. Source: Hubble 
1936 [52]. Reproduced with permission of Yale University Press. 


of the nature of the galaxies. Because this study will deal exclusively with purely morpho- 
logical issues, we will not delve further into these and various other galaxy classifications. 
In the last decade or so, computer-based studies identified as Mathematical Morphology 
(MM) have been forwarded by Candeas et al. [20], Moore et al. [99], Baillard et al. [9], and 
Aptoula et al. [8]. These studies are computer-based analyses of astronomical images for 
star/galaxy differentiation and for automatic galaxy classification Baillard et al. [9], and 
Aptoula et al. [8]. These capabilities are quite important but are also very different from 
the mathematical classification to be presented here. The study that follows originates 
from Lorenzo and Hartley [89]. 

Ina 1981 paper, Kennicutt [57] attempted to mathematically describe the shape of galac- 
tic spiral arms based on the logarithmic spiral, which is linear in log r versus g, and the 
hyperbolic spiral, which is linear in r@ versus r. He concluded: “It quickly became appar- 
ent that neither form precisely represents the arms, even the most regular ones.” 

The work described here ascribes mathematically defined fractional barred and appar- 
ently unbarred (normal) spirals, based on the fractional trigonometric functions, to the 
description of the galactic spiral arms. That is, we work to analytically define the galaxy 
spiral arm morphologies. 

The classification methods suggested in this study hopefully augment those currently in 
use or possibly be implemented to work with some of the existing computer identifi- 
cation schemes. A primary objective of this study is to bring to the attention of those 
members of the astrophysical community dealing with galactic morphology, the exis- 
tence of the fractional trigonometry and its potential for describing galactic spiral and 
ring morphologies, and its fundamental mathematical character. 


18.2. Background - Fractional Spirals for Galactic Classification 


In Chapters 9 and 15, a variety of fractional spirals associated with the fractional 
meta-trigonometric functions was presented. In this section, fractional spirals of partic- 
ular interest relative to galaxy classification are presented, and some important relevant 


behaviors discussed. 


For the initial spiral, we have Sin qv a, B, k, t) versus Cos qv a, B,k, t) shown in Figure 18.2, 
here, the effect of the primary order variable g ranges from q = 1.0-1.8, with q= 1.0 defining 


the unit circle. Clearly, as the variable g increases the growth rate of the spiral increases. 
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Figure 18.2 Effect of order, g. Sing y(a, a, B,k, t) versus Cos, (a, a, B,k, t)and —Sing (a, a, B, k, t) versus 
—Cos, (a, a, B,k,t),q=1.0-1.8 in steps of 0.2, v=0.0,a=1.0, a = 0.90 8B = 0.1, k= 0. 


Note, in Figures 18.2—18.8, as the parameter ¢ increases, the spiral arms diverge either from 
the origin or the unit circle. Furthermore, t here is the formal parameter of the spirals and does 
not necessarily represent time since the resulting spirals are considered to be spatial morpholo- 
gies. 

In Figure 18.3, another phase plane plot of Sin,,, versus Cos,,, the value of @ is varied to 
show its effect with q = 1.2, v=0.2. Here, barred spirals result with the rate of divergence of the 
spiral arms decreasing as a increases. These changes effectively start from the end of the bars. 
That these spirals are barred and are based on this fundamental mathematics should be cause 
for interest in astrophysical application. Importantly, the Laplace transforms of the fractional 
meta-trigonometric functions defining fractional differential equations in space may be easily 
obtained. 

In Figure 18.4, we use the a = 0.8 spiral from Figure 18.3 as the basis of a study of the effect of 
the secondary order parameter v. In the figure, v is varied from —0.3 to 0.2 in steps of 0.1. The 
base spiral, v=0.1, jumps immediately from the origin to the value of 1.0, making it a barred 
spiral. It is observed that as v is decreased from the value of v= 0.2, the spiral transitions from 
a hard barred spiral progressively toward a soft barred, or normal type of spiral. That is, the 
transition to the spiral arms is softened. From Figure 18.4, it can be seen that the choice of the 
v parameter may control the location of a spiral from being on the SB tine or the SA tine (or 
anywhere in between) relative to the Hubble tuning fork. The effect of the v variable also applies 
to the parity-based spiral functions. A family of barred spirals is shown in Figure 18.5 based on 
variation in the order variable q and enabled by the relationship v= q-—1. 

The parity functions may also be used as the basis for spirals of possible application to galaxy 
morphology as shown in Figures 18.6—18.8. Figure 18.6 studies Flut,, versus Cofl,,. Here, it 
may be seen that increasing f# increases the divergence rate of the spiral arms while q and v are 
held constant at q = 0.5, v = 0.0, respectively. 
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Figure 18.3 Effect of a, Sing (a, a, B, k, t) versus Cos, (a, a, B,k, t) and —Sin, (a, a, B,k, t) versus 
—Cos, (a, a, B,k,t), q=1.2, v=0.2, a= 1.0, a = 0.3t00.9 in steps of 0.1, 6 = 0, k=0. 
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Figure 18.4 Effect of v, Sing (a, a, B,k, t) versus Cos, ,(a, a, B,k,t) and —Sin, (a, a, B,k, t) versus 
—Cos, (a, a, B,k,t), q = 1.2, v= —0.3 to 0.2 in steps of 0.1, a= 1.0,a=0.8, B = 0.1, k =0. 


A different set of barred spirals is shown in Figure 18.7 where the parity functions Vib,,, 
versus Covib, , form the spiral basis with q, v, and f held constant and a varied. The divergence 
of these spirals increases as a increases. The acute divergence angle from the end of the bars 
may remove these spirals from interest in astrophysical application. The following sections are 
adapted from Lorenzo and Hartley [89] with permission of ASME: 
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Figure 18.5 Effect of Order, q, with v = q — 1, Sing y(a, a, B, k, t) versus Cos, (a, a, B,k, t)and —Sing (4, a, B,k, t) 
versus —Cos, (a, @, B, k, t), q=1.0-1.75 in steps of 0.25,a=1.0,a=1, B=0, k=0. 
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Figure 18.6 Effect of f, Flut, (a, a, B, k, t) versus Cofl, (a, a, B,k, t) and —Flut, (a, a, B, k, t) versus 
—Cofl, (a, a, B, k, t),q = 0.5, v = 0.0, f = 0.25 to 1 in steps of 0.25.a = 0.0, k= 0. 


This section has introduced some of the aspects of the fractional trigonometry as it 
applies to galactic morphology and has shown some of the infinite number of fractional 
spirals that may be applicable to the classification of spiral galactic morphologies. 
It is important to note that the fractional trigonometric functions provide, or are 
elements of, the solutions to linear commensurate, constant-coefficient, fractional 
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Figure 18.7 Effect of a, Vib, (a, a, B, k, t) versus Covib, (a, a, B,k, t) and —Vib, (a, a, B,k, t) versus 
—Covib, ,(a, a, B,k,t),q = 1.0, v= 0.0, a= 1.0, a = 0.68t00.72 in steps of 0.01, 6 =0.5, k=0. 
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Figure 18.8 Effect of small parameter changes in a, +CoVv, o¢_95(1, a, 0.5, 0, t) versus 
+Vib, 96,9 5(1, 4, 0.5, 0, t) with q= 1.06, v=—0.5, f = 0.5,a=1.0,k=0, 
a =0.6 to 0.9 in steps of 0.1, t=O0to5. 


differential equations as shown in Chapter 12. This, of course, includes the linear 
constant-coefficient ordinary differential equations as a subset. Thus, if a meaningful 
mathematical classification of the spiral (and ring) galaxies based on the fractional 
trigonometric functions can be created, defining fractional differential equations 
in space can be inferred, from which there is the potential of deeper analytical 
understanding of the galactic processes. 


18.3 Classification Process 


18.3 Classification Process 


Our intention here is to provide a purely mathematical description of the spiral arm morphol- 
ogy. That is, we exclude any attention to the luminous intensity or the spectral qualities of 
the galaxy nucleus or spiral arms. The possibility of morphological matching of an image in 
a particular spectral frequency that better displays the spiral geometry is not precluded. In fact, 
composite images containing a variety of wavelength information may best describe the mor- 
phological features of interest. It is noted that the morphology or arm location may change 
slightly at different wavelengths. In general, only galaxies with well-defined spiral arms or rings 
are considered in this initial study. 


18.3.1 Symmetry Assumption 


For two-armed spiral galaxies, the initial assumption for the mathematical fitting process will 
be that the spiral arms are (approximately) symmetrical. In the situation where the symmetrical 
model fits the arms but the center of symmetry does not align with the optical galaxy center, 
the offset is reported. For the most part, for this initial effort, we avoid galaxies with interacting 
or tidal effects. Three-armed or multiarmed spirals occasionally occur, they may be treated as 
n-single arms or if possible with n-symmetric arms. Out of plane or warped disk galaxies are 
not considered initially. In general, a symmetric form is preferred, but the arms are defined 
individually if necessary. 


18.3.2 Galaxy Image to Spiral or Spiral to Galaxy Image 


Two approaches to the morphological matching of mathematical spiral to the galaxy image 
are possible. First, the image of the galaxy may be manipulated to a “normal” view and then 
compared with the mathematical spiral. 

The second approach does the manipulations with the mathematical spiral. That is, the math- 
ematical spiral is corrected for inclination by correcting either the x- and/or y-axis to achieve 
the proper morphology, and then rotated in-plane and scaled to match the image spiral. The 
approach used here is to manipulate the mathematical spiral and superimpose it on the unal- 
tered galaxy image. 


18.3.3 Inclination 


The galaxies do not usually present themselves to us in face-on spirals and we must account for 
the inclination of the plane of the galactic disk relative to the plane that is normal to our line 
of sight. Two approaches are possible: first published values for the inclination may possibly 
be used to correct the spiral for comparison to the galaxy image; alternatively, the spiral model 
may be rotated by some amount (the inclination) and matched to the galaxy image and thereby 
infer the inclination. This later approach is used in this study. 

Consider the galactic plane, that is, the plane in which the disk is located. It can be brought 
into alignment with the plane normal to the line of sight by two rotations, one around each of 
the x or y axes of the normal plane. Each rotation is defined by the reciprocal of the cosine of 
the angle through which each axis of the plane must be rotated. Thus, it is clear that, in general, 
two datum are required to define or correct for the inclination. In common usage, only a single 
datum the inclination is quoted. Inferred is the line of nodes about which the inclination is 
measured or corrected. 
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Figure 18.9 Manipulation of a fractional spiral for image comparison. (a) Face-on view of scaled test spiral. (b) 
Spiral rotated about y, axis by 40°. (c) Spiral rotated about x, axis by 65°. (d) Spiral rotated about x, axis by 65° 
and spiral rotated about y, axis by 40°. (e) In-plane rotation of x,,y, spiral by —15°. Source: Lorenzo and Hartley 
2011 [89]. Reproduced with permission of ASME. 


The following discussion describes how the issue of galactic inclination is treated in 
this study. Figure 18.9a shows a face-on fractional spiral defined by yo = Sin, ,(a, a, B,k, t) 
and x = Cos,,(a, a, B,k,t) but could also be a spiral based on the parity functions. The 
result of a rotation of 40° about yy and 65° about the x, axes is indicated by Figure 18.9b 
and c, respectively. The result of further rotations of 65° about x, and 40° about the y, 
axes are plotted in Figure 18.9d indicating that the order in which the rotations occur 
is not important. Finally, the spiral in x,, y, plane is rotated in-plane to yield a spi- 
ral that may be scaled and translated into position for comparison with the galactic 
image. 


18.3.4 Data Presentation 
The basis functions used for mathematical classification in this study are 
Xo = C+ Cos, ,(a, a, B, k,n) and yy = C-Sin, (a, a, B, k,n), n > 0. (18.1) 


where v is a spatial parameter and C is a scaling constant. Further for simplicity, we have taken 
a=1andk=0 limiting consideration to only a subset of the principal functions. In a temporal 
context, the parameter a is a fractional generalization of the natural frequency; thus, its primary 
effect is scaling the curves with minor effect on morphology. The scaling may be compensated 
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by the choice of C. Variations in a, however, may allow some improvement in the modeled 
morphology. 

To account for the apparent inclination of the galactic plane, the following corrections are 
made in the fitting program: 


x, = cos(y)x, correction forx inclination, (18.2) 


y, = cos()yp, correction fory inclination, (18.3) 


where y and ¢ are in degrees. Then, the x,, y, coordinate system is rotated 6 degrees in-plane 
to match the orientation of the galaxy. 

The spiral arms of galaxies usually display varying amounts of scattering of the stars defining 
the spirals. Thus, spirals that bound the scattering are added to main spiral fit when appropri- 
ate. In general, any of the fractional spiral parameters may be used as the basis for the bounding 
spirals; however, in all the cases that follow, only bounds based on variations in C are used. Fur- 
thermore, with the bounding spirals, a median or average spiral is always given. It is important 
to note that a significant number of different parameters or combinations of parameter may 
be used to determine the bounding spirals. Figure 18.10 illustrates a bounded symmetric spi- 
ral pair with an inclined nucleus outline and median spiral. The results in this figure are for 
illustration only. Estimates of the galactic nucleus outline may be added or not. 

In Section 18.4, morphology classifications are listed following the galaxy name. These subjec- 
tive classifications are taken from NED (NASA/ipac Extragalactic Database) when available and 
represent the judgments of various investigators listed there. Differences in these judgments 
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Figure 18.10 Sample data display for NGC 1300. This display shows three scaling of the same spiral. Two spirals 
to enclose the spiral arms along with a median spiral. A nucleus outline is shown displaced from the spiral 
center. Source: Lorenzo and Hartley 2011 [89]. Reproduced with permission of ASME. Image Credit: Hillary 
Mathis/NOAO/AURA/NSF. Please see www.wiley.com/go/Lorenzo/Fractional_Trigonometry for a color version 
of this figure. 
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usually indicate the need for interpolation between the discrete categories. The axes numera- 
tions on the figures that follow are all in pixels as found for the original image. 


18.4 Mathematical Classification of Selected Galaxies 


In this section, the spirals of various galaxy images are modeled using equation 18.1. The param- 
eters are determined manually by a trial-and-error process. With some experience, a fitting of 
the quality discussed later may usually be done in a few hours. The galaxies were selected to 
give some coverage of the Hubble classifications with galaxies having well-defined spirals. With 
the exception of M51, the galaxies were selected to be free of tidal effects. In the figures that 
follow, the axes numerations are all in pixels as found in the original image. 


18.4.1 NGC 4314 SB(rs)a 


This galaxy (Figure 18.11) is highly symmetric and was analyzed on that basis. Furthermore, in 
addition to the primary arms it appears to have a weak secondary pairs of arms, which are also 
symmetric and seem to start from the bar. Scale 123.0 pixels/arc-min. The galaxy appears to 
us truly face-on; thus, common parameters for both primary and secondary arms are yw = @ = 
0. Also, Oo fsc¢ = —75°, a=1, k=0. Primary arm parameters: g = 1.125, v=—0.1, a = 0.10, Bp = 
0.90, C= 210. 7 = 0 to 3.2. Secondary arm parameters: q = 1.08, v=—0.05, a= 0, 6 = 1.017, 
n = 0.0 to 2.8. 


18.4.2 NGC 1365 SBb/SBc/SB(s)b/SBb(s) 


NGC 1365 (Figure 18.12) is a dramatic barred spiral at a distance of 60 million light-years. In 
this infrared image, the bar appears to be horizontal; however, the fitting of the well-defined 
spiral arms seems to indicate a phantom bar (dark gray dashed lines) at approximately —45°. 
The implications of this are not clear, it may indicate a discontinuous evolutionary process. 
The analysis considers the arms as symmetric, and the results show good containment by close 
bounding fractional spirals. Common parameters: g = 1.23. v=—0.20, a = 1.0, 6 = 0.0, w= 
0.0, 6 = 49°, Oogse¢ = —70°, C = 270 + 35. Primary arm parameters: 7 = 0.65 to 3.1. Phantom 
arm parameters: 4 = 0.0 to 0.65. 


18.4.3 M95 SB(r)b/SBb(r)/SBa/SBb 


M95 (NGC3351) (Figure 18.13) is a barred spiral with the bar sitting at about 50° to the x-axis 
in the image. The fitting parameters are q = 1.07, v= 0.0, a = 0.450, 6 = 0.541, w = 0.0, d = 0.0, 
Dogset = —70°, and C = 65 + 4,7 = 0 to 4.05. The fitting only applies to the bar and the inner part 
of the spiral arms. The nucleus shown has a radius r,, = 22 pixels. The scale is approximately 214 
light-years/pixel. 
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Figure 18.11 Classification for NGC 4314. See text for fit parameters. Solid curve is primary arm and dashed is 
secondary arm. Source: Lorenzo and Hartley 2011 [89]. Reproduced with permission of ASME. Image Credit: 
David W. Hogg, Michael R. Blanton, and the Sloan Digital Sky Survey Collaboration. Please see www.wiley.com/ 
go/Lorenzo/Fractional_Trigonometry for a color version of this figure. 
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Figure 18.12 Classification for NGC 1365. See text for fit parameters. Dashed curve is primary arm and 
phantom arm extends primary to origin. Source: Lorenzo and Hartley 2011 [89]. Reproduced with permission 
of ASME. Image Credit: ESO/P. Grosbol. Please see www.wiley.com/go/Lorenzo/Fractional_Trigonometry for a 
color version of this figure. 
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Figure 18.13 Classification for M 95. See text for fit parameters. Source: Lorenzo and Hartley 2011 [89]. 
Reproduced with permission of ASME. Image Credit & Copyright: Adam Block, Mt. Lemmon SkyCenter, 
University of Arizona. Please see www.wiley.com/go/Lorenzo/Fractional_Trigonometry for a color version of 
this figure. 
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Figure 18.13 (Continued) 


18.4.4 NGC 2997 Sc/SAB(rs)c/Sc(s) 


The spiral arms of NGC 2997 (Figure 18.14) were assumed to be symmetric for the fractional 
spirals used to fit the image. This galaxy is an excellent example of a normal spiral. The modeling 
parameters are q=1.19, v=0.19, a= 1.0, B = 0.0, w = 0.0, & = 30°, O44, = 0.0, C = 18.54 
1.5, 7 = 0 to 10.7. The radius of the nucleus is r,, = 17 pixels. The scale is approximately 88.2 
pixels/arc-min. 


18.4.5 NGC 4622 (R’)SA(r)a pec/Sb 


The galaxy NGC 4622 (Figure 18.15) appears to be rotating clockwise while the spiral arms give 
the inference of counterclockwise rotation. The classification of this galaxy assumed a sym- 
metric form for its two spiral arms. While the arms could have been modeled slightly better 
individually, the symmetric assumption yielded good results. The galaxy appears to us face-on. 
The modeling parameters for Figure 18.15 are q=1.07, v=0.07, a = 1.0, 6 = 0.0, wy = 0.0, 6 = 
0.0, Aopsee = 35°, C = 174+ 6, and 7 = 0 to 7.5. The nucleus radius was arbitrarily set at 130 
pixels. A size calibration was not available for the image. 


18.4.6 M66 or NGC 3627 SAB(s)b/Sb(s)/Sb 


M 66 or NGC 3627 is modeled here as a symmetric barred spiral, although significant asym- 
metry may be seen in the control image. The galaxy is presented to us at an inclination of 
about 65°. In this image from the European Space Organization, “North is towards upper left, 
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Figure 18.14 Classification for NGC 2997. See text for fit parameters. Source: Lorenzo and Hartley 2011 [89]. 
Reproduced with permission of ASME. Image Credit: ESO. Please see www.wiley.com/go/Lorenzo/Fractional 
Trigonometry for a color version of this figure. 
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Figure 18.15 Classification for NGC4622. See text for parameters. Source: Lorenzo and Hartley 2011 [89]. 
Reproduced with permission of ASME. Image credit: NASA and The Hubble Heritage Team (STScI/AURA), 
Acknowledgement: Dr. Ron Buta (U. Alabama) and Tarsh Freeman (Bevill State Community College). Please see 
www.wiley.com/go/Lorenzo/Fractional_Trigonometry for a color version of this figure. 


West towards upper right.” The modeling parameters for Figure 18.16 are q = 1.28, v=0.0, a = 
1.0, B = 0.0, y = 0.0, 6 = 65.0, Ogg6¢ = 50°, C = 690 + 150, and y = 0 to 3.2. The geometric 
center is shifted from the optical center by 10 pixels to the left in x and 20 pixel down in the y 
direction. The nucleus radius was r,, = 200 pixels. A size calibration was not available for the 
image. 


18.4.7. NGC 4535 SAB(s)c/SB(s)c/Sc/SBc 


Initially, the galaxy NGC 4535 was modeled as a symmetric barred spiral. This is shown in 
Figure 18.17a where the fit parameters are; g=1.14, v=0, a=1.0,a@=1.0, B=0, yw =0, d= 
20°, 06 = —47°, 4 = 0.0008 to 3.7, r,, = 32, and C = 148.5 + 23.5. However, the arms appeared 
to be tangent to the nucleus, type s, so a second model attempted to capture that feature and 
the result is shown in Figure 18.17b where the fit parameters are; g = 1.26, v=0.26, a= 1.0, a = 
0.8, 6P=0.2, y=0, 6 = 40°, 6 = -30°, n = 1.0 to 9.7, r, = 32 pixels, and C = 38 + 5. Note 
the considerable differences in the parameters of the two models, even the apparent inclination 
parameter, ¢, changes from 20° to 40°. 


18.4.8 NGC 1300 SBc/SBb(s)/SB(rs)bc 


NGC 1300 (Figure 18.18) is often described as the prototypical barred spiral galaxy. The mod- 
eling done here assumes symmetry of the spiral arms although it is clear that the left-most 
arm fit could be improved if modeled individually. The modeling parameters for Figure 18.18 
are q=1.145, v=—0.05, a = 1.0, Bf = 0.0, y = 0.0, d = 53.0, D opset = 10°, C= 290 + 45, and 
n = Oto 5.2. The nucleus radius was r,, = 65 pixels. The galaxy size has been estimated at 85,000 
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Figure 18.16 Classification for M 66 or NGC 3627. See text for fit parameters. Source: Lorenzo and Hartley 2011 
[89]. Reproduced with permission of ASME. Image Credit: ESO/P. Barthel. Please see www.wiley.com/go/ 
Lorenzo/Fractional_Trigonometry for a color version of this figure. 
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Figure 18.17 (a) Classification for NGC 4535. See text for fit parameters for first model. (b) Classification for 
NGC 4535. See text for fit parameters for second model. Source: Lorenzo and Hartley 2011 [89]. Reproduced 
with permission of ASME. Image Credit: ESO. Please see www.wiley.com/go/Lorenzo/Fractional_Trigonometry 
for a color version of this figure. 


light-years from which the calibration may be estimated at 65.4 light-years/pixel. It is interesting 
to note that various investigators Lindblad et al. [66] and Peterson and Huntley [107] estimated 
the inclination at 35°, 35.5°, 40°, 44°, 48°, 49.3°, and 53°. The value of ¢ = 53.0, found here 
appears to validate the largest estimate and indicates the galaxy is far from face-on. It should 
also be noted that the optical center of the galaxy indicated by the white axis was not used as 
the geometrical center but a shift of 10 pixels to the short (dark gray) y-axis provided a much 
better fit. This represents a distance of 654 light-years! 
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Figure 18.18 Classification for NGC 1300. See text for fit parameters. Source: Lorenzo and Hartley 2011 [89]. 
Reproduced with permission of ASME. Image Credit: Hillary Mathis/NOAO/AURA/NSF. Please see www.wiley 
.com/go/Lorenzo/Fractional_Trigonometry for a color version of this figure. 


18.4.9 Hoag’s Object 


Hoag’s Object (Figure 18.19) is a ring galaxy that is about 100,000 light-years in diameter, giv- 
ing an approximate calibration of 100 light-years/pixel. Initial symmetric (two arm) model- 
ing showed satisfactory results, however, a single-arm barred spiral was found to be superior. 
The spiral parameters (Figure 18.19) are g= 1.015, v=—0.011, a = 1.0, 6 = 0.0, y = 0.0, = 
0, Pope = —85°, C = 330, andy = 0.1 to 10.5. The nucleus radius as shown is r,, = 40 pixels, but 
could easily be considered to be a larger value. Because there is no evidence of a bar between the 
nucleus and outer ring, the initiation angle of the spiral is somewhat arbitrary. Thus, at an angle 
of —85° a phantom semi-bar with y = 0 to 0.1 marks the assumed starting point of the spiral. 
The very low value of g= 1.015 indicates the closeness to a circular geometry, at g = 1.0. Thus, 
in this mathematical classification approach the ring galaxies are clearly viewed as extremely 
weak barred galaxies. 


18.4.10 M51Sa+Sc 


The image (Figure 18.20) shows M 51 (NGC 5194) and its nearby neighbor NGC 5195. By mod- 
eling the two arms as a symmetric pair, based on the right-most arm, we can see the effect of 
the gravitational attraction of NGC 5195 on the spiral arms of NGC 5194 as the difference 
between the model and the physical location of the arms in the upper portion of the image. 
The spiral parameters of Figure 18.20 are g=1.19, v=—0.19, a = 1.0, 6 = 0.0, wy = 42°, 6 =0, 
Dogier = 0°, C = 4.6, and y = 9 to 20.6. The galaxy diameter is approximately 65,000 light-years 
giving a scale factor of approximately 65 light-years/pixel. The nucleus radius (not outlined) is 
approximately r,, = 48 pixels. The geometric center of the galaxy is displaced downward from 
the optical center by 30 pixels or 1950 light-years. This is marked by the green subaxis. The 
in-plane (projected) deflection of the upper arm is approximately 100 pixels (6500 light-years) 
at the tip. 
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Figure 18.19 Classification for Hoag’s Object. See text for fit parameters. Source: Lorenzo and Hartley 2011 
[89]. Reproduced with permission of ASME. Image Credit: NASA, R. Lucas (STSc/AURA). Please see www.wiley 
.com/go/Lorenzo/Fractional_Trigonometry for a color version of this figure. Please see www.wiley.com/go/ 
Lorenzo/Fractional_Trigonometry for a color version of this figure. 
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Figure 18.20 Classification for M 51. See text for fit parameters. Source: Lorenzo and Hartley 2011 [89]. 
Reproduced with permission of ASME. Image Credit: T.A. Rector and Monica Ramirez/NOAO/AURA/NSF. Please 
see www.wiley.com/go/Lorenzo/Fractional_Trigonometry for a color version of this figure. 


18.4.11 AM 0644-741 Sc/Strongly peculiar/ 


The galaxy AM_0644-741, a Lindsay-Shapley Ring Galaxy, is considered to be a ring collisional 
galaxy. Because of the regularity of the ring, a mathematical fitting was attempted, and is shown 
in Figure 18.21a. The ring is fit quite well as a single spiral arm with a very low growth rate, 
that is, g= 1.018. The geometrical center is shown by the white subaxis, which is shifted along 
the x-axis by 408 pixels from the optical center of the image. Since the uncropped image is 
260,000 light-years wide the calibration is 65.8 light-years/pixel. Thus, the displacement appears 
to be approximately 27,000 light-years. The spiral parameter values for the fitting are q = 1.018, 
v=0.018, a = 1.0, B = 0.0, w = 0°, b = 57°, Oy p.04 = 8°, C = 650, Xop;0 = 408 pixels from galaxy 
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Figure 18.21 Classification for AM 0644-741. See text for fit parameters. Source: Lorenzo and Hartley 2011 
[89]. Reproduced with permission of ASME. Image Credit: NASA, ESA, and The Hubble Heritage Team 
(AURA/STScl) Acknowledgement: J. Higdon (Cornell U.) and I. Jordan (STScI). Please see www.wiley.com/go/ 
Lorenzo/Fractional_Trigonometry for a color version of this figure. Please see www.wiley.com/go/Lorenzo/ 
Fractional_Trigonometry for a color version of this figure. 


optical center, and 4 = 8.58 to 16.5. The low value of q appears to indicate that this is a type SO 
galaxy. There is a faint string of stars near the nucleus not modeled previously, the parameter 
values for this segment (Figure 18.21b) were found to be; g= 1.018, v=—0.3820. a = 0.7, Bp = 
0.3, yw = 0°, = 57°, Oop: = 20°, C = 470, andy = 0 to 2.1. The two segments appear to match 
smoothly at the interface. Notice both segments have the same inclinations y and ¢, and same 
value of q. 


18.4.12 ESO 269-G57 (R’)SAB(r)ab/Sa(r) 


Two models are applied for the galaxy ESO 269-G57, that is, the symmetric outer arms and the 
inner ring are modeled separately. The spiral arm parameter values for the fitting are g = 1.130, 
v=0.130, a = 1.0, B = 0.0, wy = 0°, f = 55°, O44... = 20°, C = 99 + 10, and 7 = 4.8 to 8.0. The 
inner ring was well fit by a single-arm spiral with parameter values of g= 1.016, v=0.016, a = 
1.0, B = 0.0, yw = 0°, @ = 25°, Oopset = 15°, C = 65, and y = 2.0 to 8.4. The nucleus radius is 17 
pixels. The cropped image of the galaxy (Figure 18.22) is approximately 4.06 x 3.55 arc-min, 


18.4 Mathematical Classification of Selected Galaxies 


300 


400 


500 


600 


700 


800 


900 


200 300 400 500 600 700 800 900 1000 


500 


600 


700 


800 


900 


1000 
200 300 400 500 600 700 800 900 1000 


Figure 18.22 Classification for ESO 269-G57. See text for fit parameters. Source: Lorenzo and Hartley 2011 [89]. 
Reproduced with permission of ASME. Image Credit: ESO, Data: Henri Boffin. Please see www.wiley.com/go/ 
Lorenzo/Fractional_Trigonometry for a color version of this figure. 
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and the galaxy width was given as 200,000 light-years yielding a calibration of approximately 
250 light-years/pixel. The galaxy optical center is displaced upward from the geometrical center 
by about 10 pixels, 2500 light-years. Interestingly, the inclination of the spiral arm and the inner 
ring differ by Ad = 30°, possibly indicating a warping of the disk were it possible to view from 
the side. 


18.4.13 NGC 1313 SBc/SB(s)d/SB(s)d 


NGC 1313 has been called the Topsy-Turvy galaxy because of its very active state. This is 
reflected in the large value of g in the fitting parameters. The galaxy in Figure 18.23 has been 
fit with symmetric spirals with the parameters; q = 1.57, v=0.31, a = 0.98, 6B = 0.02, w = 20°, 
P= 0°, Oogic¢ = 95°, C = 137, and 4 = 0 to 2.1. The apparent optical center is marked by the 
white axes. The geometrical center for the spiral fit was found to be 52 pixels above that and 
is marked by the dark gray subaxis. The size of the galaxy has been given as 50,000 light-years, 
giving a calibration of about 83 light-years/pixel. 


18.4.14 Carbon Star 3068 


This star was found to have a faint spiral structure of great regularity [20]. It was of some interest 
to determine the relevance of the fractional spirals to this structure. The results are presented 
in Section 18.7. 


18.5 Analysis 


Continuing from Ref. [89] with permission of ASME: 


Asummary of the galaxy morphologies based on the fittings of the fractional trigonomet- 
ric spirals is given in Table 18.1. Also contained in the table are the Hubble classifications 
of various investigators as given in the NASA Extragalactic Database, NED. Further- 
more, the table also contains the parameter (q), which is plotted against Hubble class 
in Figure 18.24. The Hubble class is assumed to be linear in the plot. The g parameter 
was chosen because of the strong effect on spiral growth rate that is seen in Figures 18.2 
and 18.5. Note that NGC 1313 has not been included in the plots that follow. This galaxy 
does not follow our initial requirement of well-defined spiral arms. Also, Hoag’s Object, 
a ring galaxy, has been plotted as type SO. 

A roughly linear correlation of g with Hubble class is seen in Figure 18.24. Because the 
number of galaxies studied is small, the scatter appears to be somewhat large. In partic- 
ular, the single datum at Hubble class b appears to be high and the lower datum point 
at Hubble class c appears to be low. There are at least two possible explanations here: 
first, as can be seen from the table, the Hubble classifications by various investigators 
are substantially not self-consistent and can easily slide horizontally as indicated by the 
horizontal bars. Furthermore, as can be seen in Figure 18.3, a and possibly f, also influ- 
ence the spiral growth rate and their effects are not included in the g parameter. It is 
believed by the authors that a larger sample of galaxies will give a stronger correlation. 
This, however, is beyond the scope of this initial investigation. 

de Vaucouleurs [28, 29] expanded the Hubble classification by adding the r—s class. The 
r type indicates the spiral arms exit tangent to an external ring at the termination of a 
bar while the s type the arms exit the end of the bar. In Figure 18.25, q—1 is plotted 
as a function of v for galaxies in which a is near unity. The galaxy number as listed in 
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Figure 18.23 Classification for NGC 1313. See text for fit parameters. Source: Lorenzo and Hartley 2011 [89]. 
Reproduced with permission of ASME. Image Credit: Henri Boffin (ESO), FORS1, 8.2-meter VLT, ESO. Please see 
www.wiley.com/go/Lorenzo/Fractional_Trigonometry for a color version of this figure. 
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Table 18.1 Summary of galaxy modeling data and Hubble classifications as found on the NASA NED database. 


# Galaxy q Vv a B Hubble Class. r/s 

1 NGC 4314 1.125 —0.1 0.10 0.90 SB(rs)a rs 

2 NGC 1365 1.23 —0.2 1 0 SBb/SBc/SB(s)b/SBb(s) S 

3 M95 1.07 0.0 0.45 0.541 SB(r)b/SBb(r)/SBa/SBb r 

4 NGC 4622 1.07 0.07 1 0 (R’)SA(r)a pec/Sb r 

5 NGC 2997 1.19 0.19 1 (0) Sc/SAB(rs)c/Sc(s) r s/s 

6 M 66 1.28 0 1 0 SAB(s)b/Sb(s)/Sb s 

7 NGC 4535 1.14 0 1 0 SABc/SBc/Sc Ss 
NGC 4535 1.26 0.26 0.8 0.2 - - 

8 NGC 1300 1.145 0.05 1 0 SBc/SBb(s)/SB(rs)be s/rs 

9 Hoag’s Ob. 1.015 —0.011 1 0 - - 

10 M51 1.19 0.19 1 0 Sa+Sc? - 

11 AM 0644-741 1.018 0.018 1 0 Sc/Strongly peculiar/ = 

12 ESO 269-G57 1.130 0.130 1 0 (R’)SAB(r)ab/Sa(r) r 

13 NGC 1313 1.57 0.31 0.98 0.02 SBc/SB(s)d/SB(s)d s 


Source: Lorenzo and Hartley 2011 [89]. Reproduced with permission of ASME. 


Figure 18.24 Galaxy order parameter q 
versus Hubble class. Source: Lorenzo and 
Hartley 2011 [89]. Adapted with permission of 
ASME. 
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Table 18.1, and the r—s type are given next to each data point. Importantly, all points 
falling on or near the v=q — 1 line are of the r type. This, of course, is expected from the 
results shown in Figure 18.5. Furthermore, as v moves away from that line toward v=0 
or negative v, the results become increasingly r—s to s types. Thus, we see that the value 
of v relative to q — 1 dictates the nature of the exit of the spiral arms and falls directly out 
of the fitting process. Interestingly, in this limited study, no value of v was found that was 
more negative than the v= 1 — q line (shown dashed). This may indicate that the v= 1-q 
line gives pure s types and the space between these lines are the mixed types. 


The following question arises: are there theoretical limits on the values of v for spiral galaxies 
of the a = 1.0, f = 0.0 and k = 0 type? This was studied numerically, applying the program used 
for the mathematical classification study. The results are shown in Figure 18.26. The upper limit 
results in a hard barred spiral similar to that seen in Figure 18.4 when v=0.1. When v is larger 
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than q-—1, the program yields a nonspiral result; thus, it appears that v cannot be larger than 
q-1. 

A search was then conducted at various values of q to probe the lower limits for v. At any given 
value of g — 1, the value of v was reduced until the spiral arms interfered with each other. These 
spirals were similar to that seen in Figure 9.42. Analytically, and possibly physically, of course 
v could be reduced further; however, the results would not be representative of the spirals of 
this class. This process yielded the resulting circular markers in Figure 18.26. Surprisingly, this 
is closely approximated by the linear condition v = —5.8q. Note the lines from Figure 18.25 are 
repeated in Figure 18.26, but not the data. 

The results of Figure 18.26 raise the further speculative question; if the spiral arms have a 
significant material content, does the interference limit possibly indicate a collapse of the spiral 
structure of a galaxy? On the other hand, it is more widely accepted that the spiral arms are 
the result of the hypothesized density waves. If this is the case, then, for galaxies of the a ~ 1.0, 
fp = 0.0 type, we should expect wave interference affecting the wave amplitude. 
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18.5.1 Fractional Differential Equations 


Continuing from Ref. [89] with permission of ASME: 


The spiral fitting values for the galaxies may now be used to infer fractional-order differ- 
ential equations describing the geometry. From the forms, we have used 


X% = C+ Cos, (a, a, B,k,n) and yo = C- Sin,,(a, a, B, k,n) (18.4) 


and the Laplace transform equations (9.66) and (9.69); the following fractional differen- 
tial equations are inferred: 


oDi'tx(n) — 2a cos(o),Dix(n) + a°x(q) = 2 (C08(A) Dy" —acos(A — o))d(n), (18.5) 


oDrty(n) — 2a cos(o) D4 y(n) + a*y(n) = a(sin(2),D5" — asin(A — o))(n), (18.6) 


where a=1, o = (a+ Bq)(z/2), and A = B(q-—1-v)(a/2). We see that the left-hand 
sides of both of these simultaneous fractional differential equations are identical in form. 
The right-hand side filtering, however, changes for the x and y components. A common 
spatial synchronizing impulse drives both equations. 

In these equations, the independent variable y is the spatial parameter defining the result- 
ing fractional spiral. This parameter, however, does not define the physical length along 
the spiral which must be calculated from the x and y position variables defining the spi- 
rals. 


18.5.2 Alternate Classification Basis 


In consideration of alternatives to the use of the fractional Sin, ,, versus Cos,, as the basis of 
galactic morphology, we note the following. In the classical trigonometry, the sin(t) versus the 
cos(t) provides the basis of oscillation of the harmonic oscillator. Of all the meta-trigonometric 
functions, we note that Covib, ,, most accurately generalizes the cos(t), because of its even and 
real basis, that is from Chapter 9: 


Covib,,, (a, a, Bk, t) = Re (E, (R,, (ai*,it))) =E, (Re (R,, (ai*, i*t))). (9.55) 


Similarly, the Flut,,, most accurately generalizes the sin(t), because of its odd and imaginary 
basis, also from Chapter 9 


Flut,, (a,a, B,k,t) = Im (O, (R,, (ai, i*t))) = O, (Im (R,, (ai*, i*t))) . (9.58) 


Because of these features, galactic morphology modeling-based Flut, , versus Covib, , is wor- 
thy of future consideration. Here, we take an initial look at a possible parameter set for this 
phase plane combination. Figure 18.27 is phase plane of Flut,, versus Covib, , and —Flut, , ver- 
sus —Covib,,, which is highlighted. The spatial t parameter ranges from 0 to 5. For this plot, 
we have set a + # = 1.14, and with q= 1.14 and v=0.14; this results in a barred spiral with a 
very hard corner. We have set v= 0.1399 to show the transition from the origin to the begin- 
ning of the spiral, which would otherwise not display. The various combinations of f and a 
produce a set of spirals, which may very well match galaxy spiral morphology. In Figure 18.28, 
the parameter set is identical except that the v parameter is set to v= —0.400. Comparison of 
the two figures reveals a startling difference in the transition from the origin to spiral arms. In 
fact, the spiral appears to be a normal one. Furthermore, the arms of the spirals in Figure 18.28 
has been rotated backward relative to those of Figure 18.27. Clearly, this combination of frac- 
tional meta-functions is of interest for this task. Other combinations of functions may also have 
application. 
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Figure 18.27 Effect of a and £, Hard barred 
spiral. Flut, (4, a, B, k, t) versus 

Covib, (a, a, B,k, t)and —Flut, (a, a, B,k, t) 
versus —Covib, ,(a, a, B,k,t), 

q= 1.14, v= 0.1399, a= 1.0, a+ f= 1.14, 
fp = 0.5to 1.3 in steps of 0.2, k = 0. 


Figure 18.28 Effect of a and #. Normal 
spiral. Flut, (a, a, B,k, t) versus 

Covib, (a, a, B,k, t) and —Flut, (a, a, B,k,t) 
versus —Covib, (a, a, B,k,t), 
g=1.14,v=-04, @=1.0, a+ B=1.14, 
fp =0.5to1.3 in steps of 0.2, k= 0. 


Current methods of classification of galaxy morphology are subjective comparisons to idealized 
galactic shapes established originally by Hubble in 1936 and later extended by de Vaucouleurs 
to include the effect of the manner in which the spiral arms exit barred spirals, the r—s prop- 
erty. This chapter defines a classification system that uses the fractional trigonometric sine and 
cosine functions to describe the spiral and ring galaxies on a mathematical basis. The founda- 
tion for this basis is quite fundamental, being ultimately sourced by the fractional generalization 
of the exponential function in the form of the R-function. The significance of this is the con- 
nection back to the solutions of fractional differential equations as seen in Chapters 12 and 2. 
Importantly, the mathematical basis of this classification method may allow further studies of 


arm evolution and kinematics. 


367 


368 


18 Mathematical Classification of the Spiral and Ring Galaxy Morphologies 


The study was based on a small selection of galaxies intended to give coverage of the Hubble 
classification scheme. The galaxies were also chosen based on the quality of the definition of 
the spiral arms. The classification basis used only the fractional trigonometric sine and cosine 
functions with no cross coupling and with constant growth rate, g. Furthermore, to simplify the 
manual fitting process the variable a, a spatial fractional generalization of the natural frequency 
was set to one. The matches of the analytical spirals to the physical spirals were considered to 
be quite good over the ranges shown thus providing mathematical descriptions over significant 
segments of the spiral arms. However, in some cases, the extension of the analytical model 
beyond that shown resulted in deviations from the spiral arms. It appears reasonable to claim 
that the method allows the classification of spiral galaxy morphology to be set on an analytical 
basis. 


18.6.1 Benefits 


This study allows the spiral arms to be mathematically defined, a fact that greatly refines the 
classification process and presents the possibility of detailed correlation studies involving the 
spiral parameters. The following benefits were found from this mathematical approach. 


1) The process yielded mathematical descriptions of the spiral arms, which are superior to 
subjective descriptions. The mathematical descriptions allow mathematical correlations, 
projections, and inferences not possible with the subjective classification. It is important to 
note that the fractional trigonometric-based classifications, and the fractional differential 
equations based on them, serve to model both the normal and barred spirals, as well as the 
r—s variants of the spiral initiation and the morphology of the ring galaxies with just a few 
parameters. 

2) Using the fractional trigonometric functions with programs to account for the inclinations 
of the galactic planes, good to excellent agreement was found between the actual galaxy 
morphology and the mathematical spiral morphology. 

3) A single fractional trigonometric formulation was found to unify descriptions of both 
barred and normal spirals, and both and s spiral-exits. Ring morphologies are also unified 
for most cases. 

4) For most cases, the mathematical spiral g parameter related well to galaxy spiral growth 
rate, or in Hubble terms, to the openness of the spiral arms. The mathematical spiral v 
parameter correlated to the barred versus normal galactic spiral property. 

5) Plots of v versus g—1 were found to predict limiting bounds for the r, s behavior, thus 
relating the galactic spiral arm exit-behavior to the galactic spiral growth rate. 

6) The method provides a spiral based method to determine inclination of the galactic plane. A 
total inclination comparable to contemporary quoted values may be determined by vector 
considerations of the y and ¢ computationally inferred inclinations. 

7) For NGC 1313, ESO 269-G57, AM 0644-741, M 66, and NGC 1300, major deviations of 
the optical center of the galaxy from the galaxy geometric center were found based on the 
mathematical symmetry of the spiral arms. Some of these offsets were many light-years! 
An indication of galaxy warping was seen for ESO 269-G57. 

8) Inthe case of M51, the method provides the potential for computing the tidal driven deflec- 
tion of the upper areas of the spiral arms from an inferred undisturbed position, based on 
a symmetry assumption for the spiral arms. 

9) In this mathematical classification system, the ring galaxies may be interpreted as 
one-armed barred galaxies (with bars not visible). 

10) Finally, availability of the fractional trigonometry-based mathematical classification of the 
galactic spiral morphology has allowed the easy computation of the value of v for any q, 
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Figure 18.29 Classification for Carbon Star 3068. See text for fit parameters. (a) Original image (b) magnified 
view, (c) with analytical fit. Source: ESA/NASA & R. Sahai. Public domain. 


which achieves interference of the galactic spiral arms. This limiting equation may indi- 
cate the conditions for transition of the spiral galaxies into elliptical galaxies. This limiting 
equation may allow validation of the density wave hypothesis relative to material arms. 


We note that models based on the fractional trigonometric functions identified by the classifi- 
cation can be considered to be the solution of the spatial part of a fractional wave-diffusion field 
equation. The development of such an equation in cylindrical form is an important challenge; 
see Chapter 20. 

It should be clear that other subsets and/or additions of the fractional trigonometric spi- 
rals, perhaps using the parity functions, may provide superior matches of the mapping of the 
functions to the galactic spiral arms. 
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18 Mathematical Classification of the Spiral and Ring Galaxy Morphologies 
18.7 Appendix: Carbon Star 


As mentioned earlier a very regular spiral was found around Carbon Star AFGL 3068. 
It was of some interest to determine whether this spiral could be fit with the fractional 
meta-trigonometric spirals. This is done in this appendix. 


18.7.1 Carbon Star AFGL 3068 (IRAS 23166 + 1655) 


The pattern of mass ejection from this star has been considered to be “one of the most perfect 
geometrical forms created in space [102].” Thus, there is interest to know if the fractional spirals 
also fit the form seen here. The star spiral (Figure 18.29) has been fit with a single spiral with the 
parameters: g = 1.035, v=0.035, a = 1.0, 6 = 0.0002, w = 21°, d = 20°, Dogset = —150°, C = 74, 
and three segments for 7 = 2.7 to 11.7, 13.4 to 17, and 20.7 to 22. These segments together with 
the dashed lines create a single spiral that matches the observed spiral quite well. A paper by 
Morris et al. [102] discusses the large mass ejection rates, outflow velocity, and other aspects 
associated with the spiral. 
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Hurricanes, Tornados, and Whirlpools 


In this chapter, we take a brief look at the potential applicability of the fractional trigonometry 
and the fractional spiral functions to vortex flows such as hurricanes, tornados, and whirlpools. 
According to Buckley et al. [18] p. 66, “... vortices may originate either when a weak area of low 
pressure forms or when the overall wind regime encounters a barrier...” At this time, we exam- 
ine the morphology of these phenomena and other weather phenomena such as low-pressure 
cloud patterns based on available images. 

In the applications that follow, the computations of the spiral loci of Sections 19.1, 19.3, and 
19.4 are based on the fractional meta-trigonometric Sin, ,- and Cos, ,-functions, and are iden- 
tical to the mathematical definitions and nomenclature given in Section 18.3.4. 


19.1 Hurricane Cloud Patterns 


Modern satellite technology has provided a new perspective into the morphology of hurricane 
flows. This allows the potential application of the fractional trigonometric spirals to the map- 
ping of streamlines observed in cloud structures. In this section, we consider the morphology 
of the cloud patterns that are characteristic of the behavior of hurricane flows; see, for example, 
Kerry [33]. As discussed in the previous chapters, this is achieved by fitting fractional spirals to 
hurricane images and thus spatial modeling is possible. The parameters given for the spiral fits 
are the same as those used for the galaxy study in Chapter 18. 


19.1.1. Hurricane Fran 


Figure 19.1 is a satellite image of hurricane Fran off of the coast of Florida taken in 
September 1996. Several of the major flow patterns have been fit to the image. The fitting 
parameters are summarized in Table 19.1. With the exception of Leg 2, the legs are all fit well 
with order parameters g=0.45 and v=0.0. The fit for Leg 2 using g=0.45 was only slightly 
inferior to that used in the table. 


19.1.2 Hurricane Isabel 


The form of hurricane Isabel, off the east coast of the United States in September 2003 (as seen 
in Figure 19.2) appears to be quite symmetric. This is possibly due to its distance from land. In 
this study, it was decided to attempt a fully symmetric fit, which is shown. In this figure, the 
six spirals seen are the primary spiral and five identical spirals symmetrically spaced about the 
origin, which is at the center of the hurricane eye. The parameters for this model were q = 0.48, 
v=0,a=1,a = 0.20, Bp = 0.8, yw = 0.0, d = 0.0, 6 = —20, C= 1500, and n = 7.0 > 13. 


The Fractional Trigonometry: With Applications to Fractional Differential Equations and Science, First Edition. 
Carl F. Lorenzo and Tom T. Hartley. 

© 2017 John Wiley & Sons, Inc. Published 2017 by John Wiley & Sons, Inc. 

Companion Website: www.wiley.com/go/Lorenzo/Fractional_Trigonometry 
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Figure 19.1 Hurricane Fran off the Florida coast. (a) Reference image, (b) model. See text for spiral parameters. 


Source: NASA GSFC. Public domain. Please see www.wiley.com/go/Lorenzo/Fractional_Trigonometry for a 


color version of this figure. 


Table 19.1 Fitting parameters for Hurricane Fran. 


Leg q v a B 

1 0.45 0 0.20 0.80 
2 0.35 0 0.20 0.80 
3 0.45 0 0.20 0.80 
4 0.45 0 0.20 0.80 
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Figure 19.2 Hurricane Isabel. (a) Hurricane Isabel reference image, (b) model. See text for spiral parameters. 


Source: NASA. Public domain. Please see www.wiley.com/go/Lorenzo/Fractional_Trigonometry for a color 


version of this figure. 


19.2 Tornado Classification 


Figure 19.3 Magnified view of Hurricane 
Isabel showing eye and fit of extended 
streams. See text for parameters. Please see 
www.wiley.com/go/Lorenzo/Fractional_ 
Trigonometry for a color version of this figure. 
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In the magnified view of Figure 19.3, the spirals were extended by continuing 7 to 15 to expose 
the morphology entering the eye. Relative to the set of parameters quoted for this spiral, it was 
found that changing the order parameter g to g=0.5 resulted in coalescence of the spirals into 
an exact circle. However, g= 0.48 provided a better match for the streamline morphology. 

It is important to note for both cases studied that y, the parametric variable along each 
streamline, is interpreted as a spatial variable. In the fittings, this variable increases as the eye 
is approached. At the upper level of the hurricane, it is thought that the direction of rotation 
reverses into an outflow jet (Emanuel [33], p. 16). Sucha reversal is not apparent in these images. 
The cloud structure seen appears to be that associated with the inflow of the lower level of the 
hurricane. 

The fractional trigonometric order for a hurricane is likely a variable-order process (Lorenzo 
and Hartley [72]), that is, g<1 for the inflow transitioning to q approximately unity for the heli- 
cal up-flow at the eye wall, and further increasing to g>1 for the unstable outflow at the top of 
the vortex. The differential order of the associated fractional differential equations will be 
twice the trigonometric order for the fractional sine and cosine. This can be seen from the 
Laplace transforms for the functions. 


19.2. Tornado Classification 


With tornadic flows, it is not currently possible to obtain images looking along the axis of 
rotation exposing the circular or spiral nature of the flow. However, images are often available 
showing tornado profiles. The current classification for tornados is the Enhanced Fujita scale, 
the EF scale. The Fujita scale, Bluestein [17], p. 5, is based on the nature of the damage that is 
observed after the event and a wind speed range is associated with each of the scale elements. 
For example, an EF-5 tornado is estimated to have winds in excess of 200 miles per hour. In 
this study, the fractional trigonometric function k index will be used as the basis for a possible 
classification of tornadic forms based on their profiles. 
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19.2.1 The k Index 
The fractional trigonometric functions by their definitions, 


qhtetDa-l-v 


Sin,,(a, a, B,k, t) = y ; sin (na + Bq) + Blq—1-vI) (= = 2nk) ) , t>0, 


AA (n+ Dq-v 
(19.1) 
ia n4(n+1)q-1—-v 
Cos,,(a.4,f,k, t)= > TESTE cos ((n(a + Bq) + Blq—1-v))(E+2xk)), t>0, 
n=0 


(19.2) 
are indexed by the variable k, where k= 0, 1, 2,..., D—1 and D= D,D,D,D5 is the prod- 
uct of the denominators of the rational arguments g = N,/D,, v= N,/D,, a =N,/D, and 
B =N,/D, with D in minimal form. The source of this indexing is the fractional exponent 
(n + 1)q — 1 - v, which leads to the arguments for the sine and cosine in the definitions of the 
meta-trigonometric functions. When these functions occur as the solutions to fractional dif- 
ferential equations, the various values of k lead to equivalent solutions. However, as we have 
seen in Chapters 7-9, the functions are different when viewed individually. 

In the near-order effect (Section 14.7), one or more of the denominators becomes large, lead- 
ing to a large value for k. For properly selected functions, this can be utilized for the classification 
of tornado profile morphology. 


19.2.2. Tornado Morphology Animation 


A very-much simplified simulation of a tornado is shown in Figure 19.4. The animation 
is done in Matlab® (version R2012a) and is based on the R,-trigonometric functions with 
height 4, replacing ¢ as the main variable. To study the tornado profile, the order g was set 
at q =48/49, v=0, and 12 equally spaced streams (functions) are set into rotation. The figure 
shows a fixed time slice in a 3D plot. Note that the R,-functions may be written in terms of the 
meta-trigonometric functions, for example, R, Sin, (a, k,th= Sin, (a, 0,1,k, t). The program 
for the simulation is given in Appendix C. 


Fractional dynamic tornado animation: k=2 


h-Height 


-10 


RSin(48/99,0,1,k,h) 10 10 _ 
'sC0S(48/49,0,1,k,h) 


Figure 19.4 Simplified tornado model, 3D time slice. 


19.4 Whirlpool 


19.2.3. Tornado Morphology Classification 


If the index k = 0,1, 2,3,... is allowed to vary, the profile morphology varies as shown in the 
sequence of panels of Figure 19.5. As can be seen in the sequence, as the index variable k 
increases, the change in radius with height, dr/dh, also increases and subjectively the strength 
of the tornado increases. The fineness of such a classification system can be readily increased 
by increasing the size of the denominator D,. In Figure 19.6, the value of D, is increased from 
q = 48/49, by setting g = 98/99. With g = 98/99 and the new index k = 1, this clearly yields a mor- 
phology that interpolates between k=0 and k=1 in the q= 48/49 system and includes these 
points as k=0 and k =2 in the refined g = 98/99 based system. 

Two additional features are desired for a classification system based on these functions. First, 
for the morphologies shown in Figure 19.5, the footprint of the tornadoes is set by choosing the 
raw or unmultiplied functions. Clearly, the larger the footprint is, the more severe the tornado. 
This can be accommodated by multiplying the fractional trigonometric functions by an appro- 
priate factor depending on k. For example, C(k) = k+ 1. This assumes that severity increases 
as dr/dh increases. Furthermore, such a factor, of course, will change with the choice of D,. 
Also, a choice of D, must be made to provide satisfactory resolution particularly for the weaker 
tornados. Second, the velocity at or near ground level should be keyed to the index value to 
calibrate the classification system. This of course will require observational input. These last 
steps are beyond the scope of this effort. 

Application of the tornado morphology classification scheme requires tornado profile images 
that are at least roughly size calibrated. From such images, dr/dh versus h and the tornado 
footprint may be estimated, and this information can be used to classify the tornado. 


19.3. Low-Pressure Cloud Pattern 


A rather phenomenal satellite image of the cloud pattern of a low-pressure system over Ice- 
land is of significant interest relative to the fractional trigonometric spirals. The question being: 
could fractional spirals be found that are representative of the flow pattern inferred by the cloud 
structure? Figure 19.7 shows the reference image along with two images showing a fractional 
spiral model and a close-up view of the center of the spiral. The fractional spiral provides a good 
representation over a significant number of rotations of the spiral. The two spirals shown are 
scaled and rotated versions of each other, and the spiral parameters are q = 0.90, v= 0.0, a = 1.0, 
a = 0.95, B = 0.05, k= 0, wy = 35°, @ = 20°, for both spirals. For the inner spiral, C= 1100, 
6, = 50°, and for the outer spiral, C= 1680, 0, = 40°. 


19.4 Whirlpool 


Associated with the disastrous tsunami that struck Japan in March 2011, an enormous 
whirlpool was formed off the east coast of Japan near the port in Oaraj, Ibaraki Prefecture. 
The scale of the whirlpool may be judged by the ship seen in the image (Figure 19.8) and 
located on the x axis at x = 200. The morphology of the whirlpool is slightly deformed by the 
adjacent land masses; however, it is of considerable interest to evaluate the applicability of 
the fractional trigonometric spirals to this phenomenon. Three streamlines were fit for this 
model. The common parameters for the three legs are v=0, a=1, a= 0.2, 6 = 0.8, k=0, 
yw =0, and ¢ = 70°. The remaining parameters are given in Table 19.2. 

In spite of the deformation caused by the adjacent land masses, the fractional spirals provided 
good fidelity to the visible streamlines. 
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Figure 19.5 Tornado morphology as function of k index, for q 


19.4 Whirlpool 


Fractional dynamic tornado animation: k=1 Figure 19.6 Tornado morphology k = 1, for 
q= 98/99. 
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Figure 19.7 Low-pressure system over Iceland. (a) Reference view, (b) fractional spiral model, and (c) fractional 
model enlarged. See text for spiral parameters. Source: NASA. Public domain. Please see www.wiley.com/go/ 
Lorenzo/Fractional_Trigonometry for a color version of this figure. 
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Figure 19.8 Whirlpool off the coast of Japan, March 2011. (a) Reference image, (b) fractional spiral model. See 
text for model parameters. Source: Reuters Pictures. Reproduced with permission of Reuters. Please see www 
.wiley.com/go/Lorenzo/Fractional_Trigonometry for a color version of this figure. 


Table 19.2 Parameters for Whirlpool model. 


Leg q 0 Nn Cc 
1 0.65 —5° 0 > 13.0 180 
0.62 —5° 1539.5 300 


19.5 Order in Physical Systems 
19.5 Order in Physical Systems 


In this and the previous two chapters, we have studied the applicability of the fractional spi- 
rals, and by inference the fractional trigonometric functions, to various physical and biological 
systems. While it is premature to draw any definitive conclusions, the following observations 
are forwarded. All of the studies were based on the complexity functions, the fractional sine 
and cosine, as applied to the spatial behavior of the processes involved. Only in the case of the 
Nautilus, were we able to use a modicum of auxiliary data to extend our understanding to a 
dynamic model that inferred the growth rate of the animal from conception to maturity. Such 
extensions, in general, are beyond the scope of the current effort. However, in Chapter 20, we 
suggest possible extension into this domain. It is of interest to consider the nature of the order 
variable, q, on the behavior of the processes. However, we digress briefly, to note the follow- 
ing. First, there two types of order: there is the order of the trigonometric functions, q that has 
been discussed in many places in the book. Second, there is the order of the associated frac- 
tional differential equations, that we abbreviate as the differential order, and use the notation, 
u. Based on the Laplace transforms (Section 9.4 and Table 9.1), the associated differential order 
for the complexity functions, the fractional sine and cosine, is given by u = 2g, and for the parity 
functions by u = 4q. 

Table 19.3 summarizes the order associated with the fractional spirals used to fit the various 
morphologies. The stability listings in the table are computed based on equation (13.36) and 
relate to the spatial character of the morphologies. It should be noted for the whirlpool case 
that to four decimal places the computation yielded neutral stability. 

The unstable result for the sea shells is not surprising, for clearly a growth process is an unsta- 
ble one. In this case, the temporal process is also unstable during the growth period since the 
differential order (Table 7.3) is greater than 2. 

For the galaxy spiral fittings, all spirals started from the origin and the spatial variable 
n increased with radial distance. Having differential order greater than two, these spirals 
are also spatially unstable. It should be noted that if a spiral could be fit with 7 increasing 
approaching the origin, the stability result could be changed. With the hard barred spirals 
(Figures 18.3—18.6), this does not seem to be a likely possibility. 

In the remaining three cases, the spatial variable n increases approaching the origin and the 
processes are spatially stable. This is a bit surprising for the hurricane case, but as explained in 
Section 19.1, the process is thought to be of variable order with order at the upper level likely 
greater than two and unstable. 

At this time, we are unable to make any general statements concerning the relation between 
spatial and temporal stability. 


Table 19.3 Order and spatial stability associated with various physical processes. 


Process Trig. order Differential order Stability 
Naut.& Shells q>1 u>2 Unstable 
Galaxies q>1 u>2 Unstable 
Hurricane inflows q = 0.45 — 0.48 u & 0.90 — 0.96 Stable 
Low pressure q=0.9 u=18 Stable 


Whirlpool q = 0.62 -—0.65 u=1.24—-1.30 Stable 
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In an effort such as that leading to this book, many questions and opportunities arise that may 
not contribute to the main theme, or were too difficult to complete in a timely manner. Some 
are simple questions, such as what does a half-order triangle look like? Yet, they may not have 
easy answers. Others might require the development of new theory, for example, fractional 
orthogonality. 

In this final chapter, we attempt to briefly outline areas where further development is needed 
both in regard to the theoretical aspects of the fractional trigonometric and fractional expo- 
nential functions and also relative to application of the theory to scientific problems. It is useful 
to start by looking backward, that is, by considering the scope of knowledge that has been 
uncovered relative to the classical exponential and trigonometric functions, which is shown 
graphically in Figure 20.1. 

At the core of the classic theory is the common exponential function. From this, the connec- 
tion is made to the classic trigonometry via the Euler equation. The exponential function and 
the trigonometric functions provide solutions to ordinary linear differential equations and are 
often components in the solution of integer-order partial differential equations. The trigono- 
metric functions are important because the solutions derived from them are real functions that 
are seen in the physical world as opposed to complex exponential functions. 

The development of Fourier series was enabled because of the orthogonal nature of the clas- 
sical sine and cosine. From the Fourier series, important extensions to Fourier transforms and 
spectral analysis were possible. 

If we now generalize the common exponential function to the F- or R-function, as has been 
done for the fractional calculus, and further develop a fractional generalization of the trigonom- 
etry and hyperboletry, the focus of this book, it is appropriate to consider possible fractional 
generalizations of the important fruits of the classical trigonometry. As part of the development 
of the fractional trigonometry, important generalizations of the Euler equation were uncovered. 

A key result of the fractional trigonometry has been its use for the solution of linear 
commensurate-order fractional differential equations (Chapter 12). Relative to generalizing 
the classical Fourier methods, the central question becomes “can orthogonal subsets of the 
fractional trigonometric functions other than the classical functions be found or created?” 
For example, such creation may be possible by multiplication of the functions by appropriate 
functions to yield a constant envelope. Or, more broadly, is a fractional orthogonality pos- 
sible that allows the creation of fractional versions of the Fourier series and subsequently 
fractional-order Fourier transforms and spectral analysis? While some initial effort has been 
done toward this end (Lorenzo and Hartley [79]), significant challenges and opportunities are 
found here. Finally, the fractional generalization of the natural logarithm, the inverse fractional 
exponential, if accomplished may allow generalization of the multiplication operation. This is 
addressed in more detail in Section 20.2. 
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Figure 20.1 Classical connections. 


20.1 Properties of the R-Function 


While numerous properties for the R-function have been developed in Chapters 3 and 4, much 
more is needed. For example, can simple forms be found for the evaluation of (R, ,(a, a, B,k, t))* 
or Ria, a, B,k, t)-R,, (a, a, B,k, t), and many more similar operations? 


20.2. Inverse Functions 


It is easy to numerically obtain a plot for the inverse of the R-function; however, determining 
the analytical expressions for the fractional inverse turns out to be problematic. The difficulty 
arises because the inverse is multivalued over some domains. Figure 20.2 shows the R-function 
plotted as a function of t-time. The same data set is shown in Figure 20.3 but as the inverse 
function. In the plots, the minimum values of the R-function are approximated numerically. 
An approximate equation for the locus of minima as seen in Figure 20.2 (black dashed line) is 


R,o(s min ¥ 1— In(1 — 4.23732), 0 <t < 0.236, (20.1) 
and for Figure 20.3, this is expressed as 


t © 0.236(1 — exp(1— Ry o(1.8)|Min))» Ryo fain > 1. £ > 0. (20.2) 


20.2 Inverse Functions 


Figure 20.2 R-Function as a function of time 
with q=0.25 to 2.5 in steps of 0.25, v=0, and 
a= 1. Circles mark the approximate local 
minima. Please see www.wiley.com/go/ 
Lorenzo/Fractional_Trigonometry for a color 
version of this figure. 


Figure 20.3 Inverse R-Function, Roo , t), with 
q=0.25 to 2.5 in steps of 0.25, v=0, anda=1. 
Circles mark the approximate local minima 
from Figure 20.2. Please see www.wiley.com/ 
go/Lorenzo/Fractional_Trigonometry for a 
color version of this figure. 


t, Inverse R-function 
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Rg o(1 ,t) 


Importantly, there are three domains in Figure 20.3 that must be separately analyzed to define 
the inverse function. Based on the approximate minima equation (20.1), these domains are 
defined by 


q21 
q < 1 with ¢ > 0.236(1 — exp(1 — R, (1, Olin)» Rao.) > 1. (20.3) 
q < 1 with ¢ < 0.236(1 — exp(1 — Ryo, Dlmin))» RaoG. 2) > 1 


At this time, the inverse function is only analytically known for two values of the g param- 
eter. One of these is for q= 1, of course, where the inverse function is ¢ = In(R,9), R > 1. The 
other, for q = 2, is inferred from equation (3.41), that is, Ry (1, ¢) = sinh(¢). From this, we have 
t=sinh"'(R (1, t)). These values are highlighted by dashed curves in the figures. Series expan- 
sions are readily available for both functions. The end goal, of course, is the development series 
expressions that directly define the inverse in each domain defined. Recent progress has been 
reported on the determination of the inverse for the closely related Mittag-Leffler function by 
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Hanneken and Achar [126]. While those results do not appear to be directly relatable to the 
R-function, it may be possible that the techniques used there can be applied to the determina- 
tion of the inverse R-function. 

The character of the fractional hyperbolic functions (Chapter 5) is quite similar to that of the 
R-functions that compose it. Thus, the problem of determining inverse series for R, Sinh, ,(a, t) 
and R, Cosh, ,(a, t) will be difficult, but important. 

Finding direct inverse functions for the fractional trigonometric functions may not be fea- 
sible. Importantly, most of the functions are not periodic, and their inverses are multivalued. 
Furthermore, the number of functions involved is large. From a practical point of view, per- 
haps the most useful approach is the development of software routines that can be applied 
to the forward function to determine its inverse. This would be the modern equivalent of the 
trigonometric tables. 


20.3. The Generalized Fractional Trigonometries 


The formal definitions of the generalized fractional trigonometries were presented in Chapter 
11. The development of this area presents significant challenges that place it beyond the scope of 
this book. Based on their Laplace transforms, these functions provide the solutions to fractional 
differential equations of more complexity than those discussed in Chapter 12. Because of this, 
it is important that the detailed properties of these functions be determined. 


20.4 Extensions to Negative Time, Complementary 
Trigonometries, and Complex Arguments 


The meta-trigonometry introduces the possible study of imaginary and complex time as well as 
imaginary and complex quency; see Chapter 13 and Appendix E. It is expected that such capa- 
bility will be of interest in physics research. Furthermore, because the fractional trigonometries 
are based on the R-function, which is defined for ¢ > 0, it is of some interest to note that for 
B = 2, we have the basis R,,(ai*, Pt) = R,,(ai", —t). An important question is: can a fractional 
trigonometry based on R,,,(ai*, PtH= R,,,(ai*, —t) extend the fractional trigonometry based on 
R,,,(ai, t) into the negative time domain? Or the more general question is: can complementary 
trigonometries be formed, for example, using the basis pairs R, ,(ai", Pt) and R, (ai*, iP+? 4)? 

Limited numerical studies have not yet conveyed a clear picture in this regard. It presently 
appears that, with certain choices of the q, v, a, and f variables, this may be possible for the 
fractional trigonometric functions. A particular case is shown in Figure 20.4 where for various 
values of a the Cov, 9 4/2(1, @, 2.5, 0, ¢) is interpreted as running backward in negative time and 
the complementary Cov, /9;/.(1,@,0.5,0,£) is running in forward time. As may be observed 
from the plot, this interpretation smoothly continues the functions into negative time, that is, 
the functions have the same values and slopes at the origin. Note, particularly in cases where a 
singularity exists at t =0, the results are inconclusive. 

In forward time, of course, the backward running slopes are the negative of those of the 
forward interpretation. Furthermore, the functions’ apparent stabilities change between the 
forward and backward interpretations. This explains the observations made in Figures 9.47 and 
9.48 where both the Flutter and Coflutter functions each smoothly continue backward in time 
because of the 1—3 relationships in the f term. 

A second example is shown for the Cos, 9(1, 0.8, B, 0, t)-function in Figure 20.5. The 
Sin, (1, 0.8, 8, 0, £)-function can also be extended into negative time in a similar manner. It 


20.5 Applications: Fractional Field Equations 


Figure 20.4 Negative time issue. 

COV, 74/21 , a, 8,0, t) versus t-time for a= 1.0, 
with g=0.5,v=0.5,k=0, 

a = 0.1 to0.3 in steps of 0.1; 6 = 0.5 fort > 0, 
and 2.5 fort < 0. For £ = 2.5, the function is 
interpreted as COV, 794/21 , a, 8,0, —t). Source: 
Lorenzo 2009b [83]. Reproduced with 
permission of ASME. Please see www.wiley 
.com/go/Lorenzo/Fractional_Trigonometry for 
a color version of this figure. 
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Figure 20.5 Negative time issue. 

Cos, o(1, a, B, 0, t) versus t-time for a= 1.0, with 
q=1.0 andv=0,a = 0.8,k=0, 

B =0.1t00.7 in steps of 0.3. For 6 + 2, the 
function is interpreted as 

Cos, (1, a, B + 2,0, —f). Please see www.wiley 
.com/go/Lorenzo/Fractional_Trigonometry for a 
color version of this figure. 
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t-Time 


should be noted that this method has not been found to provide extension to negative time for 
all of the meta-trigonometric functions nor for all selections of the function parameters. 

The fractional trigonometry brings meaning to the R-function with complex arguments. 
Clearly, a future development to the effort presented in this book is to determine the properties 
of the fractional trigonometric functions with complex arguments. 


20.5 Applications: Fractional Field Equations 


In the second half of this book, considerable effort has been spent to identify potential appli- 
cation areas for the fractional trigonometry. The discovery and identification of the fractional 
spirals was very helpful in this regard. These spirals, when oscillatory in the time domain, are 
generalizations of the harmonic oscillator in that they allow both decay and growth. 

The occurrence of spiral behavior in nature is very well known (e.g., Hartmann and Mislin 
[50]). Historically, in most instances, these were thought to be or were at least approximated by 
logarithmic spirals. The logarithmic spiral, however, is infinite in both directions; that is, it can 
become infinitely large or infinitely small. The problem encountered in applying the logarithmic 
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spirals is in the small direction, because it does not start its growth at a finite time (or position). 
This is most clearly apparent in the cases of shell growth and galactic morphology. This issue is 
alleviated by the application of the barred and apparently unbarred fractional spirals. 

In retrospect, it is amazing to observe the broad application of these spirals that were 
generated by only cross-plotting the raw fractional trigonometric functions, without any 
cross-coupling or variation in the order variable g. Within the scope of these studies, temporal 
data have not been easily available to allow determination of fractional field equations that 
generalize the wave or diffusion equations and yield the fractional spirals in the spatial or 
temporal variables. For example, it would be of great interest to acquire a fractional field 
equation that yields the spatial barred spirals used to match the morphology of the spiral 
galaxies found in Chapter 18. Such an equation may provide a path to evolutionary or trajectory 
information. Only for the case of growth of the Nautilus was it possible to use some auxiliary 
data to infer a dynamic equation for growth of the animal (equation (17.15)). However, in this 
and the other cases, nonpartial fractional differential equations in space have been shown; see 
equations (17.4), (17.5), (18.5), and (18.6). 

So the question becomes: how can we devise a partial fractional field equation where, for 
example, after an assumed separation of variables, the spatial parts of the equation yield the 
fractional barred spirals seen in the preceding applications? 

Let us consider the following partial fractional differential equation: 


O74w olw O24p tw jy ow 
es Bs +b, ee +¢,w+4,— Oy + b, — Oy +ow= =a Fae — +C,w. (20.4) 


Applying the method of separation of variables, we assume a solution of the form 
w(x, y,t) = X(x)YQ)T(). (20.5) 


Introducing equation (20.5) into equation (20.4) gives 


074X 
a, TOYO) zs 2 +b, TOYO) + gTOYO)XG) 
+ Ay Ti) Xe) A +b STX(x)2 — + co T(O)X(x)Y(y) 
wXAVON or ree DY n +6,X(x)Y(y)T(). (20.6) 


ot 2u 
Now, dividing by X(~)Y(y)T( yields 
a, 0°4X(x) b, 04X(x) ; 
X(x) 0x24 — X(x) Axd : 

a, O4Y(y) by dtY(y) Pees T(t)  b; d“T(t) , 
Y(y) aya Y(y) aya 2" T(t) at =~ T(t) at" on 


(20.7) 


Regrouping the results gives 


1 074X (x) 01 X(x) 
X(x) { 7 ad xo} 
1 a-tY(y) o7Y(y) 
+ Yo {a + b, —— Of +c voy} 


1 OT O30 TO) 
=a {a STS ae am eo) \ (20.8) 


20.7 Numerical Improvements for Evaluation to Larger Values of at? 


In the two previous equations, each group is independent of the other two, that is, the vari- 
ables have been separated. Thus, each group may be treated as nonpartial fractional differential 
equation and can only be equated to a constant, giving the following set: 

2u u 
To {ae + », 9 + aro} =H, (20.9) 

1 d°4X (x) d1X(x) 

en 1p. 


Lf @¥o ,, avo 
Y() {@ apa ah 
where pf = 4, + Hy. Now, each of these equations may be solved individually by applying appro- 
priate boundary and initialization conditions. By selection of appropriate values for a,, 4, b,, 
by, cy, and c, equations (20.10) and (20.11) may be Laplace transformed by the methods of 
Chapter 12 to yield the fractional sines and cosines needed to model various spatial barred and 
apparently unbarred spirals in the time-sensitive context, as seen in the applications of previous 
chapters. Selection of a, = d., b, = b), and c, = c, will yield most of the fractional spirals used 
in modeling the various physical phenomena in this book. 

By proper selection of a3, b,, c3, and u, wave or diffusion behavior or some combination may 
be modeled. Of course, u can also be fractional. Furthermore, as we have seen in the appli- 
cations, the spatial differential-order can be greater than two. Even more generally, the time 
derivatives are not necessarily of commensurate order and also may not be limited in order to 
be less than or equal to two. 

Hence, we have apparently achieved our goal in rectangular coordinates. However, to achieve 
a reasonable statement for the boundary conditions for phenomena such as hurricanes, galactic 
evolution tornadoes, and the like, equation (20.4) must be converted into cylindrical or in some 
cases spherical coordinates. This has not yet been done. 


+ axe } = My) (20.10) 


+ avon} = fy. (20.11) 


20.6 Fractional Spiral and Nonspiral Properties 


The studies in Chapter 15 only begin to explore the properties of the fractional spirals and have 
not considered those trigonometric functions not formally defined as spirals. Further study is 
needed to determine whether these functions can be further characterized. 

Relative to the fractional spirals, for example, the cross-plot of rsin(£) vs r cos(t) becomes 
x* + y? =r? in nonparametric, that is, rectangular coordinates. Can simple rectangular forms 
for some of the fractional spirals be determined? In a similar manner, since the circumference 
of a circle is well known, can the perimeter of a single rotation of, for example, an R, spiral be 
determined as a simple algebraic function of the order, g and the number of rotations of the 
spiral? 

The logarithmic spiral is characterized by a growth rate logarithmically proportional to the 
angle 6. The spiral of Archimedes is characterized by growth proportional to the angle 0. The 
question becomes: can appropriate characterizations be determined for the various classes of 
the fractional spirals? 


20.7. Numerical Improvements for Evaluation to Larger 
Values of at? 


For the applications we have studied, with values of the trigonometric order q > 1, typically 3 or 
4 rotations of the fractional spirals have been adequate to model the physical behavior. This is 
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fortunate because as we have shown in Chapter 14 as at? grows, numerical evaluation becomes 
problematic. Serious and creative effort is needed to address this issue. 


20.8 Epilog 


The integer-order trigonometry is typically thought of as a study of triangles and their prop- 
erties and applications, in spite of the fact that we call the functions the circular functions. It 
is clear from the new perspective obtained by the development of the fractional trigonometry 
that the integer-order trigonometry is about circles and that triangles are an analysis tool used 
to study the properties of the circle. 

The fractional trigonometry releases the constant circular radius of the integer-order trigonom- 
etry to allow the vast array of spiral and spiral-like functions that we have seen in Chapters 9 
and 15. Also, unlike the logarithmic spiral, the fractional spirals have a beginning. Furthermore, 
as we have seen in Chapter 12, these functions provide the solutions to a broad array of linear 
fractional differential equations of any real order in terms that can be related to real-world 
physics. 


A 


Related Works 


A.1_ Introduction 
In this appendix, we briefly present related efforts by other investigators. In all cases, the 


efforts were auxiliary to studies of the fractional calculus or the study of fractional differential 
equations and were not the primary focus. 


A.2 Miller and Ross 


The development of Miller and Ross [95] pp. 314-317 is built around the incomplete gamma 
function, y*, and it is defined as 


A aa aa EE eST ee) 
They then take the fractional integral of the exponential as 
E,v, a) = De” = t’e“y*(v, at), (A.2) 
or as infinite series . 
E,v,a)= )) oe es, (A.3) 


Avent) 


Analogs of the classical trigonometric functions are then based on E,(v, ia) as follows: 


(iat)” 
E,(v, ia) = t” Tee (A.4) 
oye (-D"\at)" (-1)"(at)y""! 
Fe) = Oe ae 
giving the definitions 

(—1)"(at)*" 
EV O= To 40+ 2n+1)’ ee) 

: (- 1)"(at)2""1 
a ake eS TW +2n+2) a7) 


presented here in forms comparable with the meta-trigonometric forms of Chapter 9. 
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Clearly, 
E,(v, ia) = C,(v, a) + iS,(v, a). (A.8) 
Miller and Ross provide various properties of the functions along with the following Laplace 
transforms: 
L{E,(v, ia)} = : , Rev>-l, (A.9) 
s’(s — a) 

s 
L{C,(v, a)} = (24+ a)’ Rev> —1, (A.10) 

1 
L{S,(v, a)} = e+e)’ Rev> —-2. (A.11) 


A.3 West, Bologna, and Grigolini 


West, Bologna, and Grigolini [121], pp. 101-102, define their generalized fractional exponen- 
tial function as the yth fractional derivative of the common exponential function, namely 


ioe) piu 
i) ee (A.12) 
f 2, T(n+1- 4p) 

Then, the WBG generalized trigonometric functions are defined as the real and imaginary 
parts of E//; thus, 


foe} 


Eit = py Fata eosin = any asd Sen GE= RT ON: (A.13) 
From this, 
cost = Y watt cos ((m — p)x/2), (A.14) 
sin, t = Y weit sin((m — p)2/2), (A.15) 
7 Ei} =cos,t + isin,¢. (A.16) 


WBG note the relationship of E4’ with the Miller and Ross’ E,(v, a) as 
El’ =a"E(-y, a). (A.17) 


The authors also supply a second generalized exponential function that applies for negative 
t; it is wth fractional derivative of the negative exponential function 


i = err ef _ Die}, (A.18) 


A.4 Mittag-Leffler-Based Fractional Trigonometric Functions 


Podlubny [109], pp. 17-19, presents the two parameter Mittag-Leffler function, due to Erdelyi 
et al. [35] 


co 


— zn 
E,,9(2) = pa ‘aaa. 0, B>O. (A.19) 


A.5 Relationship to Current Work 


Podlubny further notes the use by Plotnikov and Tseytlin of fractional trigonometric func- 
tions expressible as Mittag-Leffler functions, namely 


(- Lytz2-ont1 


as oa _ 72-4 
Sc,(2Z) = p> oar ZEy 4 9(—2"), (A.20) 


i 8°. (—1)"z? ayn - aay 
Cs, (2) = p> oe (A.21) 


Further referenced here by Podlubny are the functions suggested by Luchko and Srivastava; 
their functions are defined as 


sin, ,(Z) = > eee ca ai = ZE Pre cor uF (A.22) 
al 4 T(2uk +2u—A+1)’ aR Te 

cos, ,(Z) = : eee ol = 2E ja (-Z)- (A.23) 
ci A TQuk + p—4+1) AHHCAEL 


Bagley [10], pp. 73-77, in an appendix, bases his generalized functions on the single param- 
eter Mittag-Leffler function, namely 


ny Cao 
[-(at)’] yoo Tay (A.24) 


Based on this generalized exponential, fractional-order sine and cosine functions are defined 
as 
Epli(at)’| — Ep|—i(aty| 


sin,[(at)] = 


, (A.25) 
and 
E,li(at)’] + E,{—i(at)’] 


cos,[(at)’] = 5 


(A.26) 


A.5 Relationship to Current Work 


Because the preceeding definitions of the fractional trigonometric functions are all based on 
the real and imaginary parts of some generalized exponential, comparison of the definitions 
given here with those presented in this book are best done by comparing the exponential gen- 
eralizations to the R-function. Then, for t>0, we have 


Miller and Ross 


a’t™’ 
E,v,a)= 2), ———— =R,_,(4,f). A.27 
00) = DY ere n ad = Ried (A.27) 


West, Bologna, and Grigolini 


=) ws Spy = Rawls 8. (A.28) 


n=0 
Mittag-Leffler Based 


pre-14+8 


B-l F a) = ———_ = 1 : A.2 
Ee Li rent) Rya-plst), «>0, p>O0 (A.29) 
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A Related Works 
Bagley 


Bn 
[-(at)’] = Y ee wean = Rp» 1(—a,t). (A.30) 


Thus, it may be seen that the four generalizations of the common exponential used by these 
investigators are all related to special cases of the R-function. Thus, it is clear that the fractional 
trigonometric functions defined by these investigators will also be special cases of the fractional 
meta-trigonometric functions as defined in Chapter 9. 


B 


Computer Code 


B.1 Introduction 


This appendix presents computer programs in Matlab® version 6.1, and Maple 10® for the R 


and fractional trigonometric functions (Figures B.1 and B.2). 


B.2. Matlab® R-Function 


function [y]=Rfun(q,v,a,t) 
$Rfun computes the R-function 
using an infinite series 


q=order of s in denominator 

v=order of s in numerator 

a=fractional time constant in 
(s*v/(s*q-a)) 

t=time vector 

ns=number of terms in series 

nt=max time value 


JP al WP oP AP AP WP oP OP OP 


nt=max(abs(t)); 
ns=round ( (60/q)*.1*nt*max(abs(a))); 
if ns<60 
ns=60; 
end 
if ns>130 
ns=130; 
end 


$ ns=130; % Alternative fixed setting for number of terms. 


y=t*0; 
for k=0:ns, 

y=yt(t.* (q-v-1)).*(( (a) *t.*q).*k) /gamma (q-v+k*q) ; 
end 


The Fractional Trigonometry: With Applications to Fractional Differential Equations and Science, First Edition. 


Carl F. Lorenzo and Tom T. Hartley. 
© 2017 John Wiley & Sons, Inc. Published 2017 by John Wiley & Sons, Inc. 
Companion Website: www.wiley.com/go/Lorenzo/Fractional_Trigonometry 


393 


394 | B Computer Code 


Figure B.1 R-Function evaluation output. 


q=0.25 to 2 in steps of 0.25 


Rao (1.8) 


Figure B.2 Evaluation program output. 


RCosg (a,0,8,k,t) 


t-Time 
B.3 Matlab® R-Function Evaluation Program 


clear 

$Evaluation program for the R-function 
v=0; 

a=-1; 

Tmax=10; 

for q=.25:.25:2.0, 
t=0.001:Tmax./2000:Tmax; 
y=Rfun(g,v,a,t); 

plot(t, (y),'b','linewidth' ,2) 

axis([0 Tmax -1.5 1.5]) 

xlabel ('t-Time', 'fontsize',11) 
ylabel('R_q _,_0(-1,t)','fontsize',11) 
text (.2,1.4,'q=.25 to 2 in steps of .25') 
grid on 

hold on 

end 

hold off 


B.5 Matlab® Cosine Evaluation Program 


B.4 Matlab® Meta-Cosine Function 


function [y]=RCos(q,v,a,alp,bet,k,t) 

Done in Matlab® (version R2012a) 

This program computes the master fractional Cosine function 
using an infinite series 

Note to convert to RSin function set 
[y]=RSin(q,v,a,alp,bet,k,t) and 

replace cos in second last line with sin 
q=characteristic order 

v=differintegral order 

a=characteristic frequency 

alp= alpha, power of i in a*i*alpha 

bet= beta, power of i in (i*beta)*t 

t=time vector 

ns=number of terms in series 

nt=maximum time value 

note ns and nt limits may be changed to suit application 
Note for meta-sine function replace cos in second last 
line with sin 


AP AAP AAP AAP AP AP AP AP AP AIP AIP AP AIP AIP AIP OP oP OP 


nt=max(abs(t)); 
ns=round ( (60/q)*.1*nt*max(abs(a))); 
y=t*0; 
$i=sqrt(-1); 
nt=max(abs(t)); 
ns=round ((60/q)*.2*nt*max(abs(a))); 
if ns<10 

ns=10; 
end 
if ns>110 

ns=110; 
end 
t= Ff 
%$ ns=130; % Alternative fixed setting for number of terms. 
y=t*0; 
for n=0:1.5*ns, 

xi=n.* (alptbet.*q)+bet.* (q-1-v) ; 

y=yt(t.* (q-v-1)).*(((a) *t.*q).*n).*cos(xi.* (pi.*(0.5+2.*k))) 

./gamma (q-n.*q); 
end 


B.5 Matlab® Cosine Evaluation Program 


sRcos vs _time.m 
S$Evaluation Program 
%Done in Matlab® (version R2012a) 
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clear 

v=0; 

a=1.0; 

k=0; 

alp=1; % Note to simulate R2Cos let alp=0, k=0, and bet=1 
bet=.5; 

for q=.8:.20:1.2; 

CLS 21- 2.55 1.087 

t2=.001:.001:.099; 

t3=.000001: .000001: .00099; 

t4=.00000001: .00000001: .00000099; 

t=[t4 t3 t2 t1]; 

y=RCos (g,v,a,alp,bet,k,t); 

plot(t,y,'k',!linewidth',2) 

axis([0 10 -.4 1]) 

hold on 

xlabel('t - Time','fontsize',11) 

ylabel ('RCos , v(a,\alpha, \beta,k,t)','fontsize',11) 


text (.1,.3,'q=0.8') 
text (1.5, .3,'q=1.2') 
grid on 

end 

hold off 


B.6 Maple® 10 Program Calculates Phase Plane Plot for Fractional 
Sine versus Cosine 


> 
This Maple 10 program calculates phase plane plot for fractional sine vs cosine. 


RSin := proc(q, v, a, alp, bet, t, k); 
local y, nmax; 
nmax := 200; 
1 

[= add | ——————_- ((a- 2)" - sin n(alp + bet - 
ed (aexptoain (a -t*) ((a(alp D 
+bet -(q-1-v)-(4+2-2-k))),1=0..nmax) 
y= (tt) -9; 
end proc; 


RSin := proc(q, v, a, alp, bet, t, k) 
local y, nmax; 
nmax := 200; 
y t= add((a*t*q)*n* 
sin((n(alp + bet*q) + bet* (¢q-—1-v))*(1/2*a + 2*2*k) 
)/factorial((v+ 1) * q—v-—1), n =0..nmax); 
i= 
t(q-l-v)*y 
end proc 
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> 
RCos := proc(q, v, a, alp, bet, t, k); 
local y, nmax; 


nmax := 200; 
1 


“\G@+D-4q—v-D! 
+bet -(q-1-v)-(£+2-2-k))),1=0..nmax); 


y= (tt) -y; 
end proc; 


yiza («a - 2)" - cos((n(alp + bet - q) 


RCos := proc(q, v, a, alp, bet, t, k) 
local y, nmax; 
nmax := 200; 
y t= add((a*t*q)\n* 
cos((n(alp + bet* q) + bet* (¢q-—1-—v))*(1/2*a + 2*2*k 
)/factorial((n+1)*q-—v—1), n=0..nmax); 


y 
t= t\(q-1-v)*y 
end proc 


> with(plots): 
> tmax := 340000; 
tmax := 340000 
1 


S bind = 


5000 ’ 
tine := — 
> tfinal :=tinc- tmax 
tfinal :=68 
> q:=1.15; 
q:=1.15 
> 
> v:=—0.6; 
v:=-.6 
1 
> ai= ; 
100000 1 
a= 
100000 
> alp:=14; 
alp :=1.4 
> bet :=1; 
bet :=1 


> Rlicos := sea (evals{10] (Rcos (4. v, a, alp, bet, = 0)) ; 
ine 
t= tinc..tmax: tinc)]: 


Risin:= [seq (evals{10] (Rsin (4. v, a, alp, bet, = 0)) P 
inc 

t=tinc..tmax: tinc)]: 

Rcos1 :=-—Rlcos: 

Rsinl :=—-Rlsin: 

> with(linalg): 
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x 


fi=x7>—: 
tinc . 

t := vector(tmax: tinc, f): 

t := convert(t, list): 

= convert(t Rlcos Risin, list): 

convert(dat, array): 

dat := convert(dat, Matrix): 


VVVVVVV 
NQ 
Q 8 
HO 
Wd 


pairl :=(Rlcos, Rlsin) > [Rlcos, Rlsin]; 
pair2 :=(Rcosl, Rsinl) > [Rcosl, Rsinl]; 
P| := zip(pairl, Rlcos, Risin): 
P2 := zip(pair2, Rcosl, Rsinl) : #plot([Rcos(1), Rsin(1)]) # this 
gives both functions vs time 
plot([P1, P2)); 
pairl :=(Rlcos, Rlsin) > [Rlcos, Rlsin] 
pair2 :=(Rcosl, Rsinl) — [Rcosl, Rsinl] 


3 
Zz 


1 


-1 


-2 -1 0 1 2 


ExportMatrix(“C :/ MATLAB6p1 / work / dat,” dat, target = Matlab, 
format = rectangular)# export to Matlab 


C 


Tornado Simulation 


See Figure C.1. 


$Tornado Simulation 

$Done in Matlab® (version R2012a) 

$Program provides very simplified tornado simulation based on 
$fractional meta-trigonometric functions with alpha=0, beta=1 
$Program requires computer functions RSin(q,v,a,alpha,beta,k,t) 
sand RCos(q,v,a,alpha,beta,k,t) 

clear 

gq=98/99; 

v=0; 

a=1; 

k=4; %& Tornado strength 

CL=.1:..02<+2107 

$t2=.001:.001:.099; 

$t3=.000001:.000001:.00099; 

t4=.000000000001: .00000001: .00000099; 

$t=[t4 t3 t2 t1]; 

t=[t4 t1]; 

Nt=80; sNt=number of frames/rev 

N£=8; $Nf=number of filaments per frame 

=[t4 t3 t2]; 


=[t2--t4)< 
t=logspace(-10,1,500) ; 
for n=Nt+1:-1:1; 
axis equal 
yc=2.*RSin(q,v,a,0,1,k, 
xc=2.*RCos(q,v,a,0,1,k 
thetac=atan2 (yc,xc) ; 
yol=RSin(q,v,a,0,1,k,n.*max(t)./Nt); 
xc1=RCos (q,v,a,0,1,k,n.*max(t) ./Nt) ; 
thetacl=atan2 (ycl,xcl1) ; 
thetainc=2*pi./ (Nt) ; 
yco=RSin(q,v,a,0,1,k,t); 
xc=RCos(q,v,a,0,1,k,t); 


OP o\P olP oP Ol? 


) 


t); 
,t); 
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Fractional dynamic tornado animation: k=4 


a 
7 


i 


/ 


L. 


en eee 


h-Height 


/ 


1 


Ssaseaece 


Reos(q,0,a, 0, 1,k,t) 


Figure C.1 Simulation final frame. 


for fila=0:1:Nf£-1 
inc2=2.*pi.*fila./Nf; 
ycl=RSin(q,v,a,0,1,k,n.*max(t) ./Nt) ; 
xcl=RCos(q,v,a,0,1,k,n.*max(t) ./Nt) ; 
y=yc.*sin(thetactn.*thetainc+inc2) ./sin(thetac) ; 
x=xc.*cos(thetactn.*thetainc+inc2) ./cos(thetac) ; 
yl=ycl.*sin(thetacl+n.*thetainc) ./sin(thetacl) ; 
x1=xcl.*cos(thetacl+n.*thetainc) ./cos(thetacl) ; 


plot3(y,x,t,’r:'’,yl,x1,n.*max(t)./Nt,’bO’,y1,x1,n.*max(t). 
/Nt,'’b*’,y1,x1,n.*max(t)./Nt,’b.'’)%debris on 
Ssplot3(y,x,t,’k:’) %debris off 
view(150,20) 
axis([-12 12 -12 12 0 10]) 
grid on 
hold on 
M(n)=getframe; 
end 
hold off 
end 
xlabel (’RCos(q,0,a,0,1,k,t)’) 
ylabel (’RSin(q,0,a,0,1,k,t)’) 
title(’Fractional Dynamic Tornado Animation: k=4’) 
zlabel (’h-Height’ ) 
movie (M,12,60) 
movie2avi (M,’Tor4K3.avi’ ) 
Note, after generation movie may be run from command window 
by entering movie(M,12,60) 


oP ol? 


D 


Special Topics in Fractional Differintegration 


D.1 ‘Introduction 


In Chapter 9 and previous chapters, fractional differintegrals of the fractional trigonometric 
functions have been derived. In all cases, the fractional differintegration has started from t =0, 
and because the functions are zero for t < 0, initialization or history effects have not been an 
issue. However, when a function is segmented and preceded by another different function, frac- 
tional differintegrations must consider initialization effects caused by the preceding function 
(see Section 1.2.2 and [68, 71]). Clearly, there will be times when it is desired to start a fractional 
differintegration at times other than f= 0. This appendix addresses this topic. 


D.2 Fractional Integration of the Segmented t?-Function 


We start our discussion seeking the fractional differintegral of a segmented form of the function 
t?, namely the composite function 


fO= eee (D.1) 


Pt>c, 


where we assume that f(t) and all of its derivatives are zero for all t<0. 

In the literature on differintegration of t?, forms are found that are applicable for both posi- 
tive and negative orders. For reasons that will be clear shortly, we are required to treat fractional 
differentiation and fractional integration separately. Thus, we open our discussion with the frac- 
tional integration of the segmented #-function. 

Two equivalent forms for fractional integration of t? are found in the literature, from Oldham 
and Spanier [104] (equation 4.4.2, p. 65) 


di[t—a? _ [t-—a]P4 _T@+Dit-aP4 


——__—— = ——B(p+1,-q) = 3q<1,p>-l, (D.2) 
de-or- Reg pean 
where B is the complete beta-function. From Miller and Ross [95] (equation 6.3, p. 36) 
» Ty+1) 
Dott? = —~———_ #47, Req>0,p>-1, t>0. D3 
oD, Fuerged q p (D.3) 


In both derivations, the Riemann-Liouville fractional integral is the basis for a fractional 
integration from a to t —4, or 0 to t. That is, the result ONLY can be started from those points 
and carries the further implication that the function f = # and all of its derivatives are zero for 
all t prior to the start of the integration. 
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We now use the theory of initialization [68, 71] to generalize the classical results just pre- 
sented and thereby substantially increase their utility. The initialized fractional-order integra- 
tion operator (see Section 1.2.2) is defined as 


D,* x(t) = .d,* x(t) + wx; -¢, b,¢,t),q >0, t 26, (D.4) 
or 
D,4 x(t) = Fg af (t—1)0 x(r)dt + w(x;,-¢,b,c,t), q>0,t>¢, (D.5) 
where ie 
t— 7) 
x;, -q, b,c, t a ——— x(t)dt,t>c D6 
W(X; -4 = T@) (t) (D.6) 


and c > b with x(t) = 0 for Vt < b. Note, in equations (D.4) and (D.5) and from this point on, 
D represents the initialized derivative and d is the uninitialized operator (i.e., the operator we 
would usually find in the literature). Furthermore, y(x;,—q, b,c, t) is called the initialization 
function and is generally a time-varying function that must be added to the fractional-order 
operator to account for the effects of the past. Note that x,(f) is not required to be the same as 
x(t). 

Then, for the initialized fractional integration of ¢” 


t 
Dy? = ma | (t— 1) 2?dr + w(f,—g,b,¢,0), q>0,p>-l,t>c (D7) 
Dds. 


or 

_D Be = af (t — t)t 1 cPdrt + aa (t—1)t'f(t)dt, q>0,p>-1,t>c (D8) 
where t > c> b. Note that when f,(¢) = t?, .D;‘t? = ,D,‘t?. The forms of equations (D.7) and 
(D.8) now properly account for the history (initialization) effects the fractional integration 
beginning at f =c, with an initialization history starting at t= b=0. In the general case, b may 
be less than zero; however, here b > 0 is selected so as to apply to the fractional trigonometric 
functions. The y term can be thought of as a generalization of the constant of integration in 
the integer-order calculus; both bring into consideration the effects of the past. 

Now, consider the first integral in equation (D.8): 


| ee oe ie 
— | (t—1)t 1dr = tf (t — 1)? 12? dr — af (t—1)t12?dt, t>c, q>0. 
Tae r@ Jo r@ : 
(D.9) 
For the middle integral in equation (D.9), we let tr = tu > dt = tdu 


ne eae is 
ae t—nyttde = A | t—tu)* (tu)’tdu, q>0, t>«, 
rol, ‘ ie ee 


a fe —1)t Pdr = ee (1—u)* (udu, q>0, t>c 
T@ Jo TQ Jo , , 
Temporarily, let p=r— 1; then, 


[ q-l pp aie q-l 1 
— / (t-1)? tdt= [ a-wrtwdu r>0, g>0, t>c. 
r@ Jo T@ Jo 7 


The integral is seen to be a beta-function [116] p. 419: 


L i Ge a ene a ee woo 
—_ — Tat = ——DBb(r,g), r>d, >O, t> Cc. 
TO Jo iQ 


D.2 Fractional Integration of the Segmented t?-Function 


Replacing r=p + 1, we get for the middle integral of equation (D.9) 

i i tte T(p+)) 
— | (¢-2) Pde = By + 1,9) = tt? —~_—_., p> -1, q>0, t>c, (D.10) 
rah re thom Torte) 


in agreement with equation (D.3). For the last integral in equation (D.9), let tr = tu > dt = tdu 
1 c 1 c/t 
—-—/ (t-1)t't’dt = = | (t — tu)? \(tu?tdu, gq>0, t>c, 
ral, IQ Jo 


— hf e- or ttde = "wd q>0,t>c 
T@ Jo T@ Jo : ‘ ; 


Temporarily, let p=r-—1, we have 
ip to etde = EE [awe idu, 90.4 
== —T TaT = — —u Uu u, gq>vU,t>c. 
T@ Jo T@ Jo 


The integral is recognized as an incomplete beta-function and in the notation of Spanier and 
Oldham [116] 


tit 1 


(t — 1) ne B(r,g,t), g>0,0<*<l1r>0,t>c. 
ae Tp bine) 


Replacing r=p + 1, we get 


(1dr = FB +1,9,£),q>0,0<:<1,p>-l,t>c. 
cae '@ (p ) : 


From [116], we have the relationship, B(y, v, x) = Tus) 


T(u+v) 
T@+1) 1 

(ode = ef — B(g,pt+1,1—5s . 

Te+qt) T@ et? ) 


q>0,0<:<l,p>-—l,t>«c (D.11) 


— BY, vw, 1 — x), giving 


Cc 


i 
T@ Jo 


for the last integral of equation (D.9). Combining this result with equation (D.10), we have for 
the integral (D.9) 


pie ee FY Tes) ae 
af (t— +)? *e?dt = pref ee Tesged). Te (¢.pt+1,1 dt, 

(D.12) 
or 


1 u pate 
— | (t—1)t 'c?dt = ——B(q,pt+ ll-:), q>0,0<‘<l,p>-l,t>c. (D.13) 
OL r@ | ) 
This result into equation (D.7) yields 


Die = ae (.p+1,1-:)+w,-44.¢0),q>0,p>-1, t>«, (D.14) 


where w(f,, —, b,c, t) = (t—1)t 'f(r)dt, t > c, and f(t) is any desired function that 


a ) 
0 
can be integrated. Then, the fractional integral of the segmented function equation (D.1) is 


a= af (6-2) fdr b=0<t<e (D.15) 
equation (D.14) t>c. 
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D.3 Fractional Differentiation of the Segmented t?-Function 


We now consider fractional differentiation of equation (D.1), that is, of #? from time t = c > 0, 
preceded by a function f,(¢). From the literature, equation (D.2) still holds [104] p. 67, but now 
with q>0; however, the initialization for the fractional differentiation is slightly different from 
that for the fractional integral. Thus, the initialization will affect the result differently. 

The initialization for the fractional derivative is given by 


D! f(t) = DD," f(t) = Di"(.dz" ft) + wf, -u, b,c, 0), (D.16) 


where f(t) is defined by equation (D.1). Furthermore, we take m as the least integer greater than 
q, with g=(m—u)>0 and t > c > b = 0. Furthermore, with f(f) =0 for all t < 0, then 


DIO= oo “(4/ (t— 1)“ cdr +w(f, —u, b,c, p). 


Leaving f, general, and for simplicity we consider onlyO <q<1,>m=1 


t 
Dit = “ (a5 / (t— 1) Pdr + w(f,, —u, b,c, ») ,t>c, 


D! u-1 a es = gus 
DP = faf (¢— 1)" tP?dr suf (¢— 1)" 1 t?dr + — <Wf.- —u,b,c,t). (D.17) 


We now consider the first integral of (D.17) and apply Leibnitz’ rule 


_ u-1 = aoe = u-1 _ p)\4- Ln 
aif (t—t)*r?dt = rin (t — 7)” rt? drt+(t — t) —0, 


t 
ad (t— 7)“ 10? dr = 2 f (t—t)"°r?dr, t>c. 


dt Tu) Jo ce ) 
Now, let t = tv > dt = td; then, 


dt fi ff (t-—1)*~ Livdr= = a J =» (t — tv)" (tv Pt dv, 
— ut+p-1 
dt otf (Ce tT) LPdr= oe qd — vy (vPdv, ee 


Integrating by parts gives 


_ yu-l Cay a : 1 
ae af a a aaa . eat fp +fS pay 


BT pe ssi EE a Wp is eee 
fif (t—t)*r?dt = Tm jo+- =a (l—v)*%y? i 


af e-otttae =? = ie -f (1—v)* lvl dv. 
dt (u) Jo Pu) 


The integral is recognized as the complete beta-function giving the first integral as 


, 


(ure - ayy |! 


titel utp-1 utp—1 
ce _ peers TR) _ eer "Te +1) 
a (t—1)* Pdr = sae ; Bip, u [oleae > “reso (D.18) 
mE u, for our caseu =1-—q 
_ el pte ee Ce ere 


D.3 Fractional Differentiation of the Segmented tP-Function 


in agreement with equation (D.2) but now constrained to 0 < q < 1. 
The second integral in equation (D.17) is derived in similar manner. Application of Leibnitz’ 
rule gives 


py pee = u-1 = wa? 
fi[ (t— 1)" t?dt = 41 (t—1t)"“*t?dt, t>c. (D.20) 


Letting t = tv > dt = tdv gives 


a le ea oe: ee: 
fif (t—1)*r? dt = rw : (1 -—v)*~*(v dv. 


Integrating by parts 


w= pert | ayo 
Tu) u-1 


c/t c/t _ ypy-l 
+ Y Cyr 7 
0) u— 


0 
= u+p-1 1-<¢ 

= _u va B - ( ares : Be 50 a 2 fa ery , 

pite-1 Pp pute-1 elt 


she s. _ 2\¥-t ©\P _ 
= Tw | :) (:) Tw) 


a—v)*lP dv, t>c. 


The integral on the right is seen to be an incomplete beta-function, giving the second integral 
of equation (D.17) as 


re ee he “1 aaa uly yp perrr 
———— t—1)*r’dr = ——(1-< é CUse ys 
aol Cet ee Tu) ( :) (<)" - T(u) B( u :) 
t>c,O0<:<l,p>0,u>0,0<q<l. (D.21) 


Substituting the results in equations (D.19) and (D.21) into equation (D.17) yields 


Tpy+1 utp-l u at ae 
pip Pt ) pay f _ <) a en P B (p, u, £) 
I(p-—qt+1) '(u) ‘ ; Tw) ‘ 
+ SWlfi.-s bs 6.2) t>c,0<‘<l,p>0,u>0,0<q<l. (D.22) 
Replacing u by 1-q 
Twt+l —4 a pP-4 
Diet =P ts (1-2) “(9)” - FBP - 42) 

aes qt+1) rd-4@) rd -4) 
+ Wlf,—u.b.6.0) t>c,0<:<l1,p>0,u>0,0<q<l1. (D.23) 


Spanier and Oldham [116] 58:5:3, p. 576, provide the following useful relation: 


YT — x) 
BY, + 1,x) = “By + 1,y,x) + awe 
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Applied to equation (D.23), this yields 
T+) 


p -4/(.\P 
pie = Pq er (i ee . 
T@w- q+1) rao! :) (:) 
Pp -q 
pet |-q (:)' (1-§) d 
ie +1, +f + 6 Dp ,d, ,t), 
~ Td—@q) (p —4 :) ? ae vi u, b,c, t) 
t>c, if ee 
T@wt+1) ie get d 
Di? =——__? 4 +1,- yf a am pe ,d, »£), 
Tp-q+) Ta-@ Bp $i) + GWG “tb. o8) 
t>c,0<i<l,p>0,u>0,0<q<l, (D.24) 


where the choice of the function f(t) that occurs over the historical or initialization period 
b <t <c influences the result over the period of consideration, that is, t > c. Explicitly, the 
initialization term for this differentiation is given by 


u-1 
a ae (t—t)"“fia)dt, t>c. (D.25) 


Thus, the gth-order fractional derivative of f(t) as defined in equation (D.1) is given by 


af (t-—2)t 'f(adt, b=0<t<c, 
equation (D.24) t>c. 


Dif) = (D.26) 


D.4_ Fractional Integration of Segmented Fractional Trigonometric 
Functions 


In this and previous chapters, we have derived expressions for the differintegrals of the frac- 
tional trigonometric functions. A common feature of these results is that all of the functions 
and their differintegrals start at t = 0*. Our interest here is functions of the form 


f,®, b=0<t<c, 
= D.27 
IO oe a,p,t), c<t, ( ) 


where the Cos, ,-function is considered as a typical fractional trigonometric function and is 
segmented in the sense that it does not start from t = 0*. In general, the effect of the past must 
be initialized with a time-varying function rather than a constant, as is the case for integer-order 
integration. Therefore, we consider the initialized fractional integration of Cos,,(a, a, B,k, t) 
starting at t=c>0. We assume that f; and all ee = OVt < 0. Then, for the principal function, we 
have 


Dy "Cos, (4, a, B,t)= od; “Cos, (a, a,p,t)+wf,-u,b,t), u>0,t>c, 
t 
D;"Cos,,,(a,0, Bt) = 7 / (t— 2)"Cos,,, (4,0, 8 r)de + w(f, 4b.) 


u>0,t>c, 


D.4 Fractional Integration of Segmented Fractional Trigonometric Functions 


aif (t — tr)" Cos, a, a, B, t)dt — RO af (t — 1) ‘Cos, (4, a, B,t)dt 
t+yw(f,,—-u,b,, t>c, u>0. (D.28) 


~ Tm) 


Consider now the first integral 


1 f' oe see eee 
a5 (t —T) C05, (asa 2)dr = | (t —T) 


een a n-(n+q—- 1-v a \d ; 0 
cos(/, at, f>c, u>d, 
Pa + 1)q-v) 


where 4, = (an + B[(n + 1)g — 1 —v])é for the principal function. Integrating term-by-term 


— a cos(A,,) = u-1 tl l-v 
ee ol os a 


At this point, an important question arises: relative to the term-by-term integration of each 
t© should the integration be initialized in the same manner as was done for # in Section D.2? 

The answer depends on the intent of the analysis. If ¢ is presumed to have a history during 
0 <7 <c that affects t© during c < t < t, then each ¢”’ should be initialized as done in Section 
D.2. A more likely scenario would be that the intent is to have the segment of the Cos, ,-function 
that starts at t= c>0 to effectively be an overlay of the function that starts at t= 0, but to allow 
the possibility that the cos segment has a history function that we choose. That is, we wish to 
fractionally integrate f(t) such that equation (D.27) applies. Here, our intention is the latter case. 

Now, let t = tn > dt = tdy 


foe} 


221 a” cos(A,,) 
7 Fa T((n+Dq-v) 


a" cos(A,) —1L4(ntD)q— ie -1 ae 
pa LA n+1)q-v 1—n)" (n+1)q-1 “d ; > 0. 
- aa Ma+bq-) ie or 


1 
| (t — ty)“ (tn)"*1“dtn, u>0, 


Thus, the first integral term of equation (D.28) is given by 
t 
7 | (t— 2)"""Cos,,,(a, a, B, t)d 


; » el tt Da B((n + 1)q — v, 4), 


THA (n+ Dq-) 

(n+ 1l)q-v>0>q>v,u>0,t>~«, (D.29) 

where /,, = (an + B[(n + 1)q — 1 — v]): for the principal function. Considering the second inte- 
gral of equation (D.28) 


= ri (¢- eee a, B,t)dt 


af (- ae >} A ee a (n+ Dq— 1-v U \d we 
= cos(s, at, U>VU,E>C, 
Tw) = Dd iar ba=n + 1)q-v) 


where 4,, = (an + B[(n + 1)g — 1 — v)):. Integrating term-by-term 


me! y a” cos(A,,) 


Cc 
—— (t— tr) etl dr, u>0,t>c. 
Tu) & [ 


Pn + 1)q—v) Jo 
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Under the integral, let ts = ty > dt = tdn 


c/t 
(¢— tn) (tn) tdn, u>0,t>c 


lw a'cos(A,) 
Tw) p> T((n+ Dq- v) Jo 


oo) n 4 c/t 
= JF B08) putin ngy | (L—n)*(qy*)4 dy, u>0,t >. 
Du) 4 (n+ Dg - v) 0 


Giving for the second integral of equation (D.28) 
= af (¢ — )*"Cos,,(a, a, B, t)dt 


lw a’ cos(A,) 
7 “Fa T((n + 1g - v) 


Substituting the results of equations (D.29) and (D.30) back into equation (D.28) then gives 


tH Da-"B (n+ 1)qg—v,u,£),t>c,q>v,u>0. (D.30) 


1 wa a’ cos(A,) 
p> 


u—1+(n+1)q-v = 
Pw) 3 (a+ Dg - yy B((n + 1)q — v,u) 


Dy "Cos,,(4, &, Bt) = 


a” cos(A,,) gaye 
t! n+lq-vp l)q -—v,u, ¢  —u, b, t), 
Dees (a+ Dq—v,u, 5) + w(f,—u, bt) 


q>v, u>0,t>c. (D.31) 
Writing equation 58:5:1 of [116] as 
B(u; @; x) = Bw : w) — Bi; uw; 1 — x) 
allows the simplification 
lw a’ cos(A,) 
Fao 2 (a+ lq-v) 
t+w(f,-u,b,t), q>v, u>0,t>c, (D.32) 


D;"Cos,,(a, a, B, t) = te DIB (u; (n+ 1g — v3 1-<) 


where f, is only defined for b = 0* <t < cand 
1 Cc 
(, u,b, t) = a5 | (t— 1)" "f(t)dt, q>v, u>0,t>c. 
wf Tu J, fi q 


The fractional integral for f(t) as defined by equation (D.27) now is given by 


ff = af (t—1)" 'f(a)dt, b=0<tK<e, 
equation (D.32), t>c. 


(D.33) 


D.5 Fractional Differentiation of Segmented Fractional 
Trigonometric Functions 


Here, we are concerned with the fractional differentiation of f(t) as defined in equation (D.27). 
Therefore, we consider the initialized fractional differentiation of Cos, (4, a, B,k,t) starting at 


t=c. Again, we assume that f, and all fig = OVt < 0. Then, for the principal function, we have 
Di Cos, (a, a, Bt) = Di{ .d,"Cos, (a, a, B,t) + wf, —w, b,c, t)}, 
u=(m—w)>O0,t>c, (D.34) 


D.5 Fractional Differentiation of Segmented Fractional Trigonometric Functions 


where m is the least integer greater than u. Then, 


m t 
DiCos,,(a, a, Bt) = = {a / (t— 2)"""Cos,,,(a, 0, , dt + (f,—w, b,c, o} 


u=(m—w)>0,t>c, 


m t 
D'Cos,,,(a, a, B, t) =< ran | (t-1)""!Cos,,,(a,a, B, t)dz 
0 


d™ 1 Cc a 
dim ao | (¢— 1)” "Cos, (a, a, B, r)dt 


af vf: —w,b,c,t), w=(m—w)>0,t>c. (D.35) 


We consider the first integral and, for simplicity, we will confineO<u<1S>m=1 


_ 7-1 
7 arn, (t — Tt) Cos, (4, a, B, t)dt 


a n,(n+1q-1—-v 


dD fig oe Sate 
= tam | oe > ee cosine (1-w)>0, t>c, 


n=0 
where 4, = (an + B[(n + 1)g — 1 — v]):. Integrating term-by-term 


foe) 


1 > a” cos(A,,) 


= — ee w-1 ind) 1l-v = = 
roy eee i "dr, u=(1-w)>0,t>6. 


Applying Leibnitz’ rule 


1 y a" cos(A,, (w — 


1 t 
= Fw) | (t— 2)” 2 t1dr, u=(1-w)>0,t>c. 
WwW — 


4 T+ Da-% Jo 


Now, let t = tu > dt = tdy; thus, 


1 wa" cos(d,(w— 1), 5 A 
eee pe OS ey (1 = py? pel duu = (1 ay w) > 0, t>©c 
I(w) py P((n + 1)q- v) 0 


(D.36) 
integrating by parts 


1 
/ qd -_ py rer dan 
0 


7 werDa-l-v = wr] 
w-1 


+ [a+ a dex af one ae 1, (n+1)q-2- “du, 


0 


or 


1 
p Peas (a + q — w-1 v 
fo-w ees dyn OO | Ge pyr nt dp, 
0 


1 
Dg-1- 
, (l= py? pr dy =+ (OF B= 1 Na + 1)q-1-v,w). 
: = 
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This result substituted back into equation (D.36) gives 


ae ee 
——— w-1 
dt aa | (t — T) Cos, (4, a, B, t)dt 


= =e A" COSA W =D sw a4inti gv t+ Dg 1 VI 
~ Tw Tat )q-v) al 


u=(1-w)>0,t>c, 


B(u+ 1)qg-—1-v,w), 


where w>0. This result is extended for real arguments by the substitution B(x, y) = 
T@()/l@ +). Then, we have 


a — a” cos(A,,) Deer —,_. Pat Dq-1- vl) 
— Fon & Gt hq-v Ce cae al (Ome Par mere 
u=(1-w)>0,t>c, 


foe} 


a” cos(A 
- by oes SC ee pee, = (1 = Ww) > 0,t > 6 
An T((n + l)qg-1—-—v+w) 


This gives for the first integral of equation (D.35) with m= 1: 


foe} 


dl f' f a” cos(A,,) Chi eas 
i — ry’ = a Ee. 
aie . (t— t)""!Cos,,(a, a, B, t)dt p RG by 


t>c. (D.37) 


We now consider the second integral of equation (D.35): 


ae Oa he we 
. “aroh (t{— 7) ae a, B, t)dt 


wh ty SE costa, iar. t 
Se = ae ae ioe ge > > , 
a Tw) Li Lira Mage) oe 


_ il a” cos(A,,) eee 
Top crereny as Coe) 1dr, t >. 


Applying Leibnitz’ rule 


d 1 “ a w-1 
ato Jy (t — 7) Cos, (a, a, B, t)dt 
1 wa a'cos(d,\(w— ah 5 ae 
= -—— a t—t)” ctDelvdr t>c., (D.38) 
Tony (a+ )q-v) Jo 


Applying integration by parts to last integral gives 


“_e _ co)" 


c 
| (t = tv Dav ge ae 
0 —1 


+1)qg-1- 
ct i * [= os (Dav t >, 


D.5 Fractional Differentiation of Segmented Fractional Trigonometric Functions | 411 


This result into equation (D.38) yields 


= a a ‘ on w-1 
dtT(w) Jo (t— 1)" Cos, (4, a, B, t)dt 

= 1 wa" cos(d, (w —- 1) - crtDa-1-v¢g — wn 
“To 2 T(n+lq—-v) ey | 


as aa af (t — cr)" be tDa-2-Vgp 


Let c = tu => dt = tdy; thus, 


dl ‘ ia 
- aol (f—T) *Cos,,,(4, a, B,t)dt 


foo) qa? cos(A,,)(w a 1) | ctbq-l-v¢¢ -_ fo ane 


1 
> Sone 


a4 [((n+ 1)q-v) w-1 
c/t 
(n+ 1)q — Ss aa ( pe tote 2-4 4 LES 
WS 0 


a1 f* Ve 
= ath (t—1)"”""Cos, (a, a, B, t)dt = 


7 1 ie) q" cos(A,,) (n+1)q-1-vip _ ,\w-l 
=i Les g ne  e- 9 


— (n+ Dq—1—vytO"B(n + Dq—-1-v,w,*)],t>¢. 


Replacing w with w = 1 — u gives 


d 4“ 
aa Ta a / (t-—T)~ Cos, (4, a, B, t)dt 
a 1 = a” cos(A,,) (n+1)q-l-vey _ ,\-u 
Taw py Tat Dq—-y" Ce 
— (n+ Dq—1—vyt(PC*""B((n + 1)q-1-v,1-u,:)],t>6, (D.39) 


for the second integral. This result together with equation (D.37) is used to evaluate 
equation (D.35) (with m= 1) as 


a” cos(J,,) 
D'C a, B,t)= n portDq-l-v-u 
Pe O5g (Asa: B.D) Dc bq—v—w) 
1 — a” cos(A,,) eee 7 
+ n+Dq-l—-v¢g _ u 
Td —w) py T+ bq_-v* e=9) 


— (n+ Dq—-1—vyt PT" B((n + 1I)qg -1-v,1-u,£)] + “Wl —w, b,c, t), 


u=(1—w)>0,t>c,q>v, 0<* <1, and w—1 must be real, (D.40) 


with0O <u<1>m=1,A, =(an+ Bi(n+ 1)q—1-—v])= for the principal function, and 


d — _ 7\w-l 
av ve w, b,c, t) = rv wal (t—1)” “fiat)dt, t>c. (D.41) 
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Then, the solution for the fractional derivative of the segmented function defined by 
equation (D.27) is given by 


t 
1d w-1 = 
f(t) = int | (t—1)" “fiadt, b=0<t<c, 


equation (D.40), t>c, 


(D.42) 


for any integrable function f, and where w=1-—u, withO <u < 1. 


E 


Alternate Forms 


E.1 Introduction 


In Chapter 9 and previous chapters, definitions of the fractional trigonometric functions 
have been developed. It should be noted that the form of equation (9.1) was chosen for the 
convenience that it allowed either the “a” and/or the “t” variables to be made complex. The 
cost of this convenience, however, was to introduce two new variables, a and f, into the 
defining summation. Complexly proportional forms with one less variable in the summation 
follow. Here, useful alternative, generally nonequivalent, definitions to the previous forms are 
presented. The following is adapted from Lorenzo [82] with permission of ASME: 


Equation (9.1) is rewritten as 


acgytDa-1-vjna+q) 


R, (ai? Pt) = Hy 2 t>0. (E.1) 


fd =T(n+1)q-v) ’ 


For q, a, and f rational, equation (3.124) is applied to it”, giving 


a(tytba-l-y 


Riwl ait, iP j= a>) TDG) cos (ma + Bq) (= + 2nk) ) 
n=0 


an (tet ba- l-v 


-ife "Ds GUC EES here (nia + ba (4 +2nk)), 


t>0,k=0,1,2,...,D,-1, — (E.2) 


where D, is the product of the denominators of D,, D,, D, in minimal form. For v, q, a, 
and f rational, equation (3.124) is again applied to i?4-!™, the equation is expanded, and 
real and imaginary terms are collected to give 


R,,( ai, i? t) 


an(tytba-l-y 


=D rere gay (08 (me + 00(5 +2nk, )) cos (p(q-1-v) (4 + 2k) ) 


—sin (ma + Bq) (= + 2k, )) sin (4 -l1- (4 + ank,))| 


an(ty)tba-1-» 


+ i>) Ta+De=) [cos (ma + pa( = + 22k, )) sin (64 —1-vy) (= + 2nk, )) 
n=0 


The Fractional Trigonometry: With Applications to Fractional Differential Equations and Science, First Edition. 
Carl F. Lorenzo and Tom T. Hartley. 

© 2017 John Wiley & Sons, Inc. Published 2017 by John Wiley & Sons, Inc. 

Companion Website: www.wiley.com/go/Lorenzo/Fractional_Trigonometry 
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+ sin (na + Pq) (= + 2nk,)) cos (Bq - L= (5 + 2nk))], 


£0). 20,1, 2.4, Dp= 1, = 0, 12) ig Dy 1, (E.3) 


where D, is the product of the denominators of DsDyDe with repeated multipliers 
removed. From this equation, we have the following alternate definitions, where Bis used 
to discriminate from our basic definitions: 


BCos,,(a, a, B, ky, ky, t) 
a(tyrtba-l-y 


= 2 roeiy=D [cos (ma + pas + 2k, )) cos (sq —-1-y) (5 + 2nk,) ) 


— sin (ma + Bq) (= + 2k, )) sin (sq -1l- w(F + 2nk,))], 
t>0, k, =0,1,2,...,D,-1, k, =0,1,2,...,D,-1, (E.4) 
BSin, (4, a, B, ky, ky, t) 


a’ (tyrtba- 1-v 


- = Liusiy=o Mm+hq-v [cos (ma +pq(F + 2ak, )) sin (Bq - 1-v) (= + 2k) ) 


+sin (na + pq) (4 + 2k, )) cos (aq —1- (4 + 2nk,))], 
t>0, k, =0,1,2---D,-1, k, =0,1,2---D,-1. (E.5) 


Complexly proportional forms with one less variable in the summation follow in the next 
section. 


E.2 Reduced Variable Summation Forms 


The basis form for the meta-trigonometry is 


B : sual (ait)"(iPtyetde-1 
R *Ph= ————_———.,, t>0. E.6 
ghee 2 Taba) me 
The following forms are derived with one less variable in the summation. Equation (E.1) is 
rewritten as 
(ait y"(iP4t7)" 


R, (ait, Pt) = (Pt) oe, Matbgen *7% (E.7) 


ae Ait (ai'et PD yn pnt Dq-1-v 
R, (ai’, i? t) = P49 Y —_——,_ ¢>0. E.8 
Ah ) > ae Da (E.8) 
Lettingo =a+fPq>f=(o-a)/q, 
od ‘o np(n+1)q-1-v 
Ryplait, Pt) = fo-oa-r-nia yA") t>0. (E.9) 


(n+ )q-v)’ 


effectively eliminating one variable in the summation of equation (E.1). The exponent of i, of 
course, could then be reduced by one variable in a new form. Written in terms of the R-function, 
we have 

RAGED) SIS AR Gr ae. PSO: (E.10) 


E.3 Natural Quency Simplification 


Here, we see a potential alternate basis for a meta-trigonometry, namely R,,(ai’, t). The lead- 
ing complex constant merely serves to reorient or rotate the functions in the complex plane. 
Equation (E.10) essentially tells us that the generalized definition (E.1) with # = 0 is sufficient 
to create a complete set of fractional trigonometric functions. In other words, setting 6 = 0 in 
equation (9.1) will generate a trigonometry equivalent to that generated by equation (E.10). 

Conversely, the a variable may be eliminated in the defining equation. To see this, rewrite 
equation (E.7) as 

(a)"(i2*a¢9)" 


Pepe) = ; E.11 
R, (ais, iP t) = (it) 2 r+ Dg’ t>0 (E.11) 


and let € = (a + Bq) /q, 
yan Pty= = Por 1- = a'(ity"4 


OP dt f pyr Dq-1-v 
R, (ait, Pt) = e-oay Vy TEO 50, E.13 
a ) 2, (n+ 1)q-v) er) 
which is complexly proportional to equation (E.1) with a = 0. Again, the exponent of i could 
then be reduced by one variable in a new form. In terms of the equivalent R-function, 


Rotated at OS OR ah), OF 0, (E.14) 


E.3 Natural Quency Simplification 


Consider 
a(t (n+1)q-1-v 
5 pe yoo (ay"(0) 


T(@+bq—v" t>0. (E.15) 


Now, let a = i°Q4, where Q,, is called the natural quency (“que-ency,” ka-en-si), and i° allows 
Q7 to become complex; this gives the simplification 


foe} 


oo (PQZ)"(E)etDa-1-v Janes (Q,,£)"4 
R PO $ t = pete — t? doy a ie t > 0. E.16 
ee 2 T(n + 1)q- v) py T((a+Dq-)" ee 


Then, 
at QM gyetba-l-v 
R,,(°Q,,0) = >, +i", t>0. E.17 
ata dD Reba Rte 


Assuming 6 rational and applying equation (3.124) gives 


09 QM (yet Daly 
RPO i= (6 (= ank) ) 
qvl Qy» k, t) Li ti@+tgn n + 22k 


foe} 


QU (yt daly 


>» aoe (6n (= + ank)), t>0. (E.18) 


This allows the following pair of simplified definitions: 


foe} 


QI (yet da 1-v 
py Ta + 1)q-v) 


ed Q”4 n+1)q—1-v 
Qi (t)' +1)q 

B, Sin VQ 6,k,tj) = ) — 
sf 41 T'((n + 1)q — v) 


B, Cos, (Q,5 5, kij= cos (6n (5 + 2nk) ) , t>O9O, (E.19) 


an (6x (= 4 2nk)), t>0, (E.20) 
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where the B, notation indicates alternative trigonometric functions, which are not pursued 
here. These definitions may be further simplified by constraining attention to only the principal, 
k =0, functions 


i QM (ty atda-1-v 


B, Cos, ,(Q,,, 6,0) = ), ——————— cos(6n/2),  t >0, (E.21) 
ai La ra+tqo) 
: se ale aie soca ; 
B, Sin, ,(Q,; 6, t) = » T+ bq-v sin(6 ni /2), t>0. (E.22) 
n=0 


These forms are equivalent to taking k = fp = 0, a = Q1, and a = 6 in the original definitions, 
that is, equations (9.6) and (9.7). The Laplace transforms associated with this simplification are 


st — QO! cos(6/2) 


L{B{Cos: (0, jo | —— 
ee . } E — 20! cos(6x/2)s4 + Q74 


| , |a>y, (E.23) 


Qf sin(6a /2 
L {B, Sin, (Q,, 5,0)} = s” ga ODS , q>v. (E.24) 
84 — 201 cos(6x /2)s1 + Q:4 
The related R-function equations are 

Ry (QA, t) + R, (QU, t) 
B,Cos,,(Q,,, 6,0) = acre t>0, (E.25) 

R, (Q4i°, t) — R, (Q4-*, t) 
B,Sin, (Q,, 5, t) = ———_. "_ —_.,_ t>0. (E.26) 
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